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Abstract. This paper presents a new approach to inference in Bayesian
networks. The principal idea is to encode the network by logical sen-
tences and to compile the resulting encoding into an appropriate form.
From there, all possible queries are answerable in linear time relative
to the size of the logical form. Therefore, our approach is a potential
solution for real-time applications of probabilistic inference with lim-
ited computational resources. The underlying idea is similar to both the
differential and the weighted model counting approach to inference in
Bayesian networks, but at the core of the proposed encoding we avoid
the transformation from discrete to Boolean variables. This alternative
encoding enables a more natural solution.

1 Introduction

As Bayesian networks (BN) are more and more applied to complex real-world
applications, the development of fast and flexible inference methods becomes
increasingly important. In the last decades, researchers have developed various
kinds of exact and approximate inference algorithms, each of them with cor-
responding advantages and disadvantages. Some methods are particularly de-
signed for real-time inference with limited computational resources such as time
or memory. See [1] for a comprehensive and compact survey.

Two particular inference methods are the weighted model counting [2] and
the differential approach [3,4]. The former suggests to view a BN as a CNF
model counting problem. It encodes the given BN as a CNF, and employs tech-
niques used in the state-of-the-art SAT and model counting engines to solve
the problem. The differential approach suggests to view a BN as a multi-linear
function (MLF), the so-called network polynomial, from which answers to prob-
abilistic queries are retrieved by differentiating the polynomial. Relative to the
given BN, the network polynomial is exponential in size, but it is possible to
efficiently encode it by a CNF of linear size. As suggested in [5], this CNF is
then compiled into a decomposable negation normal form (DNNF) with the ad-
ditional properties of smoothness and determinism [6]. The resulting sd-DNNF
is an intermediate step, from which an arithmetic circuit is extracted, whose size
is not necessarily exponential relative to the original BN. This arithmetic circuit



is guaranteed to compute the original network polynomial, and can therefore be
used to obtain all necessary partial derivatives in time (and space) linear to its
size. In its essence, the aim of the whole procedure is to generate a preferably
optimal factoring of the network polynomial.

Such a logical approach is beneficial in many ways. The most important ad-
vantage is the ability to encode context-specific independences or other local reg-
ularities in the given conditional probability tables [4, 7]. This inherently includes
appropriate solutions for the particular type of CPT obtained from noisy-OR and
noisy-AND nodes or from purely logical relations. In comparison with classical
inference methods such as join-tree propagation or message-passing, which do
not directly exploit such local structures, there has been reports of tremendous
improvements in both compile time and online inference [8,9]. Another advan-
tage is the ability to efficiently update numerical computations with minimal
computational overhead. This is a key prerequisite for experimental sensitivity
analyses.

1.1 Overview of the Method

In [10], we showed how to use the CNF encoding from [2] as a starting point for
a compilation in the sense of [3,5], but our analysis was restricted to Boolean
variables only. In this paper, we will break out of the Boolean case and discuss the
compilation of BNs with (finite) discrete variables. For this, a discrete variable
Ox|y is attributed to each row P(X|y) in the CPT of a network variable X
with a finite set of states 2x, e.g. 2x = {high, medium, low}. As a result, the
generated logical representation 1 consists of two types of variables, the ones
linked to the CPT entries and the network variables. The corresponding sets of
variables are denoted by © and A, respectively.

In order to use the logical representation i to compute the posterior prob-
ability P(qle) = P(q,e)/P(e) of a query event q € {2q, given the evidence
e € (g, where q = q1---qr, f2q = 20, X -+ X f2g,, € = e;---e5, and
28 = g, X - - x {25, it is sufficient to look at the simpler problem of com-
puting prior probabilities P(x) of arbitrary conjunctions x = x;---x; € 2x =
2x, X -+ x %, in order to obtain corresponding numerators P(q,e) and de-
nominators P(e). Our solution for this consists of the following three steps:

1. Condition ¥ on x € 2x to obtain |x.

2. Eliminate (forget) from 1|x the variables A. The resulting logical represen-
tation of [1)|x] 4 consists of variables from © only.

3. Compute the probability of the event represented by [¢)|x]™ to obtain
P(x) = P([¢|x]™?). For this, we assume that the variables Oy, € © are
probabilistically independent and that P(6,,) = P(z|y) are the respective
marginal probabilities for 6., € Ox |y and x € 2x.

For the choice of an appropriate target compilation language for 1, it is thus nec-
essary to select a language that supports two transformations (conditioning and
forgetting) and one query (probability computation) in polynomial time. At first



sight, just by looking at the results given in [11], it seems that no such language
exists. However, as we will see in this paper, we can exploit the fact that the
variables in A satisfy a certain property w.r.t. v». The particular form of forget-
ting such deterministic variables is called deterministic forgetting, and we shall
see that it is (at least) supported by two languages. However, since probability
computations are only supported by one of them our search for an appropri-
ate target compilation language for Bayesian networks thus leads to multi-state
directed acyclic graphs (MDAG), satisfying the properties of decomposability,
determinism, and no-negations, denoted as cdn-MDAG. This language is the
only representation language that supports all necessary operations of the above
procedure in polynomial time. The suggested use of cdn-MDAGs has an obvi-
ous advantage: There is no need to replace discrete variables with ¢ > 2 states
by £ — 1 (or £) Boolean variables. Both the weighted model counting and the
differential approach are based on this replacement.

1.2 Contribution and Outline

The conclusion that cdn-MDAGs (the multi-state version of d-DNNF's) should be
used as target compilation language for Bayesian networks confirms Darwiche’s
precursory work in [5], but it also shows that Darwiche’s additional requirement
of smoothness is dispensable. While the actual reasons for this conclusion and the
exact role of smoothness remain rather nebulous in [5], a precise and conclusive
explanation in terms of the (extended) knowledge compilation map is given in
this paper.

Another contribution of this paper is the proposal of an alternative encod-
ing, which finally enables a more direct computational procedure in terms of
a few basic operations of the knowledge compilation map. In our opinion, this
is a significant simplification over Darwiche’s original method of viewing poste-
rior probabilities as partial derivatives of multi-linear functions, from which the
rather cumbersome process of transforming the CNF encoding via a smooth d-
DNNF to an arithmetic circuit (with all negative literals set to 1) results. In the
light of this paper, some steps of this process appear as an unnecessary detour,
e.g., transforming multi-state variables into Boolean variables within the CNF
encoding. In a nutshell, we believe that the method of this paper is an important
contribution to the area of compiling Bayesian networks, mainly as a significant
advancement in terms of clarity and simplicity.

The structure of this paper is as follows. Section 2 provides a short sum-
mary of possible representations of Cartesian indicator functions (CIF) and the
corresponding knowledge compilation map. We introduce also the concepts of
deterministic variables and deterministic forgetting, and extend the knowledge
compilation map accordingly. The topic of Section 3 is the logical representation
and evaluation of Bayesian networks. This part includes the main theorems of
the paper. Section 4 concludes the paper.



2 Representing Cartesian Indicator Functions

Let V = {V1,...,V,} be a set of v variables and suppose that {2y, denotes the
finite set of states of V;. A finite indicator function f is defined by f : 2y — B,
where 2v = 2y, x --- x 2y, and B = {0,1}. To emphasize the fact that f
is a mapping from the Cartesian product {2y, x --- x 2y, to B, f is called a
Cartesian indicator function (CIF). The so-called satisfying set Sy = {x € f2v :
f(x) =1} = f71(1) of £ is the set of v-dimensional vectors x € {2y for which f
evaluates to 1. Composed CIFs will be specified by using the logical connectors
A, V, 7, —, and < in their usual interpretation. Special cases of finite CIFs are
Boolean functions (BF), where 2y, = B, and therefore {2y = B".

2.1 Representation Languages

To start with the least restrictive view w.r.t. possible representation languages,
consider the concept of a multi-state DAG (or MDAG for short). According to
[11], MDAGSs are rooted, directed, acyclic graphs, in which each leaf node is
represented by [J and labeled with T (true), L (false), or X=x, where X € V is
a variable, and = € {2x is one of its states. Each non-leaf node is represented by
A (logical and), Vv (logical or), or ¢ (logical not). The set of all possible MDAGs
of V is called language and denoted by MDAGy or simply MDAG. In a MDAG, each
node « represents a finite CIF f, by

A, fs:, if a is an A-node with children 31, ..., B,
Vi, fs:, if a is an V-node with children 3y, ..., B,
fo = —fu, %f «@ %s a ¢-node with the c'hild Y,
* 1, if a is a O-node labeled with T,
0, if ais a O-node labeled with L,
fx=z, if ais a O-node labeled with X=x,

where fx—,(x) with x € {2y is defined by

1, if z is the corresponding value of X in x,
fx=a(x) = { .

0, otherwise.
The MDAG depicted in Fig. 1 represents the finite CIF f = ([Y=y1|A[X=21])V
(Y =y] A ~[X=a]) v ((X=22] A [¥ =33

Our convention is to denote MDAGs by lower-case Greek letters such as ¢,

¥, or the like. Two MDAGs ¢, € MDAG are equivalent, denoted by ¢ = 9, iff
fo = fy. Furthermore, ¢ entails 1, denoted by ¢ = 9, iff f,(x) < fy(x) for all
x € 2. The set of variables included in ¢ € MDAG is denoted by vars(p) C V.
The number of edges of ¢ is called its size and is denoted by |p|. MDAGs may
satisfy various properties [11], but in the context of this paper, only three of
them are relevant:

— Decomposability (c): the sets of variables of the children of each A-node
a in ¢ are pairwise disjoint (i.e. if By,..., 8, are the children of «, then
vars(6;) Nvars(B;) = 0 for all i # j);
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Fig. 1. The finite CIF f represented as the MDAG .

— Determinism (d): the children of each V-node « in ¢ are pairwise logically
contradictory (i.e. if 3i,..., 8, are the children of «, then 8; A 3; = L for
all i # j);

— No-Negation (n):®> ¢ does not contain any ¢-node.

A decomposable and deterministic MDAG is called ¢cd-MDAG, and cd-MDAG
refers to the corresponding language, a sub-language of MDAG. The example shown
in Fig. 1 is a cd-MDAG.

Another important sub-language is cn-MDAG. It refers to the sub-languages
of MDAG where decomposability and no-negation are satisfied. cdn-MDAG is the
sub-language of cn-MDAG, where determinism is satisfied in addition to decom-
posability and no-negation. This languages includes Darwiche’s d-DNNF language
as a special case, when all variables are Boolean. Other sub-languages are ob-
tained from considering further properties, e.g. OMDD (ordered multivalued de-
cision diagram) is the sub-language of cdn-MDAG satisfying decision, read-once,
and ordering. For a more comprehensive overview and a detailed discussion we
refer to [11].

2.2 Succinctness, Queries, and Transformations

A language L1 is equally or more succinct than another language Lo, L1 < Lo, if
any sentence as € Lo has an equivalent sentence oy € Ly whose size is polynomial
in the size of as. A language L, is strictly more succinct than another language
Ly, Ly < Lo, iff L1 < Ly and Ly A L;. With respect to the above-mentioned
languages, we have the following proven relationships [11]:

cn-MDAG <

HDAG = {cd—MDAG =<

} cdn-MDAG < OMDD.

It is still unknown whether cd-MDAG is strictly more succinct than cdn-MDAG or
not.

Queries are operations that return information about a finite CIF with-
out changing its MDAG representation. The most important queries are consis-
tency (C0), validity (VA), clause entailment (CE), term implication (IM), senten-

3 No-negation corresponds to simple-negation in [12,13]



tial entailment (SE), equivalence (EQ), model counting (CT), probabilistic equiva-
lence (PEQ), and probability computation (PR).

Finally, a transformation is an operation that returns a MDAG representing
a modified finite CIF. The new MDAG is supposed to satisfy the same prop-
erties as the language in use. The most important transformations are (term)
conditioning (TC), forgetting (FO), singleton forgetting (SFO), general/binary con-
Junction (AND/ANDs), general/binary disjunction (OR/0Rg), and negation (NOT).

If a language supports a query or transformation in polynomial time with
respect to the size of the involved MDAGs, we say that it supports this query
or transformation. Table 1 shows the supported queries and transformations of
the considered languages [11].

| [[co/cE[va/IM[CT/PR/PEQ | EQ | SE || TC | FO | SFO [ AND [ AND; | OR | OR [ NOT |

MDAG o o o olo|[v/I|o| V|V NERVARYARY
cn-MDAG N4 o o olo ||/ [V V] o o VIV o
cd-MDAG v v Vi 21ol[v/]|o] of o o [of| oV

cdn-MDAG || +/ Vv Vv ?1o|ly]|o] of o o |o| o |7

OMDD Vv Vv N4 ViollV]e| V| e o e | o Vv

Table 1. Sub-languages of the MDAG language and their supported queries and transfor-
mations. y/ means ”supports”, @ means ”does not support”, o means ”does not support
unless P = NP”, and ? means “unknown”.

2.3 Deterministic Variables

It is interesting to see in Table 1 that forgetting is supported by cn-MDAG but not
by cdn-MDAG or cd-MDAG. This is a consequence of the fact that forgetting does
not preserve determinism in general. Let us now have a look at the particular
case of variables which preserve determinism while being forgotten.

Definition 1. For ¢ € MDAG, the variable X € V is called deterministic w.r.t.
v, denoted by X || ¢, iff [plx] A [p|z'] = L for all states z, 2’ € Nx, x # 2.

This corresponds to [14], i.e. the value of the variable X is determined by the
variables V' \ {X} in ¢. The process of forgetting deterministic variables will be
discussed in the next subsection. Before, let’s have a look at some basic properties
of deterministic variables.

Theorem 1. X || ¢ implies X ||¢) for all ¥ |= .
Theorem 2. X ¢ vars(y) implies X || X < .

The proofs are analog to the proofs of the corresponding theorems in [10]. An
immediate consequence is the following corollary, which is necessary to prove
one of the main theorems of Section 3.



Corollary 1. X ¢ vars(yp) implies X || (X < ) A,

For the forgetting of more than one variable, it is useful to generalize the defini-
tion of a single deterministic variable to sets of deterministic variables.

Definition 2. For ¢ € MDAG, the set of variables X = {X;,...,X,} C 'V
is called deterministic w.r.t ¢, denoted by X || ¢ or simply Xi,..., X || v, iff
[p|x] A [p]x'] = L for all instantiations x,x" € 2x, x £x’ .

Note that X,Y || ¢ implies X || and Y || ¢, while the converse is not always
true.

2.4 Deterministic Forgetting

Let W C V be a subset of variables, X € V a single variable, and ¢ an arbitrary
MDAG. Forgetting the variables W from ¢ generates a new MDAG ¢~ W, in
which the variables from W are no longer included, and such that its satisfying
set S,-w is the projection of S, to the restricted set of variables V'\ W. In the
literature, forgetting was originally called elimination of middle terms [15], but it
is also common to call it projection, variable elimination, or marginalization [16].
There is also a one-to-one analogy to the elimination of existential quantifiers in
quantified (Boolean) formulas [17], as discussed below.

Singleton forgetting is forgetting with W = {X}. A general and simple way
to realize singleton forgetting is by constructing a MDAG of the form

p X =\ [pll.

€N x

Note that if X is Boolean, =X is logically equivalent to the quantified Boolean
formula (3z)p. It is easy to see that singleton forgetting preserves the properties
of simple-negation and decomposability (if present), while determinism is not
preserved (the children of the new V-node are not necessarily logically contra-
dictory). This is the reason why singleton forgetting is only supported by MDAG
and cn-MDAG, but not by c¢d-MDAG or cdn-MDAG (see Table 1).

Forgetting multiple variable is usually realized as a sequence of singleton for-
getting. In general, this may result in an exponential blow-up of the MDAG size,
but the decomposability of cn-MDAG allows to keep this blow-up under control.
This is the reason why cn-MDAG is the only language to support forgetting in
general. For the details of a corresponding algorithm (for Boolean variables), we
refer to [18].

Now let’s turn our attention to the special case of forgetting deterministic
variables. One way to look at it is to define two additional transformations called
deterministic forgetting (FO4) and deterministic singleton forgetting (SFOq). They
correspond to FO and SFO, respectively, but are only applicable to deterministic
variables.

For X || ¢, the children of the new V-node of \/, ., [i0[x] are logically contra-
dictory by definition. In other words, forgetting deterministic variables preserves



determinism. Thus, we can use the forgetting algorithm of cn-MDAG for forgetting
deterministic variables in the context of cdn-MDAG. As a consequence, SFO4 and
F0Oq4 are both supported by cdn-MDAG, as stated in the following theorem.

Theorem 3.

a) MDAG supports SFQq4, but it does not support FOq unless P = NP.
b) cn-MDAG and cdn-MDAG support FO4q and SFOq.
¢) cd-MDAG and OMDD support SF0Oq.

The proof is analog to the one given in [10]. Whether c¢d-MDAG and OMDD support
F04 is an open question.

3 Compiling Bayesian Networks

The goal of this section is to show that the probability distribution induced by
a Bayesian network can be represented by a so-called multi-state CNF (MCNF)
[11] (1st subsection) and that the cdn-MDAG compilation of this MCNF can
be used to efficiently compute arbitrary posterior probabilities (2nd subsection).
The proposed MCNF representation is similar but not equivalent to the one
proposed by Darwiche in [5], for details consider [10]. However, if all variables of
the network are Boolean, the MCNF is equivalent to the CNF proposed in [2].

A Bayesian network (BN) is a compact graphical model of a complex prob-
ability distribution over a set of variables A = {X1,..., X,} [19]. It consists of
two parts: a DAG representing the direct influences among the variables, and
a set of conditional probability tables (CPT) quantifying the strengths of these
influences. The whole BN represents the exponentially sized joint probability
distribution over its variables in a compact manner by

n

P(Xy,....X,) = H P(X;|parents(X;)),
i=1

where parents(X;) denotes the parents of node X; in the DAG. Figure 2 depicts
a small BN with three (Boolean) variables X, Y, and Z.

3.1 Logical Representation

Consider a variable X € A with parents(X) = {Y1,....Y,} =Y, 2x =
{z1,...,2}, and the corresponding CPT. Since X has u parents, the CPT will
have |2y| > 2% rows. The CPT rows contain the conditional probability dis-
tributions of the states of X given the corresponding instantiation y € 2y of
Y. For each probability distribution P(X|y), we introduce an auxiliary variable
Ox|y with Loy, = {04y, .-, 0,y }. Assuming that the variables O, rep-
resent probabilistically independent events, we define their respective marginal
probabilities by P(6,|y) = P(z]y), as shown in Fig. 2.

To see how the proposed logical representation of the BN works, take a
closer look at one particular instantiation y of parents(X). The idea is that



X=x0 | X=1;
P(20) = P (0ay) | P(z1) = P (0,) X
Y=yo | Y=y
P(yolzo) = P (eyo‘log P(yi[20) = P (0,1,
P(yol1) = P (By,(z,) | Pyr]a1) = P (8,1,
Z=zy Z=z

P(»’«’Ul-TU?IU) =P (Bln\imwn) P(ZI‘JEOZIU) =P (9Z1\zo?/n
P(20|-T0y1) =P (()zu\«zrum) P(Zl ‘-TO?II) =P (921 |zoy1
P(zolz1y0) = P (Ozqforg0) | P(z1l7150) = P (0210140
P(zola11) = P (Ozgleryy) | P(zalwrys) = P (0201,

Fig. 2. Example of a Bayesian network.

if y happens to be the true state of parents(X), then O x,=0,, is supposed
to logically imply X=z. This logical relationship between Yi=y,..., Yyu=0Yu,
Ox|y=0y withy = y1 ---y, € 2y and X=z is expressed by the implication in
the following logical expression. By taking the conjunction of all such implica-
tions over all instantiations y, we obtain a logical representation ¥ x of the node
X with its relationship to its parents:

"/)X: /\ /\ <[Y1:y1] ARERNA [Yu:yu] A [@le:9m|y] — [XZ:E])
yg’gf?}fy GI‘yEQ@X‘y

A logical representation )4 of the whole BN is the conjunction

YA = /\wx

XeA

over all network variables X € A. This sentence includes two types of variables,
the ones linked to the CPT entries and the network variables. The respective sets
of variables are denoted by © and A, respectively.* Note that vx and therewith

4 The representation of a Bayesian network by a logical sentence 1A over two sets
of variables © and A, together with the given marginal probabilities for the vari-
ables in © and the corresponding independence assumptions, puts this approach
in the broader context of probabilistic argumentation [20,21]. This is a theory of
formal reasoning which aims at unifying the classical fields of logical and proba-
bilistic reasoning. The principal idea is to evaluate the credibility of a hypothesis
by non-additive probabilities of provability (or degrees of support). This is a natural
extension of the classical concepts of probability (in probability theory) and provabil-
ity (in logic) [20]. The non-additivity of this measure is an important characteristic
to distinguish properly between uncertainty and ignorance, but the particularity of
the model in this paper always causes the resulting probabilities of provability to
degenerate into ordinary (additive) probabilities. The embedding into the theory of
probabilistic argumentation has no practical significance for the method and goals
of this paper, but it allows inference in Bayesian network to be seen from a totally
new perspective. We expect this perspective to be useful as a starting point to study
inference in Bayesian networks with missing parameters.



¥ is a MCNF, as each of its implications can be written as a clause. For the BN
of Flg 2a we have © = {QXa @Y\xov 6Y|LE1 ) @Z|w0yoa @Z\moyl ) @Z\xlym 6Z|;E1y1 }a
A={X,Y,Z}, and

[szgzo]_)[X:xO] } from ¥x
[Ox =0, ][ X=11]
[X=20] A[Oy |2y =0y, |wo] =Y =10]
[X=20]\[Oy |2y =0y, o] =Y =11] from 1y
[X=21]A[Oy |2, =0y, |2, | =Y =Yo]
[(X=21]A[Oy |2, =0y, |2, | = [V =11]
(X =20l ALY =30 A8 10y =00tz Z=20]
VA= (X AV =10]A O 21030 =Ber o] 17=21]
X =0l ALY =31\ 1y =gtz ] 12=20]
[X=20] A[Y =y1]AIO 2|20y, =021 |20y, | — [£=21] from ¢y
[X=21]A[Y =y0] A[O 221 yo =020 |1 yo) — [Z=20]
(X =21 ALY =40] Al 211y =021 [o130) — [Z=21]
[(X=2:1]AY=y1]A[O 7|21y, =020 214, | = [Z=20]
X=2 A =IO 210y =Bes o] 12=21]

3.2 Computing Posterior Probabilities

The goal of a BN is the computation of the posterior probability P(qle) =
P(q,e)/P(e) of a query event q = q1 - - - ¢ € f2q given the observed evidence e =
e1---es € 2g. As mentioned in Section 1, it is sufficient to look at the simpler
problem of computing prior probabilities P(x) of arbitrary conjunctions x € 2x.
The following theorem states that the essential step to solve this problem is to
forget the propositions A from ¥ (or any equivalent form of it) conditioned on
X.

Theorem 4. P(x) = P ([1ha]x]4).

This guarantees that the computed values are correct. To ensure that this compu-
tation requires only polynomial time, we need to compile 14 into an appropriate
language, one that simultaneously supports TC, FO, and PR. According to Table 1,
there is no such language, but the following theorem allows us to replace FO, not
supported by cdn-MDAG, by FO4, supported by cdn-MDAG.

Theorem 5. A||Ya.

As a consequence of this simple theorem, we arrive at the main message of this
paper, namely that cdn-MDAG is the most suitable target compilation language
for Bayesian networks, since it supports TC, FO4, and PR, and thus allows to
compute posterior probabilities in polynomial time.

For the compilation of the MCNF v into a cdn-MDAG, we can use the
state-of-the-art CNF to d-DNNF or any CNF to OBDD complier [6,22] in the
Boolean case. For the general case, we are currently working on the adaption of
these algorithms.



4 Conclusion

The approach proposed in this paper extends a logical inference method for
Bayesian networks with Boolean variables to Bayesian networks with multi-state
variables. We expect its contribution to be theoretically and practically signifi-
cant. On the theoretical side, based on an extended knowledge compilation map,
the paper provides a precise explanation of why cdn-MDAGs are apparently the
most suitable logical representations for Bayesian networks. This is mainly a
consequence of the fact that some of the involved variables are deterministic.
The paper also demonstrates how to reduce the problem of logical inference in
Bayesian networks to three basic logical operations. Compared to Darwiche’s dif-
ferential approach, this view fits much better into the picture of the knowledge
compilation map, as the reduction to these essential elements no longer requires
us to talk about network polynomials, multi-linear functions, partial derivatives,
arithmetic circuits, or smoothness. In this sense, we also see our paper as an
attempt to clarify the theoretical mechanisms and connections behind this kind
of inference algorithms and as a good example to demonstrate the usefulness of
the knowledge compilation map.

On the practical side, the paper provides precise step-by-step instructions
to implement a new encoding and inference method for Bayesian networks in
terms of a few simple operations for cdn-MDAGs. Compared to Darwiche’s dif-
ferential approach, this will lead to more transparent implementations. Finally,
with respect to possible applications other than Bayesian networks, other situa-
tions with deterministic variables may be detected, for which forgetting becomes
tractable in the case of cdn-MDAGs.

Acknowledgment Research supported by the Swiss National Science Founda-
tion, Project No. PP002-102652/1, and The Leverhulme Trust. Special thanks
to Adnan Darwiche for his very helpful comments.
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