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abstract

This thesis consists of two parts. The first part treats determinacy in (clas-

sical) reverse mathematics and the second part treats determinacy in intu-

itionistic mathematics.

The first part investigates the logical strength of the determinacy of in-

finite games in the Cantor space in terms of second order arithmetic. We

define new determinacy schemata inspired by the Wadge classes of Polish

spaces and show that the following equivalences hold over the system RCA∗
0,

which consists of the axioms of discrete ordered semi-ring with exponentia-

tion, ∆0
1 comprehension and Σ0

0 induction, and which is known as a weaker

system than the popular base theory RCA0:

• ∆0
1-Det∗ ↔ Σ0

1-Det∗ ↔ WKL∗
0;

• Bisep(∆0
1, Σ

0
1)-Det∗ ↔ WKL0;

• (Σ0
1 ∧ Π0

1)-Det∗0 ↔ ACA0;

• ∆0
2-Det∗ ↔ Σ0

2-Det∗ ↔ ATR0;

• Bisep(∆0
1, Σ

0
2)-Det∗ ↔ ATR0 + Σ1

1 induction;

• Bisep(Σ0
1, Σ

0
2)-Det∗ ↔ Sep(Σ0

1, Σ
0
2)-Det∗ ↔ Π1

1-CA0;

• Bisep(∆0
2, Σ

0
2)-Det∗ ↔ Π1

1-TR0;

where Det∗ stands for the determinacy of infinite games in the Cantor space.

We also work on complete determinacy, which asserts that, for a given

game G, we have the set W with the following properties:

• s ∈ W → player I wins φ(f) if the game starts at s,

• s /∈ W → player II wins φ(f) if the game starts at s.

We investigates the logical strength of the complete determinacy as well. We

show the following equivalence over RCA∗
0:

• WKL∗
0 ↔ ∆0

1-comp.Det∗;

• ACA0 ↔ Σ0
1-comp.Det∗ ↔ (Σ0

1 ∧ Π0
1)-comp.Det∗;

• ATR0 ↔ ∆0
2-comp.Det∗ ↔ ∆0

1-comp.Det;



• Π1
1-CA0 ↔ Σ0

2-comp.Det∗ ↔ Sep(Σ0
1, Σ

0
2)-Det∗ ↔ Σ0

1-Det ↔ (Σ0
1 ∧ Π0

1)-

Det;

• Π1
1-CA0 ↔ Bisep(∆0

2, Σ
0
2)-comp.Det∗ ↔ ∆0

2-Det;

where comp.Det stands for complete determinacy in the Baire space and

where comp.Det∗ stands for complete determinacy in the Cantor space. In

particular, we see that determinacy does not always imply complete deter-

minacy.

The second part investigates determinacy in Brouwerian intuitionistic

mathematics. We give some examples of games such that the character of

this mathematical setting—the lack of the law of excluded middle and the

adoption of continuity principle—makes the behavior of determinacy drasti-

cally different from that in the classical setting.
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Chapter 1

General introduction

The aim of the author’s research is to clarify the essential difference of the

following mathematical settings:

Classical mathematics The usual mathematics based on classical logic.

We can prove statements by way of contradiction.

Bishop’s constructive mathematics The mathematics based on intuition-

istic logic. An important character of this logic is that, the statement

“A” means “there is a proof of A” and so neither the law of excluded

middle (LEM) nor the proof by way of contradiction is available. Clas-

sical mathematics is equivalent to this mathematics plus LEM.

Intuitionistic mathematics Mathematics based on intuitionistic logic with

some special axioms, called “intuitionistic axioms” here, which are

based on the philosophy of the pioneer, L. E. J. Brouwer, and which are

not included in Bishop’s constructive mathematics. The most famous

theorem in this mathematics is “every function on real numbers field

is continuous.”

Hilbert’s finitistic mathematics Mathematics based on classical logic,

but only “finitistic” reasoning about finitistically-defined mathemat-

ical objects (e. g., natural numbers) is allowed. Especially, the use of

mathematical induction is restricted to finitistic assertions.

Predicative mathematics Mathematics based on classical logic, but im-

predicative definitions such as “the least element of a set” is not allowed

in general.
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The relationship among these five settings is as follows. Hilbert’s finitistic

mathematics accepts only those axioms that both classical and predicative

mathematics accept. Bishop’s constructive mathematics accepts only those

axioms that both classical and intuitionistic mathematics accept. Neverthe-

less, Hilbert’s finitistic mathematics and Bishop’s constructive mathematics

are incomparable. The former accepts LEM which is not accepted by the

latter, the latter accepts the general induction scheme which is not accepted

by the former.

The difference among these settings appears most characteristically in

the treatment of continuum, and so the difference appearing in theorems on

continuum is of the author’s main interest.

For technical purposes, the continuum can be identified with the set of in-

finite sequences of natural numbers, called reals. The author’s medium-term

topic is, via this identification, the investigation, on different mathematical

settings, of the following descriptive-set-theoretic properties of sets of reals:

Lebesgue measurability Lebesgue measure is a generalized notion of “vol-

ume.”

Baire property A set S has the Baire property if there exists an open set

A such that (S −A) ∪ (A− S) is a meager set, i. e., a countable union

of nowhere dense sets.

Perfect set property A set S has the perfect set property if it is either

countable or it contains a perfect set, i. e., a closed set without isolated

points.

Determinacy For a given set S of infinite sequences of natural numbers,

consider the following game: Two players, called players I and II, alter-

nately choose natural numbers to form an infinite sequence f . If f is in

S, then player I wins; otherwise player II wins. A set S is determinate

if one of the players has a winning strategy in this game.

While there have been many works on each of the settings, and on other

settings (including intermediate settings between the above settings), it seems

reasonable to look for a framework on which researches of these different

settings can be practiced uniformly. For this purpose, a promising way is

to consider the following type of questions: To prove a given mathematical

theorem, what axioms are necessary and sufficient? Once we have the answer,

we can easily determine whether the theorem hold on any given setting.
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This kind of research is called reverse mathematics and actually two re-

verse mathematics programs are on-going. One is classical reverse mathemat-

ics, which is based on classical logic. Its main interest is what set existence

axiom (usually formalized in the language of second order arithmetic) is nec-

essary and sufficient to prove each mathematical statement over Hilbert’s

finitistic mathematics (cf. [30]). Although there are some controversies on

what exactly predicative mathematics is, it seems to be respected that this

mathematics has strong connection to the system called ATR0, one of the

most important systems in classical reverse mathematics. Therefore classi-

cal mathematics and predicative mathematics, as well as Hilbert’s finitistic

mathematics, are in the scope of classical reverse mathematics. The other

program is constructive reverse mathematics, which is based on intuitionis-

tic logic. Its main interest is what non-constructive axioms, e. g., fragments

of LEM or intuitionistic axioms, is necessary and sufficient to prove each

mathematical statement over Bishop’s constructive mathematics (cf. [12]).

Classical mathematics and intuitionistic mathematics, as well as Bishop’s

constructive mathematics, are in its scope.

In classical reverse mathematics, on one hand, there have been many re-

sults for theorems from descriptive set theory. It was shown that determinacy

statements for open sets and Gδ sets (countable intersections of open sets)

characterize certain set existence axioms (cf. [30] and [33]). These axioms

are only relatively strong in the sense of classical reverse mathematics (tech-

nically, stronger than or equal to ATR0). Though a sufficient set existence

axioms to prove the determinacy of Gδσ sets (countable unions of Gδ sets)

has already been known, the necessary set existence axiom has not yet been

found. It is already known that the determinacy of Gδσδ sets (countable

intersections of Fσδ sets) is not implied by any natural set existence axiom

formalized in the language of second order arithmetic.

In constructive reverse mathematics, on the other hand, the situation

is different. There are not so many researches on descriptive set theory in

intuitionistic mathematics or in Bishop’s constructive mathematics. In the

former, although there exist some results on Baire property and perfect set

property, it is only recently that determinacy was formalized and investigated

(cf. [34]). In Bishop’s constructive mathematics, there are some results on

the definability of Lebesgue measure (cf. [3]) and on Baire’s categorization

of sets (cf. [4]). The reverse mathematical aspects of all of these remain to

be clarified.
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As the first step of the author’s research, she worked on the determinacy of

infinite games. In classical mathematics, although the axiom of choice implies

the existence of a non-determinate set, all of Lebesgue measurability, Baire

property and perfect set property are implied by determinacy. Therefore she

considered that determinacy is a good beginning point for her research.

During the first half of her Ph.D study, the author worked on classical

reverse mathematics. In [20] and [24], she showed that almost all of important

set existence axioms (including those weaker than ATR0) are characterized

by determinacy statements of 0-1 games, in which both players can choose

only 0 or 1 at each turn. In other words, she showed that the strength of

determinacy statements actually varies quite widely, depending on kinds of

games. During the second half, she worked on intuitionistic mathematics

and constructive reverse mathematics, staying in the Netherlands, one of

the research centers of the subject. In [22], she considered some variations

of games to look into the role of intuitionistic axioms and non-constructive

axioms and showed that a certain kind of non-constructive axiom is crucial for

determinacy statements. She also showed, in [23], the equivalence between

a weaker version of König’s lemma and a property of uniformly continuous

functions in constructive reverse mathematics.

Clearly studies in the two reverse mathematics will help her to achieve

the research aim, and she aspires to continue the researches in this direction.

The author’s long-term agenda is to consider the above two reverse math-

ematics uniformly. Since classical logic proves many non-constructive axioms,

classical reverse mathematics does not pay attention to non-constructive ax-

ioms used in proofs. On the other hand, nor does constructive reverse math-

ematics pay attention to set existence axioms and induction axioms. For

the author’s aim, it is needed to compare the five settings mentioned at

the beginning over the same system—the same base theory with the same

logic, i. e., to combine these two reverse mathematics into a new big reverse

mathematics.

This thesis is an accumulation of the results of authors works on deter-

minacy.

The first part considers determinacy of 0-1 games in classical reverse

mathematics. Chapter 2 is the introduction to Part 1. Chapter 3 is a prelim-

inary for the first part. The basic knowledges for classical reverse mathemat-

ics, determinacy in second order arithmetic will be provided in this chapter.

Chapter 4 considers the relationship between determinacy of 0-1 games and
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set existence axioms in second order arithmetic. Chapter 5 considers a uni-

form version of determinacy—complete determinacy. Chapter 6 contains

brief comments on related works to Part 1.

The second part considers determinacy in intuitionistic mathematics.

Chapter 7 is the introduction to Part 2. Chapter 8 is a preliminary for

the second part. The basic knowledge for intuitionistic mathematics and

the notion of predeterminacy, a formalization of determinacy in intuitionistic

mathematics, will be provided in this chapter. Following the introduction

for Part 2, Chapter 9 considers various games in intuitionistic mathematics.

Chapter 10 reformalizes and investigates predeterminacy in classical mathe-

matics.

The last chapter closes this thesis, giving several interesting problems

waiting to be solved.
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Part I

Determinacy in classical

reverse mathematics
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Chapter 2

Introduction to Part 1

In this chapter, we consider games in classical reverse mathematics.

Classical reverse mathematics is a program based on the following fun-

damental question: To prove mathematical theorems, what set existence

axioms are necessary and sufficient? In 1970s, such research based on clas-

sical logic started in the context of the language of second order arithmetic,

that formalizes the natural numbers and sets thereof.

In this research, equivalences between mathematical theorems and set ex-

istence axioms are investigated. The usual base theory RCA0 consists of the

axioms of discrete ordered semi-ring for (N, +, ·, 0, 1, <) plus the schemata

of recursive comprehension and induction for formulae of the form ∃nφ(n),

where φ(x) does not contain any unbounded number quantifier or set quan-

tifier. This system is, in a sense, a formalized version of Hilbert’s finitistic

mathematics, in which only “finitistic” reasoning about finitistically-defined

mathematical objects is allowed.

Actually, it has been shown that most of theorems in non-abstract math-

ematics, such as classical analysis or countable algebra, formalized in the

language of second order arithmetic are proved in RCA0 or equivalent to

some set existence axioms in second order arithmetic over RCA0.

Classical descriptive set theory, which investigates the properties of defin-

able sets in Polish space, is also in the scope of classical reverse mathematics.

Until now, necessary and sufficient set existence axioms for Souslin’s theo-

rem, Lusin’s separation theorem, Kondo’s uniformization theorem, etc. are

known.

Determinacy of infinite games is one important topic in descriptive set

theory in classical reverse mathematics. The games we consider is as follows:

7



Two players, say player I and player II, alternately choose an element of X to

form an infinite sequence f . Player I wins if and only if a given formula φ(f)

holds. Player II wins if and only if player I does not win. The formula φ(f)

is called a winning condition for player I. A determinacy statement asserts

that one of the players has a winning strategy in such games. Within the

framework of second order arithmetic, the strength of determinacy of games

in the Baire space NN, i.e., the above games with X = N, has been previously

investigated in [17], [18], [30], [31], [32] and [33].

After the introduction of basic notions of determinacy and classical re-

verse mathematics in Chapter 3, Chapter 4 investigates the determinacy

strength of games in the Cantor space 2N, i.e., the games with X = 2 = {0, 1}
by investigating necessary and sufficient set comprehension axioms, combin-

ing two papers [20] and [24]. Games in the Cantor space have the following

properties:

• Games are played in a compact space. The Cantor space is a

compact space, while the Baire space is not. This means that we can

use compactness to analyze subsets of the Cantor space.

• Games in the Baire space can be translated to those in the

Cantor space. In proofs of several theorems in this part, we use the

translation of games in the Baire space into ones in the Cantor space,

i.e., for a given game G in the Baire space, we can define a game G′

in the Cantor space such that a player who has a winning strategy in

G′ has a winning strategy also in G. In particular, G is determinate if

and only if G′ is determinate. Together with the above character, we

can analyze games in the Baire space via ones in the Cantor space with

compactness.

• Determinacy in the Cantor space are used to analyze proper-

ties of ω-language. In automata theory, determinacy of games are

used to analyze properties of accepted language (cf. [26]). In almost

all cases, the games are ones in the Cantor space.

The results of previous works on the determinacy of games in the Baire space

and of [20] are summarized in Table 2.1, where a subsystem of second order

arithmetic and types of determinacy in the same line are pairwise equivalent

over a suitable base theory (RCA0; except for the last line), and where (Σ0
n)k

8



Subsystem of Determinacy Determinacy

S. O. A. in 2N in NN

WKL0
∆0

1

Σ0
1

ACA0 (Σ0
1)2

ATR0
∆0

2

Σ0
2

∆0
1

Σ0
1

Π1
1-CA0 (Σ0

1)2
Π1

1-TR0 ∆0
2

Σ1
1-ID0 (Σ0

2)2 Σ0
2

.

..
.
..

.

..

[Σ1
1]k-ID0 (Σ0

2)k+1 (Σ0
2)k

..

.
..
.

..

.

[Σ1
1]TR-ID0 ∆0

3 ∆0
3

Table 2.1: Results of earlier researches and [20]

is the class of formulae built from Σ0
n formulas by applying the difference

operator k − 1 times.

In Table 2.1, we can find a large gap between Σ0
2 and (Σ0

2)2 determinacy

in the Cantor space. Then following two questions arose: (1) Is there a class

whose determinacy in the Cantor space is equivalent to either Π1
1-CA0 or

Π1
1-TR0 ? and (2) Is there a finer hierarchy of determinacy in the Cantor

space?

To find such a hierarchy, we consider the determinacy schemata which for-

malize, in the language of second order arithmetic, the determinacies whose

winning conditions are in the Borel Wadge classes in Polish spaces and also

investigate the strengths of the schemata. The Borel Wadge classes, which

are defined as those classes of the Borel sets that are closed under continuous

pre-images, are known to form a finer hierarchy than the Hausdorff difference

hierarchy (cf. [15] and [36]). Since continuous pre-images preserve Boolean

operations, this hierarchy seems to be the finest among those hierarchies

to which we can define corresponding determinacy schemata at least in an

obvious manner.

If we continue to work over RCA0, we will find that weak König’s lemma

and Bisep(∆0
1, Σ

0
1), Σ0

1 and ∆0
1 determinacies in the Cantor space are pair-

wise equivalent over RCA0, where Bisep(∆0
1, Σ

0
1) determinacy formalizes the

determinacy of the Wadge class immediately above the class Σ0
1 of open sets

(see Figure 3.2 and [15]). However, the proof of Bisep(∆0
1, Σ

0
1) determinacy

essentially needs Σ0
1 induction, while that of Σ0

1 and ∆0
1 determinacies does

9



not (in [20]). To shed light on the differences among the strengths of the

determinacies of those classes, we replace the base theory with RCA∗
0, which

lacks Σ0
1 induction. Although almost all equivalences in Table 2.1 hold over

RCA0, it is routine to check that the base theory can be replaced with RCA∗
0.

As a result, Table 2.1 is enhanced into Table 2.2. Table 2.2 indicates that

a subsystem of second order arithmetic and types of determinacy in the same

line are pairwise equivalent over RCA∗
0 (except for the last line).

Subsystem Determinacy Determinacy

S. O. A. in 2N in NN

WKL∗
0

∆0
1

Σ0
1

-

WKL0 Bisep(∆0
1, Σ0

1) -

ACA0 (Σ0
1)2 -

ATR0
∆0

2

Σ0
2

∆0
1

Σ0
1

ATR0 + Σ1
1 induction Bisep(∆0

1, Σ0
2) ?

Π1
1-CA0

Bisep(Σ0
1, Σ0

2)

.

..

Sep(Σ0
1, Σ0

2)

Bisep(∆0
1, Σ0

1)

(Σ0
1)2

Π1
1-TR0 Bisep(∆0

2, Σ0
2) ∆0

2

Σ1
1-ID0 (Σ0

2)2 Σ0
2

..

.
..
.

..

.

[Σ1
1]k-ID0 (Σ0

2)k+1 (Σ0
2)k

.

..
.
..

.

..

[Σ1
1]TR-ID0 ∆0

3 ∆0
3

Table 2.2: Results of the present study

The proof of each equivalence is as follows. When we prove Γ determinacy

in some system Sys, we reduce a Γ game φ(f) to an “easier” one φ∗(f) such

that the determinacy of φ∗(f) can be proved in Sys. The key point in this

direction is how to reduce the game within restricted comprehension axioms.

Conversely, we prove that Γ determinacy implies the set comprehension ax-

iom that characterizes Sys as follows. For any formula ψ(k) in a given class

for which comprehension axiom characterizes the system Sys, we construct

the following game whose determinacy is implied by Γ determinacy:

• Player I chooses k and asks whether ψ(k).

• Player II answers yes or no.

• Player II wins if and only if her answer is correct.

10



In such a game, player I cannot win if player II answers correctly. By Γ

determinacy, player II has a winning strategy, which provides the desired set

{n : φ(n)}.

Chapter 5 treats a variant of determinacy.

For a game in XN, positions are finite sequences from X. In contrast to the

usual set theoretic context, in the context of weak arithmetic, determinacy

of a game φ(f) does not seem to yield the winning set for player I in φ(f),

i. e., the set W of positions such that

• s ∈ W → player I wins φ(f) if the game starts at s,

• s /∈ W → player II wins φ(f) if the game starts at s.

W can be regarded as a labeling on all positions by “win” and “lose.” In other

words, determinacy statement does not seem to require determinateness to

be decidable. If the essence of determinacy is that we can decide who is

the winner uniformly, the appropriate formulation of determinacy in weak

arithmetic might be the existence of the winning sets, contrasting the usual

determinacy.

The topic of Chapter 5 is complete determinacy, which asserts the exis-

tence of the winning set.

Actually, for applications in the context of weak arithmetic, complete

determinacy is more useful. For example, the proof in [32] of the implication

of Σ1
1 choice from ATR0, and the investigation in [19] of the comparison of

systems between ACA0 and Π1
1-CA0 used complete determinacy. Furthermore,

complete determinacy is a strong tool to analyze winning strategies in a

game. Consider a game of the form: ∃n(f [n] ∈ A) ∨ η(f), where f [n] =

⟨f(0), f(1), ..., f(n−1)⟩. Then, player I wins if and only if he reach a position

s ∈ A ∩ {t : player I wins η(f) at t}.
We will measure the strength of complete determinacy statements by

investigating necessary and sufficient set comprehension axioms and will ad-

dresses the question: Do the two formulations, i. e., the usual determinacy

and complete determinacy differ? In other words, is complete determinacy

really stronger than determinacy?

Together with results of [18], [20], [24], [32] and [33] on determinacy

strength in the same setting, we will have such Table 2.3, where the state-

ments are equivalent to the system on the same row over RCA0. Our contri-

bution is the establishment of the new two columns for complete determinacy
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Subsystem of Determinacy Complete det. Determinacy Complete det.

S. O. A. in 2N in 2N in NN NN

WKL∗
0

∆0
1

Σ0
1

∆0
1

WKL0 Bisep(∆0
1, Σ0

1)

ACA0 (Σ0
1)2

Σ0
1

Bisep(∆0
1, Σ0

1)

(Σ0
1)2

ATR0
∆0

2

Σ0
2

∆0
2

∆0
1

Σ0
1

∆0
1

ATR0 + Σ1
1-Ind. Bisep(∆0

1, Σ0
2)

Π1
1-CA0

Bisep(Σ0
1, Σ0

2)

Sep(Σ0
1, Σ0

2)

Σ0
2

Bisep(∆0
1, Σ0

2)

Bisep(Σ0
1, Σ0

2)

Sep(Σ0
1, Σ0

2)

Bisep(∆0
1, Σ0

1)

(Σ0
1)2

Σ0
1

Bisep(∆0
1, Σ0

1)

(Σ0
1)2

Π1
1-TR0 Bisep(∆0

2, Σ0
2) Bisep(∆0

2, Σ0
2) ∆0

2 ∆0
2

Table 2.3: Determinacy and complete determinacy

in 2N and NN and this shows that complete determinacy statement is some-

times strictly stronger than the corresponding determinacy statement: we

see that Σ0
1-comp.Det∗, Σ0

2-comp.Det∗ and Σ0
1-comp.Det are strictly stronger

than Σ0
1-Det∗, Σ0

2-Det∗ and Σ0
1-Det, respectively.

In Chapter 6, we overview related works on the results in Part1. In

the first section, we see results on stronger determinacy schemata. In the

second section, we see the method of analyzing winning strategies, labeling

by elements of a well ordering, which was suggested in [2] on the setting of

set theory. We will see a close relationship between complete determinacy

and this method.

.
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Chapter 3

Preliminaries for Part 1

In this chapter, we recall some basic definitions and facts about second or-

der arithmetic and about determinacy. We also define various determinacy

schemata.

3.1 Basic definitions and notations in second

order arithmetic

The language L1 of first order arithmetic consists of +, ·, 0, 1, =, <, number

variables x, y, ..., propositional connectives and number quantifiers. The lan-

guage L2 of second order arithmetic consists of L1 plus set variables X,Y, ...,

set quantifiers and ∈. Terms and formulae are defined in the usual way. A

formula is Π0
0, Σ0

0 or ∆0
0 if it is built up from atomic formulae by proposi-

tional connectives and bounded number quantifiers ∀x < t and ∃x < t. A

Σ0
n (resp. Π0

n) formula is one consisting of n number quantifiers beginning

with an existential (resp. universal) one followed by a Π0
0 formula. A formula

is Σ1
0, Π1

0, or arithmetical if it does not contain set quantifiers. A Σ1
n (resp.

Π1
n) formula is one consisting of n set quantifier beginning with an existential

(resp. universal) one followed by a Π1
0 formula.

In what follows, Γ is a class of formulae, e. g., Σi
n and Πi

n.

Definition 3.1.1. We use the following schemata.

Γ comprehension: ∃Y ∀x(x ∈ Y ↔ φ(x)), where φ(x) is a Γ formula in

which Y does not occur freely.

13



Bounded Γ comprehension: ∀n∃Y ∀i(i ∈ Y ↔ (i < n ∧ φ(i))), where

φ(x) is a Γ formula in which Y does not occur freely.

Γ induction: (φ(0) ∧ ∀n(φ(n) → φ(n + 1))) → ∀nφ(n), where φ(x) is a Γ

formula.

Γ transfinite induction: WO(Z,<Z) ∧ ∀j(∀i(i <Z j → φ(i)) → φ(j)) →
∀jφ(j), where φ(x) is a Γ formula and where WO(Z,<Z) is the Π1

1

formula which asserts that (Z,<Z) is well-ordered, i. e., (Z,<Z) is a

linear ordering without infinite <Z-descending chains.

Definition 3.1.2 (RCA0). RCA0 is the formal system in the language L2

which consists of the axioms of discrete ordered semi-ring for (N, +, ·, 0, 1, <)

plus the schemata of Σ0
1 induction and of ∆0

1 comprehension:

∀n(φ(n) ↔ ψ(n)) → ∃Y ∀n(φ(n) ↔ n ∈ Y ),

where φ(x) is a Σ0
1 formula without free occurrences of Y , and where ψ(x) is

a Π0
1 formula.

Over RCA0, Γ comprehension implies not only Γ induction but also Γ

transfinite induction.

Lemma 3.1.3. Over RCA0, Γ comprehension implies Γ transfinite induction.

Proof. Let (Y,≺Y ) be a well-ordering and φ(x) a Γ formula. Assume that

∀j(∀i(i ≺Y j → φ(i)) → φ(j)) and ∃k¬φ(k) hold. By Γ comprehension and

∆0
1 comprehension, we have the set Z = {k : ¬φ(k)}. Since Z is non-empty,

we can take k ∈ Z. Note that if l ∈ Z, then m ≺Y l for some m ∈ Z by

the assumption. Define f : N → Z by (unbounded) primitive recursion as

follows:

f(0) = k and f(n + 1) = the <-minimum l ∈ Z such that l ≺Y f(n).

Then f(n+1) ≺Y f(n) holds for all n, which contradicts the well-orderedness

of (Y,≺Y ).

As mentioned in the previous chapter, we need a weaker base theory

RCA∗
0.
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Definition 3.1.4 (RCA∗
0). Let Li(exp) (i = 1, 2) be Li augmented by a binary

operation symbol exp(m,n), which is intended to denote exponentiation. For

each n < ω, Σi
n and Πi

n formulae of L2(exp) are defined accordingly. RCA∗
0 is

the L2(exp)-theory consisting of the axioms of discrete ordered semi-ring for

(N, +, ·, 0, 1, <) plus exponentiation axioms, m0 = 1, mn+1 = mn · m, where

tt21 is an abbreviation for exp(t1, t2), and the schemata of ∆0
1 comprehension

and of Π0
0 induction.

Note that the L2-theory RCA0 can be regarded as the L2(exp)-theory

RCA∗
0 plus Σ0

1 induction, since exp can be defined in RCA0.

Lemma 3.1.5. Let 1 ≤ n < ω and i < 2. Πi
n comprehension is equivalent

to Σi
n comprehension over RCA∗

0.

Proof. Assume Σi
n comprehension. Let φ(x) be a Πi

n formula. Then we

can find Σi
n formula ψ(x) such that φ(k) ↔ ¬ψ(k) for all k ∈ N. By Σi

n

comprehension, we have sets X = {k : ψ(k)} and Y = {k : k /∈ X}. It is

easy to check that k ∈ Y if and only if φ(k) for all k ∈ N.

Lemma 3.1.6. Over RCA∗
0, Γ comprehension implies Γ induction.

Proof. Let φ(x) be a Γ formula. Assume φ(0) and ∀n(φ(n) → φ(n+1)). By

Γ comprehension and ∆0
1 comprehension, we have the set Z = {k : φ(k)}.

By the assumption, 0 ∈ Z and ∀n(n ∈ Z → n + 1 ∈ Z) hold, and so, by Σ0
0

induction, ∀n(n ∈ Z), which means ∀nφ(n).

Notation 3.1.7 (sequences). The set of all infinite sequences from X (i. e.,

functions from N to X) is denoted by XN. We call 2N = {0, 1}N the Cantor

space and NN the Baire space. The set of all finite sequences from X is

denoted by X<N. Note that the empty sequence, denoted by ⟨⟩, belongs to

X<N.

Fix any sequences s and t in XN. |s| denotes the length of s and s(i)

denotes the (i + 1)-th element of s for i < |s|. The concatenation of s and t,

denoted by s∗ t, is ⟨s(0), s(1), ..., s(|s|−1), t(0), t(1), ..., t(|t|−1)⟩. If f ∈ XN,

s ∗ f denotes ⟨s(0), s(1), ..., s(|s| − 1), f(0), f(1), ..., f(n), ...⟩. For s ∈ X<N

and n ≤ |s|, s[n] is the n-th initial segment of s, i. e., ⟨s(0), ..., s(n − 1)⟩.
If f is an infinite sequence, f [n] denotes ⟨f(0), ..., f(n − 1)⟩. If s = t[k]

for some k ≤ |t|, s is called an initial segment of t, s ⊆ t for notation. If

n ≤ |s|, s⊖ n is the sequence with the first n elements removed from s, i. e.,

⟨s(n), s(n + 1), ..., s(|s| − 1)⟩. If f is in XN, f ⊖ n is g defined by g(k) =
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f(n + k) for k ∈ N. We also use the following abbreviations: Xn = {s ∈
XN : |s| = n}, X≤n =

⋃
m≤n Xm, X<n =

⋃
m<n Xm and Xeven(or Xodd) =⋃

n∈N X2n(resp.
⋃

n∈N X2n+1). For s ∈ X<N, (s)X denotes the set {t ∈ X<N :

s ⊆ t}.

Note that, since a sequence s of X<N can be coded by a natural number

in RCA∗
0, the relations s ∈ X<N, s = ⟨⟩, |s| = n, s(i) = n, s ⊆ t, s = t ∗ u, s =

t ⊖ n, s = t[n], etc., are formally defined as Π0
0 formulae in RCA∗

0. See [30,

Sections II.1-2] for more details. (Although they work in RCA0 in [30, Sections

II.1-2], the base theory can be replaced by RCA∗
0.)

A set T ⊆ 2<N is tree if, for any s ∈ 2<N, s ∈ T implies t ∈ T for any

t ⊆ s. T is finite if the lengths of sequences in T are bounded by some n. T

is infinite if T is not finite.

By coding of finite sequences by natural numbers, we can define transfinite

recursion and axioms of choice.

Definition 3.1.8.

Γ transfinite recursion:

WO(Y,≺Y ) → ∃Z∀j∀k(⟨k, j⟩ ∈ Z ↔ θ(k, (Z)j)), where θ(x, Y ) is a Γ

formula in which Z does not occur freely, and where (Z)j = {⟨m, i⟩ ∈
Z : i ≺Y j}.

Γ axiom of choice:

∀n∃Y φ(n, Y ) → ∃Z∀nφ(n, (Z)n), where φ(x, Y ) is a Γ formula φ in

which Z does not occur freely, and where (Z)n = {m : ⟨m,n⟩ ∈ Z}.

3.2 Subsystems of second order arithmetic

Now we introduce and overview the supersystems of RCA∗
0 that are widely

used in the researches of second order arithmetic. For the details, see [30].

Definition 3.2.1 (WKL∗
0 and WKL0). Weak König’s lemma asserts that ev-

ery infinite tree T ⊆ 2<N has an infinite path, i. e., f : N → {0, 1} such that

f [n] ∈ T for all n.

WKL∗
0 is the system RCA∗

0 plus weak König’s lemma. WKL0 is the system

RCA0 plus weak König’s lemma.

In the next section, we will see the relationship among RCA∗
0, RCA0, WKL∗

0

and WKL0.
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Definition 3.2.2 (ACA0). ACA0 is the system RCA∗
0 plus Σ0

1 comprehension.

In this system we can use number quantifiers freely. Actually, ACA0 proves

arithmetical comprehension. By Lemma 3.1.6, we can say that ACA0 is the

system RCA∗
0 plus Σ0

1 induction.

Definition 3.2.3 (ATR0). ATR0 is the system RCA∗
0 plus arithmetical trans-

finite recursion.

Definition 3.2.4 (Π1
1-CA0). Π1

1-CA0 is the system RCA∗
0 plus Π1

1 comprehen-

sion.

Definition 3.2.5 (Π1
1-TR0). Π1

1-TR0 is the system RCA∗
0 plus Π1

1 transfinite

recursion.

It is known that the following inclusions hold. For detail, see [30, sections

VII.2, VIII.2, VIII.6, IX.1-3 and X.4].

RCA0

( (
RCA∗

0 WKL0 ( ACA0 ( ATR0 ( Π1
1-CA0 ( Π1

1-TR0( (
WKL∗

0

3.3 The systems RCA∗
0 and WKL∗0

Here we see how RCA∗
0 differs from RCA0. We also investigate the relation

between WKL∗
0 and WKL0, systems without Σ0

1 induction.

First we overview the provable definability of functions in RCA∗
0. By ∆0

1

comprehension, RCA∗
0 proves the existence of the constant function g0(n) = 0,

the successor function gsuc(n) = n + 1, the addition g+(n,m) = n + m, the

multiplication g·(n,m) = n · m, the exponentiation gexp(n,m) = nm and

the projection functions pn
i (⟨k1, ..., ki, ..., kn⟩) = ki. The universe of provably

definable functions of RCA∗
0 is closed under the operations of Lemma 3.3.1

below. Therefore every elementary function can be defined in RCA∗
0 (cf. [29,

Section 4]).

Lemma 3.3.1 ([29, 2.1. Lemma and 2.2. Lemma]).

Assume k ∈ ω. Let h(x, n⃗) = h(x, n1, ...nk) and g(n⃗) = g(n1, ..., nk). The

following are provable in RCA∗
0.
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Composition If g0 : Y → Z and g1 : Z → W , there is h : Y → W defined

by h(i) = g1(g0(i)).

Bounded primitive recursion If g0 : Nk → N, g1 : Nk+2 → N and g2 :

Nk+1 → N, there exists the unique h : Nk+1 → N defined by

h(0, n⃗) = g0(n⃗),

h(m + 1, n⃗) = min{g1(m,h(m, n⃗), n⃗), g2(m, n⃗)}.

Minimization If g : Nk+1 → N and if all ⟨n1, ..., nk⟩ ∈ Nk have m ∈ N
with g(m, n⃗) = 1, there is h : Nk → N defined by

h(n⃗) =the least m with g(m, n⃗) = 1.

The following lemma shows that the first order part of RCA∗
0 contains Σ0

1

collection.

Lemma 3.3.2 (Σ0
1 collection, [29, 4.1. Lemma]). RCA∗

0 proves Σ0
1 collection,

i. e.,

∀n∃mφ(n,m) → ∀n∃m∀k < n∃l < mφ(k, l), for any Σ0
1 formula φ(x, y).

Second, we consider systems with weak König’s lemma.

Clearly WKL0 includes RCA0 and WKL∗
0 includes RCA∗

0. Actually these

inclusions are strict (cf. [30, VIII.2, IX.1-3 and X.4]).

Informally, we have the following equivalences. (See [30, Section X.4])

RCA0 ≡ RCA∗
0 + Σ0

1 induction, and WKL0 ≡ WKL∗
0 + Σ0

1 induction.

Let us consider the first order part and the consistency strength of these

systems.

IΣ1 is the L1 theory consisting of the axioms of discrete ordered semi-

ring for (N, +, ·, 0, 1, <) and of Σ0
1 induction. I∆0(exp) is the L1(exp) theory

consisting of the axioms of discrete ordered semi-ring with exponentiation for

(N, +, ·, exp, 0, 1, <) and of ∆0
0 induction. BΣ1(exp) is the system I∆0(exp)

plus Σ1 collection. By the same proof as in [27] we can see that I∆0(exp)

is strictly included in BΣ1(exp) although the original proof in [27] is for the

language L1.

18



Fact 3.3.3 (conservation theorems, [30, Sections IX.1-IX.3] and [29]). The

first order part of RCA0 and of WKL0 is IΣ1. WKL0 is conservative over RCA0

for Π1
1 sentences, i. e., for any Π1

1 sentence φ, WKL0 proves φ if and only if

RCA0 proves φ. WKL0, RCA0 and IΣ1 have the same consistency strength as

PRA (See [30, Section IX. 3] for its definition and basic properties.) and are

conservative over PRA for Π0
2 sentences.

Analogously, the first order part of RCA∗
0 and of WKL∗

0 is BΣ1(exp). WKL∗
0

is conservative over RCA∗
0 for Π1

1 sentences. WKL∗
0, RCA∗

0 and BΣ1(exp) have

the same consistency strength as I∆0(exp) and are conservative over I∆0(exp)

for Π0
2 sentences.

It is shown in [30, Theorem II.8.11] that RCA0 proves the consistency of

I∆0(exp), and so does IΣ1. On the other hand, I∆0(exp) cannot prove the

consistency of itself and so neither can BΣ1(exp), since the consistency state-

ment is Π0
1. Therefore IΣ1 strictly includes BΣ1(exp), and the implications

from RCA0 to RCA∗
0 and from WKL0 to WKL∗

0 are also strict. Moreover the

consistency strength of WKL∗
0, RCA∗

0, BΣ1 and I∆0(exp) is strictly weaker

than that of WKL0, RCA0, IΣ1 and PRA.

second order first order

WKL0

RCA0 IΣ1

PRA
WKL∗

0

RCA∗
0 BΣ1(exp)

I∆0(exp)

pppppppppppppppppppppppppppppppp

HHHHj
Π1

1

?
?

XXXXXXXX

?
?

?
?

XXXz
Π0

2

HHHj
Π1

1

XXXXXXX

?Π
0
2

Figure 3.1: Relations among weak systems of arithmetic

The relations among these weak systems are described in Figure 3.1,

where usual (one-head) arrows indicate strict implication with conservation

for indicated classes of sentences, where two-head arrows indicate strict im-

plication with different consistency strength and where lines without heads

indicate full conservation between systems in L1(exp) and their counterparts

in L2(exp) (e. g., for any L1(exp) sentence φ, WKL∗
0 proves φ if and only if

BΣ1(exp) proves φ).
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3.4 Determinacy in second order arithmetic

For a given formula φ(f) with a distinguished function variable f ∈ XN, a

game φ(f) in XN is defined as follows: Two players, say player I and player

II, alternately choose an element x in X to form f ∈ XN which is called the

resulting play. Player I wins if and only if φ(f) holds. Player II wins if and

only if player I does not win. In this thesis, we assume that player I is male

and that player II is female.

We regard a class Γ of formulae with a distinguished function variable as

a class of games.

Remark 3.4.1. L2 does not formally have function variables. Since the as-

sertion “G is the graph of a function f : N → N” is Π0
2, this point matters

in a system without arithmetical comprehension. However, we consider only

the case where X = {0, 1} in such systems, and so we can regard f as a

set variable by identifying f(n) = 0 and f(n) = 1 with n /∈ f and n ∈ f

respectively. Therefore we do not care about this difference.

Notation 3.4.2 (strategy). For a game in XN, a strategy σ for player I (resp.

II) is a function assigning an element of X to each finite sequence from X

of even (resp. odd)-length. SX
I (resp. SX

II ) is the set of all the strategies for

player I (resp. II) in a game in XN. Note that SX
I and SX

II can be regarded

as NN if X = N and 2N if X = {0, 1} in RCA∗
0, by a suitable coding of

finite sequences. If players I and II follow strategies σ and τ respectively, the

resulting play is uniquely determined and denoted by σ ⊗ τ .

For any strategy τ for player II, kτ is the finite play of length 2k in which

player I plays 0 at all of his turns and in which player II plays following τ .

For example, 2τ is the sequence ⟨0, τ(⟨0⟩), 0, τ(⟨0, τ(⟨0⟩), 0⟩)⟩.

A strategy σ for a player is a winning strategy if the player wins φ(f) as

long as he or she plays following it. The assertion that σ is a winning strategy

for player I (resp. II) in game φ(f) in XN can be written ∀τ ∈ SX
II φ(σ ⊗ τ)

(resp. ∀τ ∈ SX
I ¬φ(τ ⊗ σ)). A game φ(f) is determinate if one of the

players has a winning strategy. For a game φ(f) in XN, we use the following

abbreviation:

DetX [φ] ≡ ∃σ ∈ SX
I ∀τ ∈ SX

II φ(σ ⊗ τ) ∨ ∃τ ∈ SX
II ∀σ ∈ SX

I ¬φ(σ ⊗ τ),

which asserts that φ(f) is determinate. The following schema of Γ determi-

nacy asserts that all the Γ games are determinate.
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Γ determinacy in XN: DetX [φ] for any Γ game φ(f) in XN.

The following ∆i
n determinacy asserts the determinacies of games both Σi

n

and Πi
n, in a sense.

∆i
n determinacy in XN: ∀f ∈ XN(φ(f) ↔ ψ(f)) → DetX [φ],

where φ(f) is a Σi
n game and where ψ(f) is a Πi

n game in XN.

Det∗ and Det abbreviate determinacy in the Cantor space and that in the

Baire space, respectively.

An s-strategy for player I (resp. II) is a function σ : (s)X ∩ {t ∈ XN :

|t| is even (resp. odd)} → X. For s-strategies σ for player I and τ for player

II, σ ⊗ τ denotes the sequence f such that f(i) = s(i) for all i < |s|, f(2i) =

σ(f [2i]) for all 2i ≥ |s|, f(2i + 1) = τ(f [2i + 1]) for all 2i + 1 ≥ |s|, in other

words, the play, starting from s, in which player I follows σ and player II

follows τ . Note that if s = ⟨⟩, the definition of σ ⊗ τ coincides with the

previous definition. For a game φ(f) in XN, a s-strategy σ for player I (resp.

II) is winning if, for every s-strategy τ for player II (resp. I), φ(σ⊗ τ) (resp.

¬φ(τ ⊗ σ)). Player I (resp. II) wins at s in φ(f) if (1) there is a winning

s-strategy for player I (resp. II), or equivalently, (2) either (i) |s| is even and

player I (resp. II) has a winning strategy in φ(s ∗ f) or (ii) |s| is odd and

player II (resp. I) has a winning strategy in ¬φ(s∗f). Note that in (ii) of (2),

the role of two players are exchanged. It is easy to check that, for any game

φ(f) in XN, if |s| is even and player I wins φ(f) at s then he wins at s ∗ ⟨i⟩
for some i ∈ X and if |s| is odd and player I wins φ(f) at s then he wins

φ(f) at s ∗ ⟨i⟩ for all i ∈ X. If σ is a winning s-strategy for player I (or II)

in a game φ(f) and t(2n) = σ(t[2n]) for all 2n ≥ |s| (resp. t(2n) = σ(t[2n])

for all 2n ≥ |s|), then player I (resp. II) wins φ(f) also at t.

3.5 Wadge classes in descriptive set theory

Here we review Wadge classes of Polish spaces, which gives us intuitive ideas

for determinacy schemata defined in the next section. Note that, in this

section, we work in the usual framework of (descriptive) set theory, not in

that of second order arithmetic.

In this thesis, we consider Polish space 2N and NN with the product topol-

ogy of discrete topological spaces.
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The Borel sets are sets in the smallest class that includes all open sets

and that is closed under complements and countable unions. Formally, it

consists of all classes Σ0
α and Π0

α defined along countable ordinals as follows:

• Σ0
1 is the class of open sets.

• Π0
α is the class of complements of Σ0

α sets.

• Σ0
α (α > 1) is the class of countable unions of sets in

⋃
β<α Π0

β.

It is known that the Borel sets form a strict hierarchy, i. e., α < β implies

Σ0
α ( Σ0

β.

In 2N (or NN), a set A is open if there exists A′ ⊆ 2<N (or A′ ⊆ NN) such

that f ∈ A ↔ ∃n(f [n] ∈ A′). Note that this corresponds to our class Σ0
1 of

formulae, because, by Lemma 3.6.1, we may assume that Σ0
1 formulae are of

the form ∃nθ(f [n]). We can also see such correspondence between a formula

classes Σ0
n and a set class Σ0

n by replacing existential number quantifier ∃n

with countable union
⋃

. Since Σ0
n formulae may contain set parameters,

we can consider that classes Σ0
n of formulae (of second order arithmetic)

formalizes Σ0
n sets (in 2N or NN). Actually, in the standard model, a set is

in Σ0
n if and only if it is definable by a Σ0

n formula with parameters from

Cantor or Baire space.

It is known that the most common system of set theory ZFC proves that

every Borel set is determinate.

For a pair (A,B) of subsets of a Polish space X, how can we define which

set is “simpler”? Wadge reducibility gives an answer: We say that A is Wadge

reducible to B, in symbols A ≤W B, if there is a continuous map f : X → X

such that f−1(B) = A. We write A ≡W B if and only if A ≤W B and

B ≤W A. Clearly ≡W is an equivalence relation, and associated equivalence

classes A = [A]W are called Wadge degrees. For a set A ⊆ XN, the coarse

degree A∗ of A is [A]W ∪ [Ac]W , where Ac is the complement of A. WADGE

denotes the set of the coarse degrees of the Borel sets, and ≤∗
W is defined by

A ≤∗
W B ↔ A ≤W B ∨ A ≤W Bc. In ZFC, (WADGE,≤∗

W ) is well-ordered

(cf. [13, (21.15) Theorem]).

(WADGE,≤∗
W ) gives a finer hierarchy than Hausdorff and Kuratowski’s

difference hierarchy from [14, §37. III. Theorem], the finite level of which is

defined as follows:

• (Σ0
n)1 = Σ0

n
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• (Σ0
n)m+1 = {A \ B : A ∈ Σ0

n and B ∈ (Σ0
n)m}

A concrete description of the Wadge hierarchy of the Borel sets is pro-

vided in [15]. The classes in Wadge hierarchy are composed from the classes of

Hausdorff and Kuratowski’s difference hierarchy by means of taking (count-

able) unions and complements. Especially, below (Σ0
2)2, the construction

principle is easier because we do not need countable unions.

Figure 3.2 is a rough sketch of Wadge hierarchy below (Σ0
2)2, where only

one of mutually dual classes is described, where Sep(∆0
2,Σ

0
2) is the union of

all Wadge classes below (Σ0
2)2 and where ∆0

2 is the union of all the Wadge

classes below Σ0
2. The constructions mentioned here are as follows:

• ∆(Γ) = {A : A,Ac ∈ Γ}

• Sep(Γ,Γ′) = {(A ∩ Bc) ∪ (Ac ∩ C) : A ∈ Γ and B,C ∈ Γ′}

• Bisep(Γ,Γ′)

= {(A ∩ Bc) ∪ (C ∩ D) : A,C ∈ Γ, A ∩ C = ∅ and B,D ∈ Γ′}

Then we can easily construct corresponding schemata of determinacy;

replacing ∪ with ∨ and replacing (-)c (complement) with ¬. The definitions

of Sep(Γ, Γ′) and Bisep(Γ, Γ′) determinacies in the next section are motivated

by these constructions of Wadge classes in this way.

In this thesis, we consider Bisep(∆0
1, Σ

0
1), Bisep(∆0

1, Σ
0
2), Bisep(Σ0

1, Σ
0
2),

Sep-(Σ0
1, Σ

0
2) and Bisep(∆0

2, Σ
0
2) determinacies which correspond to Bisep(∆0

1,Σ
0
1),

Bisep(∆0
1,Σ

0
2), Bisep(Σ0

1,Σ
0
2), Sep(Σ0

1,Σ
0
2) and Bisep(∆0

2,Σ
0
2) respectively.

In Section 4.6, we show that Π1
1 comprehension, Bisep(Σ0

1, Σ
0
2)-Det∗ and

Sep(Σ0
1, Σ

0
2)-Det∗ are pairwise equivalent. Although there are ω1 different

Wadge classes between Bisep(Σ0
1,Σ

0
2) and Sep(Σ0

1,Σ
0
2), we will show that,

in the Cantor space, the strengths of the determinacies correspond to them

coincide.

3.6 Several new determinacy schemata

In this section we define, in second order arithmetic, determinacy schemata

which correspond to the determinacy of Wadge classes in descriptive set the-

ory. We only consider classes of formulae φ(f) with a distinguished function

variable f ∈ XN.
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
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Figure 3.2: Wadge hierarchy below (Σ0
2)2 due to [15]

The normal form theorem for Σ0
1 formulae over RCA0 is proved in [30].

Here we prove it over RCA∗
0.

While we usually assume that formulae and terms may contain free vari-

ables other than explicitly displayed, only in the statement and the proof of

the following lemma, we assume that all free variables of formulae and terms

are among displayed ones.

Lemma 3.6.1 (normal form theorem 1). For any Σ0
1 formula φ(f, k⃗, Y⃗ ) with

a distinguished function variable f ∈ 2N, we can find a Π0
0 formula θ(s, k⃗, Y⃗ ),

in which f does not occur freely, such that RCA∗
0 proves

∀f ∈ 2N∀k⃗∀Y⃗ (φ(f, k⃗, Y⃗ ) ↔ ∃nθ(f [n], k⃗, Y⃗ )).
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Proof. First, we prove that, for every Π0
0 formula φ(f, k⃗, Y⃗ ), we can find

Π0
0 formula θ(s, k⃗, Y⃗ ) and a term t(k⃗) such that RCA∗

0 proves φ(f, k⃗, Y⃗ ) ↔
θ(f [t(k⃗)], k⃗, Y⃗ ) by induction on construction of formula. The cases of atomic

formulae, Boolean operations are easy. The case of bounded universal quan-

tifier can be proved as follows: Let φ(f, k⃗, Y⃗ ) be Π0
0 of the form ∀i <

t′(k⃗)θ′(i, f, k⃗, Y⃗ ), where θ′(x, f, k⃗, Y⃗ ) is Π0
0. By induction hypothesis, we can

find a Π0
0 formula θ′′(x, s, k⃗, Y⃗ ) and a term t′′(i, k⃗) such that RCA∗

0 proves

θ′(i, f, k⃗, Y⃗ ) ↔ θ′′(i, f [t′′(i, k⃗)], k⃗, Y⃗ ). Then, we can check that RCA∗
0 proves

∀i < t′(k⃗)θ′(i, f, k⃗, Y⃗ )

↔ ∀i < t′(k⃗)θ′′(i, f [t′′(i, k⃗)], k⃗, Y⃗ )

↔ ∀i < t′(k⃗)θ′′(i, (f [t′′(t′(k⃗), k⃗)])[t(i, k⃗)], k⃗, Y⃗ ),

by the monotony of the term. The case of bounded existential quantifier can

be proved similarly.

Now we complete the proof. Let φ(f, k⃗, Y⃗ ) ≡ ∃nθ′(n, f, k⃗, Y⃗ ) for some

Π0
0 formula θ′(x, f, k⃗, Y⃗ ). By the above, we can find Π0

0 formula θ′′(x, f, k⃗, Y⃗ )

and a term t′(k⃗) such that RCA∗
0 proves θ′(x, f, k⃗, Y⃗ ) ↔ θ′′(x, f [t(x, k⃗)], k⃗, Y⃗ ).

Then RCA∗
0 proves

φ(f, k⃗, Y⃗ )

↔ ∃nθ′′(n, f [t(n, k⃗)], k⃗, Y⃗ )

↔ ∃n∃n′ < n + 1(n = ⟨n′, t(n′, k⃗)⟩ ∧ θ′′(n′, (f [n])[t(n′, k⃗)], k⃗, Y⃗ )).

Definition 3.6.2. Let Γ and Γ′ be classes of formulae. Γ ∧ Γ′ (resp. Γ∨ Γ′)

is the class of formulae of the form φ0 ∧ φ1 (resp. φ0 ∨ φ1), where φ0 is Γ

and φ1 is Γ′. ¬Γ is the class of formulae of the form ¬φ, where φ is Γ.

We consider determinacy schemata also for the class defined in Definition

3.6.2.

Lemma 3.6.3. Γ determinacy in XN is equivalent to ¬Γ determinacy in XN

over RCA∗
0

Proof. Assume Γ determinacy in XN. Let φ(f) be a ¬Γ game in XN. By

Γ determinacy in XN, ¬φ(f ′) is determinate, where f ′ is defined by f ′(n) =

f(n + 1). It is easy to see that player I wins φ(f) if and only if there exists

n such that player II wins ¬φ(f ′) and that player II wins ¬φ(f) if and only

if player I wins φ(f ′).
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Furthermore, we consider the following determinacy schemata, which are

motivated by the Borel Wadge classes, mentioned in the previous section.

Definition 3.6.4.

∆(Γ) determinacy in XN: ∀f ∈ XN(ψ(f) ↔ ξ(f)) → DetX [ψ],

where ψ(f) is Γ and where ξ(f) is ¬Γ.

Sep(Σ0
n, Σ0

m) determinacy in XN: DetX [(ψ ∧ η0) ∨ (¬ψ ∧ η1)],

where ψ(f) is Σ0
n, where η0(f) is Π0

m and where η1(f) is Σ0
m.

Sep(∆0
n, Σ0

m) determinacy in XN:

∀f ∈ XN(ψ(f) ↔ ξ(f)) → DetX [(ψ ∧ η0) ∨ (¬ψ ∧ η1)], where ψ(f) is

Σ0
n, where ξ(f) is Π0

n, where η0(f) is Π0
m and where η1(f) is Σ0

m.

Bisep(Σ0
n, Σ0

m) determinacy in XN:

∀f ∈ XN¬(ψ0(f) ∧ ψ1(f)) → DetX [(ψ0 ∧ η0) ∨ (ψ1 ∧ η1)],

where ψi(f)’s are Σ0
n, where η0(f) is Π0

m and where η1(f) is Σ0
m.

Bisep(∆0
n, Σ0

m) determinacy in XN:

{∀f ∈ XN(¬(ψ0(f) ∧ ψ1(f)))∧
∀f ∈ XN(ψ0(f) ↔ ξ0(f)) ∧ ∀f ∈ XN(ψ1(f) ↔ ξ1(f))}

→ DetX [(ψ0 ∧ η0) ∨ (ψ1 ∧ η1)],

where ψi(f)’s are Σ0
n, where ξi(f)’s are Π0

n, where η0(f) is Π0
m and

where η1(f) is Σ0
m.

Remark 3.6.5. It is easy to check the following implications:

• Σ0
n determinacy in XN → ∆0

n determinacy in XN

• Bisep(∆0
m, Σ0

n) determinacy in XN → Σ0
n determinacy in XN.

• Bisep(Σ0
m, Σ0

n) determinacy in XN → Bisep(∆0
m, Σ0

n) determinacy in XN.

• Sep(Σ0
m, Σ0

n) determinacy in XN → Bisep(Σ0
m, Σ0

n) determinacy in XN

for m ≤ n.

• Bisep(∆0
n, Σ0

n) determinacy in XN → Sep(Σ0
m, Σ0

n) determinacy in XN

for m ≤ n.

• (Σ0
n)2 determinacy in XN → Bisep(∆0

m, Σ0
n) determinacy in XN for m ≤

n.
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Remark 3.6.6. Bisep(∆0
n,Σ0

n+m) = Sep(∆0
n,Σ0

n+m) in the terms of the last

section. Inspired by this equality, we can see that Bisep(∆0
n, Σ0

n+m) determi-

nacy in XN is equivalent to Sep(∆0
n, Σ0

n+m) determinacy in XN over RCA∗
0,

since, for any formulae ψ0(f), ψ1(f), η0(f) and η1(f), RCA∗
0 proves the fol-

lowing:

∀f ∈ XN¬(ψ0(f) ∧ ψ1(f)) →
{∀f ∈ XN(((ψ0(f) ∧ η0(f)) ∨ (ψ1(f) ∧ η1(f)))

↔ ((ψ0(f) ∧ η0(f)) ∨ (¬ψ0(f) ∧ (ψ1(f) ∧ η1(f)))))}.

The next lemma is a reformulation of a classical separation theorem: For

any disjoint pair of Π0
n sets A and B, there exists a ∆0

n set C such that

A ⊆ C and B ⊆ Cc.

Lemma 3.6.7. Assume 0 < n < ω. For any pair of Π0
n formulae φ0(f) and

φ1(f), we can find a Σ0
n formula ψ(f) and Π0

n formula ξ(f) such that RCA∗
0

proves

∀f ∈ XN¬(φ0(f) ∧ φ1(f)) →
∀f ∈ XN((ψ(f) ↔ ξ(f)) ∧ (φ0(f) → ψ(f)) ∧ (φ1(f) → ¬ψ(f))).

Proof. Let φi(f) be Π0
n, say ∀mθi(m, f), where θi(x, g) is Σ0

n−1. Assume

∀f ∈ XN¬(φ0(f)∧φ1(f)). Set ψ(f) ≡ ∃m(¬θ1(m, f)∧∀l < mθ0(l, f)). It is

easy to check that ψ(f) is equivalent to a Σ0
n formula. We can also see that

φ0(f) → ψ(f) and φ1(f) → ¬ψ(f). Since, for any f ∈ XN, either ¬φ0(f) or

¬φ1(f) holds, for any f ∈ XN, ¬ψ(f) holds if and only if ∃m(¬θ0(m, f)∧∀l ≤
mθ1(l, f)) holds. Therefore, ψ(f) ↔ ∀m(θ0(m, f) ∨ ∃l ≤ m¬θ1(l, f)).

The following lemma is useful to investigate the relationship among de-

terminacy schemata defined in Definition 3.6.4. The motivating result is

Sep(∆0
n,Σ

0
n) = ∆((Σ0

n)2) = ∆(Σ0
n ∧ Π0

n).

Lemma 3.6.8. Let 0 < n < ω.

1. For any Σ0
n formulae ψ0(f) and η1(f), for any Π0

n formulae ψ1(f) and

η0(f), we can find Σ0
n formulae ξ0(f) and ξ1(f) and Π0

n formulae ζ0(f)
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and ζ1(f) such that RCA∗
0 proves

∀f ∈ XN(ψ0(f) ↔ ψ1(f)) →
∀f ∈ XN(((ψ0(f) ∧ η0(f)) ∨ (ψ1(f) ∧ η1(f)))

↔ (ξ0(f) ∧ ζ0(f)) ↔ (ξ1(f) ∨ ζ1(f))).

2. For any Σ0
n formulae ξ0(f) and ξ1(f) and for any Π0

n formulae ζ0(f)

and ζ1(f), we can find Σ0
n formulae ψ0(f) and η1(f) and Π0

n formulae

ψ1(f) and η0(f) such that RCA∗
0 proves

∀f ∈ XN((ξ0(f) ∧ ζ0(f)) ↔ (ξ1(f) ∨ ζ1(f))) →
[∀f ∈ XN(ψ0(f) ↔ ψ1(f))∧
{∀f ∈ XN((ξ0(f) ∧ ζ0(f))

↔ ((ψ0(f) ∧ η0(f)) ∨ (¬ψ0(f) ∧ η1(f))))}].

Proof. We work in RCA∗
0.

1. Assume that ∀f ∈ XN(ψ0(f) ↔ ψ1(f)) for a Σ0
n formula ψ0(f) and a

Π0
n formula ψ1(f). Then, for any Π0

n formula η0(f) and Σ0
n formula η1(f), it

is easy to find Σ0
n formulae ξ0(f) and ξ1(f) and Π0

n formulae ζ0(f) and ζ1(f)

such that RCA∗
0 proves

∀f ∈ XN(ξ0(f) ↔ (ψ0(f) ∨ (¬ψ0(f) ∧ η1(f))),

∀f ∈ XN(ξ1(f) ↔ (¬ψ0(f) ∧ η1(f))),

∀f ∈ XN(ζ0(f) ↔ ((ψ0(f) ∧ η0(f)) ∨ ¬ψ0(f))),

∀f ∈ XN(ζ1(f) ↔ (ψ0(f) ∧ η0(f))),

and they enjoy the desired property.

2. Assume ∀f ∈ XN((ξ0(f) ∧ ζ0(f)) ↔ (ξ1(f) ∨ ζ1(f))) for Σ0
n for-

mulae ξ0(f) and ξ1(f) and Π0
n formulae ζ0(f) and ζ1(f). Note that ∀f ∈

XN((¬ξ0(f) ∨ ¬ζ0(f)) ↔ ¬(ξ1(f) ∨ ζ1(f))), and so there is no f ∈ XN with

¬ξ0(f) ∧ ζ1(f). By Lemma 3.6.7, we can find a Σ0
n formula ψ0(f) and a Π0

n

formula ψ1(f) such that

∀f ∈ XN((ψ0(f) ↔ ψ1(f)) ∧ (ζ1(f) → ψ0(f)) ∧ (¬ξ0(f) → ¬ψ0(f))).

¬ξ0(f)

ξ1(f) ζ1(f)

¬ζ0(f)

ψ0(f)

ψ1(f)

¬ξ0(f) ∧ ¬ζ0(f)

ξ1(f) ∧ ζ1(f)
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Then we can check

∀f ∈ XN((ξ0(f) ∧ ζ0(f)) ↔ ((ψ0(f) ∧ ζ0(f)) ∨ (¬ψ0(f) ∧ ξ1(f)))),

and so ψi(f)’s, η0(f) ≡ ζ0(f) and η1(f) ≡ ξ1(f) enjoy the desired property.

By Remark 3.6.6 and Lemma 3.6.8, Bisep(∆0
n, Σ0

n)-Det, Sep(∆0
n, Σ0

n)-Det

and ∆(Σ0
n ∧ Π0

n)-Det are pairwise equivalent over RCA∗
0 and Bisep(∆0

n, Σ0
n)-

Det∗, Sep(∆0
n, Σ0

n)-Det∗ and ∆(Σ0
n ∧ Π0

n)-Det∗ are pairwise equivalent over

RCA∗
0.
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Chapter 4

Hierarchy of Determinacy

4.1 WKL∗0 and determinacy

In this section, we consider the relationship between weak König’s lemma

and determinacy.

We must notice that the class of Π0
1 formulae is enriched by weak König’s

lemma.

Lemma 4.1.1. For any tree T ⊆ 2<N, the assertion “T has an infinite path”

is equivalent to a Π0
1 formula over WKL∗

0.

Proof. For any tree T ⊆ 2<N, set ψ(T ) ≡ ∀n∃s(|s| = n∧ s ∈ T ). It is easy to

check that ψ(T ) is equivalent to a Π0
1 formula over RCA∗

0. If T has an infinite

path, then ψ(T ) holds. Conversely, if ψ(T ) holds, then T is an infinite tree,

and so, by weak König’s lemma, T has an infinite path.

Lemma 4.1.2. For any Π0
1 formula ψ(X), ∃Xψ(X) is equivalent to a Π0

1

formula over WKL∗
0.

Proof. By Theorem 3.6.1, for any Π0
1 formula ψ(f), we can find a Σ0

0 formula

θ(x) such that RCA∗
0 proves ∀X(ψ(X) ↔ ∀nθ(X[n])). We can check that

∃Xψ(X) if and only if the binary tree T = {s ∈ 2<N : ∀t ⊆ sθ(t)} has an

infinite path f . By Lemma 4.1.1, this assertion is equivalent to a Π0
1 formula

over WKL∗
0.

Lemma 4.1.3. For any Π0
1 formula ψ(X), ∀Xψ(X) is equivalent to a Π0

1

formula over RCA∗
0.
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Proof. Since we can find a Σ0
0 formula θ(x) such that RCA∗

0 proves ∀X(ψ(X) ↔
∀nθ(X[n])) by Theorem 3.6.1, ∀Xψ(X) is equivalent to ∀s ∈ 2<Nθ(s), which

is Π0
1.

Remark 4.1.4.

1. For a Σ0
1 game φ(f) in the Cantor space, the assertion “σ is a winning

strategy for player I (or II) in φ(f) (resp. ¬φ(f))” is equivalent to a Σ0
1

formula over WKL∗
0. The assertion can be written as ∀τ ∈ S{0,1}

II φ(σ⊗τ)

(resp. ∀τ ∈ S{0,1}
I φ(τ ⊗ σ)), which is equivalent to a Σ0

1 formula by

Lemma 4.1.2.

2. For a Π0
1 game φ(f) in the Cantor space and the assertion “σ is a

winning strategy for player I (or II) in φ(f) (resp. in ¬φ(f))” is equiv-

alent to a Π0
1 formula over RCA∗

0. The assertion can be written as

∀τ ∈ S{0,1}
II φ(σ ⊗ τ) (resp. ∀τ ∈ S{0,1}

I φ(τ ⊗ σ)), which is equivalent to

a Π0
1 formula by Lemma 4.1.3.

3. For any Σ0
1 game φ(f) in the Cantor space, the assertion “player I (or

II) has a winning strategy in φ(f) (resp. ¬φ(f))” is equivalent to a

Σ0
1 formula over WKL∗

0. The assertion “player I (or II) has no winning

strategy in φ(f) (resp. ¬φ(f))” can be written as ∀σ ∈ S{0,1}
I ∃τ ∈

S{0,1}
II ¬φ(σ ⊗ τ) (resp. ∀σ ∈ S{0,1}

II ∃τ ∈ S{0,1}
I ¬φ(τ ⊗ σ)). The part

“∃τ ∈ S{0,1}
II ¬φ(σ ⊗ τ) (resp. ∃τ ∈ S{0,1}

I ¬φ(τ ⊗ σ))” is equivalent to

a Π0
1 formula by Lemma 4.1.3, the whole statement is equivalent to a

Π0
1 formula by Lemma 4.1.2 and so the negation is equivalent to a Σ0

1

formula.

4. For any Π0
1 game φ(f) in the Cantor space, the assertion “player I (or

II) has a winning strategy in φ(f) (resp. ¬φ(f))” is equivalent to a Π0
1

formula over WKL∗
0. The assertion can be written as “∃σ ∈ S{0,1}

I ∀τ ∈
S{0,1}

II φ(σ ⊗ τ) (resp. ∃σ ∈ S{0,1}
II ∀τ ∈ S{0,1}

I φ(τ ⊗ σ)).” By 2, the part

“∀τ ∈ S{0,1}
II φ(σ⊗ τ) (resp. ∀τ ∈ S{0,1}

I φ(τ ⊗ σ))” is equivalent to a Π0
1

formula, and so the assertion is equivalent to Π0
1 by Lemma 4.1.2.

It is easy to see that the above implies the following.

Remark 4.1.5.

1. For a Σ0
1 game φ(f) in the Cantor space and s ∈ 2<N, the assertion “σ

is a winning s-strategy for player I (or II) in φ(f) (resp. ¬φ(f))” is

equivalent to a Σ0
1 formula over WKL∗

0
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2. For a Π0
1 game φ(f) in the Cantor space and s ∈ 2<N, the assertion “σ

is a winning s-strategy for player I (or II) in φ(f) (resp. ¬φ(f))” is

equivalent to a Π0
1 formula over RCA∗

0

3. For a Σ0
1 game φ(f) in the Cantor space, the assertion “player I (or II)

wins φ(f) (resp. ¬φ(f)) at s” is equivalent to a Σ0
1 formula over WKL∗

0.

4. For a Π0
1 game φ(f) in the Cantor space, the assertion “player I (or

II) wins φ(f) (resp. ¬φ(f)) at s” is equivalent to a Π0
1 formula over

WKL∗
0.

Now, we prove that WKL∗
0, Σ0

1-Det∗ and ∆0
1-Det∗ are pairwise equivalent.

Theorem 4.1.6. RCA∗
0 proves that ∆0

1-Det∗ implies weak König’s lemma.

Proof. Assume ∆0
1-Det∗. For contradiction, assume that weak König’s lemma

does not hold. Let T ⊆ 2<N be an infinite tree in which there is no infinite

path, i. e., there is no f such that ∀nf [n] ∈ T . We consider a game φ(f) in

the Cantor space, which consists of the following four stages:

• Player I chooses t ∈ 2<N by playing t(i) at his (2i+2)-th turn for i < |t|,
0 at his (2i + 1)-th turn for i < |t|, and 1 at his (2|t| + 1)-th turn. If

t[i] /∈ T for some i < |t|, then player I loses.

• If t ∈ T , then player II chooses i < 2.

• Player I produces a new sequence u of 2<N in a similar way as in the

choice of t. If t ∗ ⟨i⟩ ∗ u /∈ T , then player I loses.

• If t∗⟨i⟩∗u ∈ T , player II then produces a sequence v of 2<N in a similar

way in the choice of t. If t ∗ ⟨1 − i⟩ ∗ v[i] /∈ T for some i < |v|, player I

wins. If t ∗ ⟨1 − i⟩ ∗ v ∈ T , player I wins when |u| > |v|.

Now, let us see some more details of each stage.

I 0∗ t(0)∗ t(1)∗ t(1)∗ · · · 0∗ t(|t| − 1)

signal︷︸︸︷
1 i︸︷︷︸

answer

0∗ u(0)∗ 0∗ u(1)· · ·

II 0∗ t(0)∗ t(1)∗ t(1)∗ · · · 0∗ t(|t| − 1)

signal︷︸︸︷
1 i︸︷︷︸

answer

0∗ u(0)∗ 0∗ u(1)· · ·
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(I continues) · · · 0∗ u(|u| − 1)∗
signal︷︸︸︷

1 0∗ v(0)∗ v(1)∗ · · · 0 ∗v(|v| − 1) ∗ 1︸︷︷︸
signal

(II continues) · · · 0∗ u(|u| − 1) ∗ 1 0∗ v(0)∗ v(1)∗ · · · 0 ∗v(|v| − 1) ∗ 1︸︷︷︸
signal

Here, ∗’s denote 0 or 1, but moves marked ∗ are of no effect.
Formally, the game φ(f) can be realized as follows:

∃n∃m∃l



(ψ(f [4n]) ∧ f(4n) = 1 ∧ f [4n] ∈ T )∧
ψ(f [4n + 4m + 2] ⊖ (4n + 2))∧

f [4n] ∗ ⟨f(4n + 1)⟩ ∗ f [4n + 4m + 2] ⊖ (4m + 2) ∈ T∧
ψ(f [4n + 4m + 4l + 3] ⊖ (4n + 4m + 3))∧

(f [4n] ∗ ⟨1 − f(4n + 1)⟩ ∗ f [4n + 4m + 4l + 3] ⊖ (4n + 4m + 3) /∈ T∨
(f(4n + 4m + 4l + 3) = 1 ∧ l < m))


where ψ(s) ≡ ∀4i < |s|(s(4i) = 0), where s = ⟨s(2), s(6), ..., s(4ks + 2)⟩, and
where ks = the maximal k with 4k + 2 < |s|. Since T has no infinite path,
the game is always determined after finitely many moves, which ensures that
it is ∆0

1. Actually ¬φ(f) is equivalent to the following formula:

∃n∃m∃l



{ψ(f [4n]) ∧ f [4n] /∈ T )}∨
{ψ(f [4n]) ∧ f(4n) = 1∧

ψ(f [4n + 4m + 2] ⊖ (4n + 2))∧

f [4n] ∗ ⟨f(4n + 1)⟩ ∗ f [4n + 4m + 2] ⊖ (4n + 2) /∈ T}∨
{ψ(f [4n]) ∧ f(4n) = 1∧

ψ(f [4n + 4m + 2] ⊖ (4n + 2)) ∧ f(4n + 4m + 2) = 1∧
ψ(f [4n + 4m + 4l + 3] ⊖ (4n + 4m + 3))∧
f(4n + 4m + 4l + 3) = 1∧

f [4n] ∗ ⟨1 − f(4n + 1)⟩ ∗ f [4n + 4m + 4l + 2] ⊖ (4n + 4m + 2) ∈ T∧
m ≤ l}


Thus φ(f) is determinate by ∆0

1-Det∗. Next, we will show that player I has

no winning strategy. For contradiction, assume that player I has a winning

strategy σ. Let w be a (4k + 1)-length sequence such that w(4l) = 0 for all

l < k, w(2l+1) = 0 for all 2l+1 < 4k, w(4k) = 1 and w(4k+2) = σ(w[4k+2]).

In other words, w is a finite play such that player I has just constructs t = w

in the first stage following σ. Note that such w exists, otherwise player I

loses. We may assume that t ∗ ⟨i⟩ ∈ T for each i = 0, 1. Otherwise, II always
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wins. Let Ti = {s : t∗⟨i⟩∗s ∈ T} for i = 0, 1. If Ti is bounded by n (i. e. any

sequence of Ti has length ≤ n) and T1−i is not bounded by n − 1 (i. e., T1−i

has a sequence of length n), then player II can easily win φ(f) by choosing

1− i in the second stage. If both Ti and T1−i are not bounded, then player II

could choose either 0 or 1 in the second stage to win the game. Thus, player

I can not have a winning strategy. Therefore, by ∆0
1-Det∗, player II has a

winning strategy τ . For each finite sequence t ∈ 2<N, tτ be the finite play of

the first and second stages in which player I constructs t at the first stage of

the game and II follows τ . We then define f : N → {0, 1} as follows:

f(n) = 1 − τ(f [n]τ ).

Namely, f(n) is the opposite of player II’s answer to f [n], in which direction

one can construct a longer sequence in T .

Claim. f [n] ∈ T for all n.

Proof of the claim. We prove by Σ0
0 induction. Clearly, f [0] = ⟨⟩ ∈ T .

Assume f [n] ∈ T . We show that if f [n + 1] /∈ T , T is bounded by n + 1, i. e.,

for all t ∈ T , |t| < n + 1. Assume f [n + 1] /∈ T . If f [n] ∗ ⟨1 − f(n)⟩ ∈ T ,

player I can win by choosing t = f [n] in the first stage of the game, and so

f [n]∗⟨1−f(n)⟩ /∈ T . Set η(m) ≡ (n < m)∨∀t ∈ 2n+1(f [n−m] ⊆ t → t /∈ T ).

Now, η(0) holds. Assume that η(m) holds. If n < m+1, then clearly η(m+1)

holds. If m < n, there is no t0 in T such that f [n − (m + 1)] ∗ ⟨1 − f(n −
(m + 1))⟩ ⊆ t0 and |t0| = n + 1, otherwise, player I can win by choosing

f [n − (m + 1)] in the first stage of the game, and so η(m + 1) holds. By Σ0
0

induction, for all m, η(m) holds. Especially, η(n) holds, which means there

is no t ∈ T with length n + 1. This contradicts to the assumption that T is

infinite.

Therefore f [n] ∈ T implies f [n + 1] ∈ T . By Σ0
0 induction, f [n] ∈ T for

all n and T is a path of T .

Therefore T has an infinite path, which contradicts to our assumption

that T has no infinite path. Thus, ∆0
1-Det∗ implies weak König’s lemma,

which completes the proof of the theorem.

Theorem 4.1.7. WKL∗
0 proves Σ0

1-Det∗.

Proof. Let φ(f) be a Σ0
1 game in the Cantor space. By Lemma 3.6.1, we

can find a Σ0
0 formula θ(x) such that RCA∗

0 proves φ(f) ↔ ∃kθ(f [k]) for all

f ∈ 2N.
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Precisely, for any n ∈ N and k < n, the induction on k yields uk
n :

(2≤n − 2<n−k) → {0, 1} such that

uk
n(s) =


1 if |s| = n and ∃t ⊆ sθ(t),

0 if |s| = n and ¬∃t ⊆ sθ(t),

max{uk
n(s ∗ ⟨0⟩), uk

n(s ∗ ⟨1⟩)} if |s| ≤ n and |s| is even, and

min{uk
n(s ∗ ⟨0⟩), uk

n(s ∗ ⟨1⟩)} if |s| ≤ n and |s| is odd.

Because uk
n is bounded by some iterated power of n, here we only need Σ0

0

induction. Set un : 2≤n → {0, 1} by un(s) = un
n(s).

We show that if there exists n such that un(⟨⟩) = 1, then player I has a

winning strategy. Fix such n and define a strategy σ for player I by:

σ(s) =

{
0 if |s| < n and un(s ∗ ⟨0⟩) = 1,

1 otherwise.

Let f be a play in which player I follows σ. We check below that un(f [k]) = 1

for all k ≤ n by Σ0
0 induction on k ≤ n. Clearly un(f [0]) = un(⟨⟩) = 1.

Assume un(f [k]) = 1 and k + 1 ≤ n. We have the following two cases. (i) If

k is even, player I chooses f(k), following σ. By the definition of un, either

un(f [k] ∗ ⟨0⟩) = 1 or un(f [k] ∗ ⟨1⟩) = 1 holds, and so by the definition of

σ, un(f [k] ∗ σ(f [k])) = 1. (ii) If k is odd, then both un(f [k] ∗ ⟨0⟩) = 1

and un(f [k] ∗ ⟨1⟩) = 1 hold by the definition of un, and so un(f [k + 1]) = 1.

Therefore, un(f [n]) = 1 and ∃m ≤ nθ(f [m]) hold, which means σ is a winning

strategy for player I.

Now we show that if un(⟨⟩) = 0 for all n then player II has a winning

strategy. Since a strategy τ for player II can be regarded as a sequence in

2N, each s ∈ 2<N is a code of a fragment of a strategy for player II. We say s

is partially winning for player II in φ(f) if ∀u ⊆ t¬θ(u) for any t such that

t is a play following s, i. e., t[2k + 1] ∈ dom(s) and t(2k + 1) = s(t[2k + 1])

for all 2k + 1 < |t|. Note that “s is partially winning for player II” can be

written in a Π0
0 formula. ∆0

1 comprehension yields T defined by

T = {s ∈ 2<N : s is partially winning for player II}.

Then T is a tree. Recall un(⟨⟩) = 0 for all n. T is infinite, because for any

n, s : 2≤n ∩ 2odd → {0, 1} defined by

s(t) =

{
0 if un(t) = 0,

1 otherwise,
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is partially winning for player II. By weak König’s lemma, T has an infinite

path, which yields a winning strategy in φ(f) for player II.

Corollary 4.1.8. Weak König’s lemma, ∆0
1-Det∗ and Σ0

1-Det∗ are equivalent

over RCA∗
0.

4.2 WKL0 and determinacy

In this section, we consider the strength of Σ0
1 induction+weak König’s lemma

over RCA∗
0. For this purpose, we introduce a set comprehension axiom which

is equivalent to Σ0
1 induction.

Lemma 4.2.1 ([30, Theorem II.3.8, Theorem X.4.4]). Σ0
1 induction is equiv-

alent to bounded Σ0
1 comprehension over RCA∗

0.

The theorems below show Σ0
1 induction+weak König’s lemma is equiva-

lent to Bisep(∆0
1, Σ

0
1)-Det∗ over RCA∗

0.

Theorem 4.2.2. RCA∗
0 proves that Bisep(∆0

1, Σ
0
1)-Det∗ implies Σ0

1 induction

and weak König’s lemma.

Proof. Assume Bisep(∆0
1, Σ

0
1)-Det∗. Since Bisep(∆0

1, Σ
0
1)-Det∗ implies Σ0

1-Det∗,

which further implies weak König’s lemma, it is sufficient to prove bounded

Σ0
1 comprehension, which is equivalent to Σ0

1 induction by Lemma 4.2.1. Let

φ(x) be a Σ0
1 formula. For fixed n, we consider the following game. Player

I chooses k < n and asks whether φ(k) or not. Player II answers yes or

no. She wins if and only if her answer is correct. Such a game is realized as

follows:

• Player I chooses k < n by playing 0 at his first k turns and 1 at his

(k + 1)-th turn.

• When player II chooses 1 (yes) at her (k + 1)-th turn, she wins if φ(k)

holds.

• When player II chooses 0 (no) at her (k +1)-th turn, she wins if ¬φ(k)

holds.

The game goes as follows:
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player I

k times︷ ︸︸ ︷
0, ..., 0, 1 · · ·

player II ∗, ..., ∗ i︸︷︷︸
answer

· · ·

Player I wins if and only if one of the following holds:

• Player I chooses k < n, player II answers “yes,” and ¬φ(k) holds.

• Player I chooses k < n, player II answers “no,” and φ(k) holds.

Formally, this winning condition can be written as below:

(∃k < n(ψ(f, k, 1) ∧ ¬φ(k))) ∨ (∃k < n(ψ(f, k, 0) ∧ φ(k))), (♭)

where ψ(f, k, i) is the Π0
0 formula ∀i < k(f(2i) = 0)∧f(2k) = 1∧f(2k+1) =

i. (♭) is equivalent to the following formula:

((∃k < nψ(f, k, 1))︸ ︷︷ ︸
(1)

∧∀k < n(ψ(f, k, 1) → ¬φ(k))︸ ︷︷ ︸
(2)

)∨

((∃k < nψ(f, k, 0))︸ ︷︷ ︸
(3)

∧∃k < n(ψ(f, k, 0) ∧ φ(k))︸ ︷︷ ︸
(4)

).

Clearly (1) and (3) are Σ0
1, and we can easily see that (1) and (3) are equiva-

lent to some Π0
1 formulae. There is no f ∈ 2N which satisfies both (1) and (3).

(2) is equivalent to some Π0
1 formula and (4) is equivalent to some Σ0

1 formula.

Player I has no winning strategy in (♭), since for any k < n, player I cannot

win if player II’s answer is correct. By Bisep(∆0
1, Σ

0
1)-Det∗, player II has a win-

ning strategy τ in (♭). We can also see that, τ(kτ ∗⟨1⟩) = 1 if and only if φ(k)

holds for any k < n, where kτ is defined in Notation 3.4.2. ∆0
1 comprehension,

provided by RCA∗
0, yields a set Y such that k ∈ Y ↔ k < n∧ τ(kτ ∗ ⟨1⟩) = 1.

Intuitively, Y is the set of natural numbers k < n such that the winning

strategy τ tells player II to answer “yes” when she is asked about it. We can

check that ∀k((φ(k) ∧ k < n) ↔ k ∈ Y ).

For the converse, we need some fragments of axiom of choice.

Lemma 4.2.3.

1. RCA∗
0 proves Σ0

1 axiom of choice.

2. WKL∗
0 proves Π0

1 axiom of choice.
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Proof. 1. Let φ(n, Y ) be a Σ0
1 formula. Assume ∀n∃Y φ(n, Y ). By Lemma

3.6.1, we can find a Π0
0 formula θ(x, y) such that RCA∗

0 proves ∀Y ∀n(φ(n, Y ) ↔
∃mθ(n, Y [m])). Then, by ∆0

1 comprehension, define Z = {⟨n, k⟩ : θ(n, e(k))},
where e : N → 2<N is the canonical enumeration of 2<N. By the assumption

∀n∃Y ∃mθ(n, Y [m]), for each n, there is k with ⟨n, k⟩ ∈ Z. Take f : N → N
such that f(n) is the least k such that ⟨n, k⟩ ∈ Z holds for all n. Clearly

Y = {⟨m,n⟩ : m < |e(f(n))| ∧ e(f(n))(m) = 1}

enjoys the desired property.

2. We work in WKL∗
0. Let φ(n, Y ) be a Π0

1 formula. Assume ∀n∃Y φ(n, Y ).

As in the previous case, we can find a Π0
0 formula θ(x, y) such that RCA∗

0

proves ∀Y ∀n(φ(n, Y ) ↔ ∀mθ(n, Y [m])). For any s ∈ 2<N, let

sn,m = ⟨s(⟨n, 0⟩), s(⟨n, 1⟩), ..., s(⟨n, m − 1⟩)⟩.

Define T by

{s ∈ 2<N : ∀⟨n,m⟩ < |s|θ1(n, sn,m)}.
Then T is infinite if and only if ∀n∃Y ∀mθ1(n, Y [m]). Using weak König’s

lemma, take a path f of T . Then Y = {⟨m,n⟩ : f(⟨m,n⟩) = 1} enjoys the

desired property.

Theorem 4.2.4. WKL0 proves Bisep(∆0
1, Σ

0
1)-Det∗.

Proof. By Remark 3.6.6, it suffices to prove Sep(∆0
1, Σ

0
1)-Det∗ in WKL0, in-

stead of Bisep(∆0
1, Σ

0
1)-Det∗. Let φ(f) be a game of the form (ψ(f)∧η0(f))∨

(¬ψ(f) ∧ η1(f)), where both ψ(f) and η1(f) are Σ0
1, where η0(f) is Π0

1, and

where ∀f ∈ 2N(ψ(f) ↔ ψ′(f)) for some Π0
1 formula ψ′(f). By Lemma 3.6.1,

there are Π0
0 formulae θ0(x) and θ1(x) such that ψ(f) ↔ ∃nθ0(f [n]) and

¬ψ(f) ↔ ∃nθ1(f [n]). By ∆0
1 comprehension, set a tree T = {s ∈ 2<N :

∀t ⊆ s(¬θ0(t) ∧ ¬θ1(t))}. T has no infinite path, otherwise there exists an

infinite sequence f ∈ 2N such that ∀n¬θ0(f [n]) and ∀n¬θ1(f [n]), which is

impossible. By weak König’s lemma, T is a finite tree. Let nT be the least

n ∈ N such that |t| < n for all t ∈ T . Note that every s ∈ 2<N of length nT

satisfies exactly one of ∃t ⊆ sθ0(t) and ∃t ⊆ sθ1(t). By Remarks 4.1.5.3 and

4, bounded Σ0
1 comprehension, which is equivalent to Σ0

1 induction, provides

Wi = {s ∈ 2N : |s| = nT ∧ ∃t ⊆ sθi(t) ∧ (player I wins ηi(f) at s)} (i < 2).

Then we can define a new game φ∗(f) ≡ f [nT ] ∈ W0∪W1. By ∆0
1-Det∗, which

is provided by WKL0, one of the players has a winning strategy in φ∗(f). We

show the following claim, which completes the proof of this theorem.
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Claim. The player who wins φ∗(f) also wins the original game φ(f).

Proof of the claim. First, assume that player I has a winning strategy σ∗ in

φ∗(f). He can win φ(f) by playing as follows. He follows σ till he reaches s of

length nT . By the assumption, s satisfies s ∈ W0 ∪W1. If he reaches s ∈ Wi

then he switches the strategy to a winning strategy σs in ηi(s ∗ f). More

precisely, by Remarks 4.1.5.1 and 2 and Lemma 4.2.3, we have a sequence

⟨σs : s ∈ W0∪W1⟩ of strategies for player I such that σs is a winning strategy

in ηi(s ∗ f) for each s ∈ Wi. Now, a new strategy σ for player I in φ(f) is

defined as follows:

σ(t) =

{
σt[nT ](tnT

) if |t| ≥ nT and t[nT ] ∈ W0 ∪ W1,

σ∗(t) otherwise.

It can be checked that, for any strategy τ for player II, (σ⊗τ)[nT ] ∈ W0∪W1

and so σ ⊗ τ = σf [nT ] ⊗ τ . Therefore ηi(σ ⊗ τ), if (σ ⊗ τ)[nT ] ∈ Wi. Thus

player I wins φ(f).

Next, assume that player II has a winning strategy τ ∗ in φ∗(f). She can

win φ(f) by playing as follows. She follows τ ∗ till she reaches s of length nT .

By the assumption, s is not in W0 ∪W1. Note that s satisfies exactly one of

∃t ⊆ sθ0(t) and ∃t ⊆ sθ1(t). Also note that if ∃t ⊆ sθi(t) and s /∈ Wi, then

player II wins ηi(f) at s by Σ0
1-Det∗. Then she switches the strategy to a

winning strategy τs in ηi(s ∗ f), if s satisfies ∃t ⊆ sθi(t). More precisely, we

have a sequence ⟨τs : |s| = nT ∧ s /∈ W0 ∪W1⟩ of strategies for player II such

that if ∃t ⊆ sθi(t), then τs is a winning s-strategy in ηi(f) by Lemma 4.2.3

as in the previous case. Define a strategy τ for player II as follows:

τ(t) =

{
τt[nT ](t) if |t| ≥ nT and t[nT ] /∈ W0 ∪ W1,

τ ∗(t) otherwise.

Then we can prove that τ is a winning strategy for player II in φ(f) in a

similar way to the previous case.

Finally, we have the following.

Corollary 4.2.5. Bisep(∆0
1, Σ

0
1) is equivalent to weak König’s lemma plus Σ0

1

induction over RCA∗
0.
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4.3 ACA0 and determinacy

Next, we show the equivalence between Σ0
1 comprehension and the determi-

nacy of Boolean combinations of Σ0
1 formulae in the Cantor space.

Theorem 4.3.1. ACA0 proves (Σ0
1 ∧ Π0

1)-Det∗.

Proof. Let φ be a Σ0
1 ∧Π0

1 game. By Lemma 3.6.1, we can find a Π0
0 formula

θ(x) and a Π0
1 formula ψ(f) such that RCA∗

0 proves φ(f) ↔ ∃nθ(f [n])∧ψ(f)

for all f ∈ 2N. By Remark 4.1.5.4, ACA0 provides the following set:

W = {u ∈ 2<N : ∃v ⊆ uθ(v) ∧ (I wins ψ(f) at u)}.

Define the game φ∗(f) in the Cantor space by φ∗(f) ≡ ∃n(f [n] ∈ W ) with

f ∈ 2N.

The formula φ∗(f) is Σ0
1, and hence it is determinate by Theorem 4.1.7.

We show the following claim, which completes the proof of this theorem.

Claim The player who wins φ∗(f) also wins φ(f).

Proof of the claim. First, suppose I has a winning strategy σ∗. By Remark

4.1.5.2 and Lemma 4.2.3.2, we have a sequence ⟨σ∗
s : s ∈ W ⟩ of winning

s-strategies for player I in ψ(f). Define σ as follows:

σ(t) =

{
σ∗

s(t) if s is the ⊆-least initial segment of t with t ∈ W ,

σ∗(t) if there is no such s ⊆ t.

We show that σ is a winning strategy for player I in φ(f). Since σ∗ is a

winning strategy in φ∗(f), there is n with f [n] ∈ W . Take the least such

n. Then for any 2m > n, f(2m) = σ∗
f [n](f [2m]) holds, and so ψ(f) holds by

the assumption that σ∗
s is a winning f [n]-strategy for player I in ψ(f). Since

f [n] ∈ W , ∃nθ(f [n]) also holds, and so σ is a winning strategy for player I.

Now, assume that player II has a winning strategy τ ∗ in φ∗(f). ACA0

yields the following set:

W ′ = {s ∈ 2<N : ∃t ⊆ sθ(t) ∧ s /∈ W}.

Note that, player II wins ψ(f) at each s ∈ W ′ by Σ0
1-Det∗, which is proved

in ACA0. By Remark 4.1.5.2, we have a sequence ⟨τ ∗
s : s ∈ W ′⟩ of winning

s-strategies for player II in ψ(f). Define a strategy τ for player II by

τ(t) =

{
τ ∗
s (t) if s is the ⊆-least initial segment of t,

τ ∗(t) if there is no such s ⊆ t.
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We show that τ is a winning strategy for player II in φ(f). Let f be a play

in which player II follows τ . If there is no n with θ(f [n]), then player II wins

φ(f). Assume that there is n with θ(f [n]). Take the least such n. Since τ ∗ is

a winning strategy in φ∗(f), f [n] /∈ W . Then f is a play in which player II

follows τ ∗
f [n], and so ¬ψ(f) holds, which means player II wins φ(f). Therefore

τ is a winning strategy for player II in φ(f).

Theorem 4.3.2. RCA∗
0 proves that (Σ0

1∧Π0
1)-Det∗ implies Σ0

1 comprehension.

Proof. Assume (Σ0
1 ∧ Π0

1)-Det∗. Let ψ(n) be a Σ0
1 formula. We need to

construct a set Y such that ψ(n) ↔ n ∈ Y for any n ∈ N.

To construct Y , consider the following game in the Cantor space: Player

I constructs n to ask whether ψ(n) holds or not, and player II answers yes

or no. Player II wins if one of the following cases holds. Such a game φ(f)

can be realized as follows:

• Player I chooses n ∈ N by playing 0 at his first n turns and playing 1

at his (n + 1)-th turn. If he plays 0 for ever, he loses.

• Player II answers either 0 (no) or 1 (yes).

• Player I wins if either (1) player II chooses 0 and ψ(n) holds or (2)

player II chooses 1 and ¬ψ(n) holds.

Formally, φ(f) is defined as follows:

∃n(∀k < n(f(2k) = 0) ∧ f(2n) = 1 ∧ (f(2n + 1) = 0 → ψ(n)))∧
∀n((∀k < n(f(2k) = 0) ∧ f(2n) = 1 ∧ f(2n + 1) = 1) → ¬ψ(n))

Thus, φ(f) is Σ0
1 ∧ Π0

1. We show that player I has no winning strategy.

For contradiction, assume that player I has a winning strategy σ in φ(f).

Consider such a play f : Player I follows σ and f(2n + 1) = 0 if f(2n) = 0.

Note that there exists n with f(2n) = 1, otherwise player I loses despite of

following σ. Take the least such n. By the assumption, player I wins both

the cases f(2n + 1) = 0 and f(2n + 1) = 1, however, this means both ψ(f)

and ¬ψ(f) holds, which is a contradiction.

By (Σ0
1 ∧ Π0

1)-Det∗, player II has a winning strategy τ in φ(f). Recall

that nτ is a finite play of length 2n such that player I plays 0 at his each

turn and II plays following τ .
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We defined a set Y by:

n ∈ Y ↔ τ(nτ ∗ ⟨1⟩) = 1.

Namely, Y is a set of n ∈ N such that player II answers “yes” when she is

asked about n, and Y exists by Π0
0 comprehension. Moreover, we can verify

that ∀n( φ(n) ↔ n ∈ Y ), which completes the proof.

Corollary 4.3.3. (Σ0
1 ∧ Π0

1)-Det∗ is equivalent to Σ0
1 comprehension over

RCA∗
0.

4.4 ATR0 and determinacy

In this section we show that ∆0
2-Det∗, Σ0

2-Det∗ and arithmetical transfinite

recursion are pairwise equivalent.

The following game theoretic characterization of arithmetical transfinite

recursion was given by Steel [31] as one of the earliest results of reverse

mathematics.

Lemma 4.4.1. The following are pairwise equivalent over RCA∗
0:

∆0
1-Det, Σ0

1-Det, and arithmetical transfinite recursion.

Proof. See [30, section V.8] or [32]. Note that the original proof are done

over RCA0, they work also on RCA∗
0.

To consider the Cantor space version of this theorem, we need some def-

initions and notations.

Definition 4.4.2. A finite sequence s ∈ 2<N is regular if:

(r1) s = ⟨⟩ or |s| > 1 ∧ s(|s| − 1) ̸= s(|s| − 2),

(r2) for all i < 2, 2k + i < |s| − 1 and s(2k + i) = i imply s(2k + i + 1) = i.

If s ∈ 2<N is a non-empty regular sequence, s = ⟨n0, ..., nk⟩ ∈ N<N is the

sequence such that

s = ⟨ 0, ..., 0︸ ︷︷ ︸
2n0 times

, 1, 1, ..., 1︸ ︷︷ ︸
2n1 times

, 0, ... ik, ..., ik︸ ︷︷ ︸
2nk times

, 1 − ik⟩,

where ik is 0 if k is even, ik = 1 otherwise. We set ⟨⟩ = ⟨⟩, for convenience.

The assertion “s is regular” is equivalent to a Π0
0 formula over RCA∗

0.

An infinite sequence f ∈ 2N is totally regular if it satisfies
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(r2’) for all i < 2 and k, f(2k + i) = i implies f(2k + i + 1) = i,

(r3) for all i < 2 and k, if f(k) = i, then there exists m > k with f(m) =

1 − i.

For a totally regular sequence g ∈ 2N, g = ⟨n0, n1, n2, ...⟩ ∈ NN is the

sequence such that

g = ⟨ 0, ..., 0︸ ︷︷ ︸
2n0 times

, 1, 1, ..., 1︸ ︷︷ ︸
2n1 times

, 0, 0, ..., 0︸ ︷︷ ︸
2n2 times

, 1, ...⟩.

The assertion “f is totally regular” is equivalent to a Π0
2 formula over RCA∗

0.

The following lemma shows that games in the Baire space can be trans-

lated to ones in the Cantor space.

Lemma 4.4.3. The following is proved in RCA∗
0: For any Σ0

n (or Π0
n) game

φ(f) in the Baire space, there is a game φ∗(f) in the Cantor space such that

1. Player I wins φ(f) if and only if player I wins φ∗(f),

2. Player II wins φ(f) if and only if player II wins φ∗(f).

Moreover, φ∗(f) is of the form (φ0(f) ∧ φ1(f)) ∨ φ2(f), where φ0(f) is Π0
2,

where φ1(f) is Σ0
n (resp. Π0

n) and where φ2(f) is Σ0
2.

Proof. We only prove the case φ(f) is Σ0
1, because other cases can be proved

similarly. Let φ(f) be a Σ0
1 game in the Baire space. By 3.6.1, we can find a

Σ0
0 formula θ(x) such that φ(f) ↔ ∃nθ(f [n]).

We consider a game in the Cantor space as follows: Instead of playing in

the Baire space, players I and II construct a totally regular sequence f ∈ 2N.

The first player who gives up making f totally regular loses. If they succeed

to construct totally regular f , then player I wins if and only if φ(f).

To give a rigorous formulation to this idea, first let

ψ0(k, i, f) ≡ f(2k + i) = i → f(2k + i + 1) = i,

ψ1(i, f) ≡ ∃n(∀k < n∀j < 2 ψ0(k, j, f)∧
∀l < (1 − i)ψ0(n, l, f) ∧ ¬ψ0(n, 1 − i, f)),

ψ2(i, f) ≡ ∀n∀j < 2ψ0(n, j, f) ∧ ∃m∀l > m(f(2l + i) = i),

ψ(i, f) ≡ ψ1(i, f) ∨ ψ2(i, f).
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Intuitively, ψ1(i, f) means that “player I (or II) first breaks (r2’) of Definition

4.4.2” if i = 0 (resp. i = 1), ψ2(i, f) means that “both players keep (r2’)

but player I (or II) breaks (r3)” if i = 0 (resp. i = 1), and ψ(i, f) means

that “player I (or II) first gives up making f totally regular” if i = 0 (resp.

i = 1). Let ξ0(x) be a Π0
0 formula which asserts that x is regular and ξ1(f)

a Σ0
2 formula which asserts that f is totally regular.

Define φ∗(f) by (ξ1(f) ∧ ∃n(ξ0(f [n]) ∧ θ(f [n])) ∨ ψ(1, f)). It is easy to

check that φ∗(f) enjoys the desired properties.

Theorem 4.4.4. RCA∗
0 proves that ∆0

2-Det∗ implies arithmetical transfinite

recursion.

Proof. By Lemma 4.4.1, it is enough to show that RCA∗
0 proves that ∆0

2-Det∗

implies ∆0
1-Det. Let φ(f) be a Σ0

1 game in the Baire space. Assume that

there is a Σ0
1 formula ψ(f) such that φ(f) ↔ ¬ψ(f) for all f ∈ NN. By

Theorem 3.6.1, there exist Π0
0 formulae θ0(x) and θ1(x) such that RCA∗

0 proves

φ(f) ↔ ∃nθ0(f [n]) and ¬φ(f) ↔ ∃nθ1(f [n]) for all f ∈ NN. We define a

game φ∗(f) such that the player who wins φ∗(f) also wins φ(f). Although

the basic idea to define the following φ∗(f) is the same as in the proof of

Lemma 4.4.3, to make the complexity of φ∗(f) as low as possible, we define

φ∗(f), using ξ0(x), ξ1(f) and ψ(i, f) in the proof of Lemma 4.4.3, define as

follows:

φ∗(f) ≡ ∃nθ′0(f [n]) ∨ (¬∃nθ′0(f [n]) ∧ ¬∃nθ′1(f [n]) ∧ ψ(1, f)),

where θ′i(x) ≡ ξ0(x)∧θi(x). The intuitive idea for φ∗(f) is as follows: If play-

ers construct a regular sequence s with θ0(s), then player I wins. If players

construct a regular sequence s with θ1(s), then player II wins. Otherwise,

the first player who gives up to make f totally regular loses. It is easy to

check that φ∗(f) is equivalent to a Σ0
2 formula.

Since for each g ∈ NN, one of ∃nθ0(g[n]) or ∃nθ1(g[n]) holds, for any

f ∈ 2N, if both ¬∃nθ′0(f [n]) and ¬∃nθ1(f [n]) hold, then one of the players

gives up to make f totally regular, namely, exactly one of ψ(0, f) or ψ(1, f)

holds. Thus, for all f ∈ 2N, the following holds:

¬φ(f) ↔ ∃nθ′1(f [n]) ∨ (¬∃nθ′0(f [n]) ∧ ¬∃nθ′1(f [n]) ∧ ψ(0, f)).

Therefore ∆0
2-Det∗ proves the determinacy of φ∗(f). It is easy to check that

player who wins φ∗(f) also wins φ(f). Hence φ(f) is determinate.
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Remark 4.4.5.

1. For any Π0
2 game φ(f) in the Cantor space, the assertion “σ is a winning

s-strategy for player I (or II) in φ(f) (resp. ¬φ(f))” is equivalent to a

Π0
2 formula over WKL∗

0. Let φ(f) be a Σ0
2 formula. By Lemma 3.6.1,

we can find a Π0
0 formula θ(x, y) such that φ(f) ↔ ∀n∃mθ(n, f [m]) for

all f ∈ 2N. The assertion can be written as ∀τ ∈ S{0,1}
II ∀n∃mθ(n, (σ ⊗

τ)[m]), which is equivalent to ∀n∀τ ∈ S{0,1}
II ∃mθ(n, (σ ⊗ τ)[m]). The

part “∀τ ∈ S{0,1}
II ∃mθ(n, (σ ⊗ τ)[m])” is equivalent to a Σ0

1 formula by

Lemma 4.1.2, and so the whole statement is Π0
2.

2. For any Σ0
2 game φ(f) in the Cantor space, the assertion “σ is a winning

s-strategy for player I (or II) in φ(f) (resp. ¬φ(f))” is equivalent to a

Π1
1 formula over RCA∗

0. This is straightforward.

3. For any Π0
2 game φ(f) in the Cantor space, the assertion “player I (or

II) has a winning strategy in φ(f) (resp. ¬φ(f))” is equivalent to a Σ1
1

formula over WKL∗
0. This follows from 1.

Now we turn to show that ATR0 proves Σ0
2-Det∗. Our proof uses a tech-

nique called the method of pseudo-hierarchies.

Lemma 4.4.6 (existence of pseudo-hierarchies). The following is provable in

ACA0. Let θ(n, Z) be an arithmetical formula and φ(Y, Z) be a Σ1
1 formula.

Let LO(Y,<Y ) is an arithmetical formula which asserts the linear-orderedness

of (Y,<Y ). Recall that WO(Y,<Y ) is the Π1
1 formula which asserts the well-

orderedness of (Y,<Y ) and that (Z)j = {⟨m, i⟩ ∈ Z : i <Y j}. If

∀Y (WO(Y,<Y ) → ∃Z(∀j∀k(⟨k, j⟩∈Z↔θ(k, (Z)j)) ∧ φ(Y, Z))),

then

∃Y ∃Z(LO(Y,<Y ) ∧ ¬WO(Y,<Y ) ∧ ∀j∀k(⟨k, j⟩∈Z↔θ(k, (Z)j)) ∧ φ(Y, Z)).

Proof. See Lemma V.4.12 of [30].

Theorem 4.4.7. ATR0 proves Σ0
2-Det∗.

Proof. We work in ATR0. Let φ(f) be a Σ0
2 formula. By Lemma 3.6.1, we can

find a Π0
0 formula θ(x, y) such that RCA∗

0 proves ∀f(φ(f) ↔ ∃n∀mθ(n, f [m])).

For f ∈ 2N and s ∈ 2<N, we define ψ(n,X, f) and θ′(s,X) as follows:

ψ(n,X, f) ≡ ∀m(θ(n, f [m]) ∨ f [m] ∈ X),

θ′(s,X) ≡ ∃n(player I wins ψ(n,X, f) at s).
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By Remark 4.1.5.4, θ′(s,X) is a Σ0
2 formula. Thus, by arithmetical transfinite

recursion, there exists a set ⟨Wx : x ∈ Y ⟩ for each countable well-ordering

(Y,<Y ) such that

∀j ∈ Y ∀s ∈ 2<N(s ∈ Wj ↔ θ′(s,W<Y j)), (∗)

where W<Y j = {s ∈ 2<N : ∃i <Y j(s ∈ Wi)}.
Now, we consider the following two cases.

Case 1. There exists a countable well ordering (Y,<Y ) and a sequence

⟨Wj : j ∈ Y ⟩ such that (∗) holds and in addition ⟨⟩ ∈
⋃

x∈Y Wx.

Fix such a countable well-ordering (Y,<Y ). Then define h1 :
⋃

x∈W Wx →
W and h2 :

⋃
x∈W Wx → N by

h1(s) = the <Y -least l with s ∈ Wl,

h2(s) = the least n such that player I wins ψ(n,W<Y h1(s), f).

By Remark 4.1.5.2 and Lemma 4.2.3.2, we have a sequence ⟨σs : s ∈
⋃

x∈Y Wx⟩
of winning s-strategies for player I in ψ(h2(s), W<Y h1(s), f). Define h3 : 2<N →
2<N by

h3(⟨⟩) = ⟨⟩,

h3(s ∗ ⟨i⟩) =

{
s ∗ ⟨i⟩ if h1(s ∗ ⟨i⟩) is defined and h1(s ∗ ⟨i⟩) <Y h1(h3(s)),

h3(s) otherwise.

It can be proved that h3(s) ∈
⋃

x∈Y Wx for all s by induction on |s|. Define

a strategy σ for player I by

σ(s) = σh3(s)(s).

The intuitive idea for σ is as follows: h3(s) tells player I which strategy

to follow at s. First, player I follows σ⟨⟩. If he reaches s with h1(s) <Y

h1(⟨⟩), then he switches the strategy to σs. Similarly, when he reaches u

with h1(u) <Y h1(t), following σt, then he switches the strategy to σu.

We show that σ is a winning strategy for player I. Let f be a play in

which player I follows σ. Since h3(f [n]) ∈
⋃

x∈Y Wx for all n, h1(h3(f [n]))

is defined for all n. By the definitions of h1 and h3, h1(h3(f [n + 1])) ≤Y

h1(h3(f [n])) for all n. Since (Y,<Y ) is a well-ordering, there exists n such that

h1(h3(f [n])) = h1(h3(f [n+k])) for all k. We can check that if h1(h3(f [n])) =

h1(h3(f [n + k])), then h3(f [n]) = h3(f [n + k]) for all n and k, which means
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that player I switches strategies only finite times. Let n be the least n such

that h1(h3(f [n])) = h1(h3(f [n + k])) for all k. Then h3(f [n]) = f [n] and

σ(f [2k]) = σf [n](f [2k]) holds for all 2k ≥ n, and so

ψ(h2(f [n]),W<Y h1(f [n]), f) ≡ ∀m(θ(h2(f [n]), f [m]) ∨ f [m] ∈ W<h1(f [n]))

holds. Note that f [n + k] /∈ Wh1(f [n]), since if f [n + k] ∈ Wh1(f [n]) for some k,

then h3(f [n + k]) <Y h3(f [n]). Therefore ∀mθ(h2(f [n]), f [m]) holds, and so

player I wins φ(f).

Case 2. Assume that the hypothesis of case 1 does not holds. Since we

are working in ATR0, we have

∀Y (WO(Y,<Y ) → ( ∃⟨Wj : j ∈ Y ⟩ such that (∗) holds and ⟨⟩ ̸∈
⋃
x∈Y

Wx)).

By Lemma 4.4.6, there exists a non-well-founded linear ordering (Y,<Y ) and

a sequence ⟨Wj : j ∈ Y ⟩ such that (∗) holds and in addition ⟨⟩ /∈
⋃

x∈Y Wx.

Let g : N → Y be a fixed descending chain, i. e., g(k + 1) <Y g(k) for all k.

Define h4 : 2N → N by

h4(⟨⟩) = 0,

h4(s ∗ ⟨i⟩) =

{
h4(s) + 1 if there is t ⊆ s ∗ ⟨i⟩ with ¬θ(h4(s), t),

h4(s) otherwise.

Note that if h4(s) = n, then for each m < n, there exists t ⊆ s with ¬θ(m, t).

By Σ0
1 determinacy, for any s and x ∈ Y , s /∈ Wx implies that, for any

n ∈ N, player II wins ψ(n,W<Y x, f) at s. In particular, if s /∈ Wg(h4(s)) and

if h4(s) ≥ 0, then player II wins ψ(h4(s),W<Y g4(h4(s)), f) at s.

By Remark 4.1.5.1, and Lemma 4.2.3.1, we have a sequence ⟨τs : s /∈
Wg(h4(s))⟩ of winning s-strategies for player II in ψ(h4(n),W<g(h4(s)), f). De-

fine h5 : 2<N → 2<N by

h5(s) = the ⊆-least initial segment t of s with h4(t) = h4(s).

It can be proved that h5(s) /∈
⋃

x∈Y Wg(h4(h5(s))) by induction on |s|.
Define a new strategy τ for player II by

τ(s) = τh5(s)(s).

The intuitive idea for τ is as follows: h5(s) tells player II which strategy

to follow at s. By the assumption, ⟨⟩ /∈ Wg(0), and so player II follows
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τ⟨⟩ till she reaches the ⊆-least s0 with ¬θ(0, s0) ∧ s0 /∈ W<g(0). Note that

h4(s0) = 1. Since s0 /∈ W<g(1) ⊆ Wg(0), she switches the strategy to a

winning s0-strategy τs0 for ψ(1,W<g(1), f). Similarly, if player II reaches with

¬θ(h4(s) − 1, s) ∧ s /∈ W<g(h4(s)−1), she switches the strategy to a winning

s-strategy τs in ψ(h4(s),Wg(h4(s)), f). Note that then h5(s) = s.

We show that τ is a winning strategy for player II in φ(f). Let f be

a play in which player II follows τ . We see that, for any n, there exists m

with ∃l < m¬θ(n, f [l]) ∧ f [m] /∈ W<g(n), h4(f [m]) = n + 1 and h5(f [m]) =

f [m] by induction as follows. Recall that ⟨⟩ /∈
⋃

x∈Y Wx. For n = 0, if

θ(0, ⟨⟩), then f [1] enjoys the desired property. Otherwise, since ⟨⟩ /∈ Wg(0) and

h4(⟨⟩) = 0, player II first follows a winning ⟨⟩-strategy τ⟨⟩ in ψ(0,W<g(0), f).

Since, for each t, if there is no u ⊆ t with ¬θ(0, u), then h4(t) = 0, she

follows σ⟨⟩ till she reaches f [m] with ¬θ(0, f [m]) ∧ f [m] /∈ W<g(0). Note

that such m must be exists since σ⟨⟩ is a winning ⟨⟩-strategy for player II

in ψ(0,Wg(0), f). Also note that the least such m satisfies h4(f [m]) = 1 and

h5(f [m]) = f [m]. For n = k, assume that m is the least natural number with

∃l < m¬θ(k, f [m]) ∧ f [m] /∈ W<g(k), h4(f [m]) = k + 1 and h5(f [m]) = f [m].

Then she follows a winning f [m]-strategy τf [m] for her in ψ(n + 1, Wg(k+1)).

By a similar argument to the case n = 0, she follows τf [m] till she reaches

f [m′] with ∃l < m′¬θ(k + 1, f [l]) ∧ f [m′] /∈ W<g(k+1), h4(f [m′]) = k + 2,

and h5(f [m′]) = f [m′]. By Σ0
0 induction on n, there exists m with ∃l <

m¬θ(n, f [l])∧ f [m] /∈ W<g(n), h4(f [m]) = n + 1 and h5(f [m]) = f [m], which

means, in particular, player II wins φ(f).

Remark 4.4.8. For any Σ0
2 game φ(f) in the Cantor space, the assertion

“player I (or II) wins φ(f) (resp. ¬φ(f)) at s” is equivalent to a Π1
1 formula

over ATR0. By Remark 4.4.5.3, the assertion “player II wins φ(f) at s” can

be written as a Σ1
1 formula ψ. By Σ0

2-Det∗, which is provided by ATR0, the

aimed assertion is equivalent to ¬ψ and is Π1
1.

Finally, we give the following corollary.

Corollary 4.4.9. The following are equivalent over RCA0.

• ∆0
2-Det∗,

• Σ0
2-Det∗,

• ∆0
1-Det,
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• Σ0
1-Det,

• arithmetical transfinite recursion.

Proof. This follows from Lemma 4.4.1 and Theorems 4.4.4 and 4.4.7.

4.5 ATR0 + Σ1
1 induction and determinacy

In this section, we consider the system ATR0 +Σ1
1 induction and determinacy

in the Cantor space.

Remark 4.5.1.

1. [30, Corollary IX.4.7] shows that ATR0 + Σ1
1 induction proves the con-

sistency of ATR0. This means that Σ1
1 induction really strengthens

ATR0.

2. ATR0 + Π1
1 transfinite induction proves the consistency of ATR0 + Σ1

1

induction, since [30, Theorem VIII.3.15] shows that ATR0 can be ax-

iomatized by ACA0 plus a single Π1
2 formula and since [30, Theorem

VIII.5.12] shows that ATR0 + Π1
1 transfinite induction implies the exis-

tence of a countable coded ω-model of ATR0 and hence the consistency

of ATR0+ full induction.

We have the following equivalence on Σ1
1 induction.

Lemma 4.5.2 ([28, 2.1 Lemma]). Σ1
1 induction is equivalent to bounded Σ1

1

comprehension over ACA0.

[28] shows that Σ1
1 induction is equivalent to Σ1

1 transfinite induction over

ATR0.

In the proof of Theorem 4.2.4, we used Σ0
1 and Π0

1 axioms of choice. By

Remark 4.4.5, for a given Σ0
2 game φ(f), even if we know that player I wins

at each s ∈ W , it seems that we need Π1
1 axiom of choice to take a sequence

⟨σs : s ∈ W ⟩ of winning s-strategies for player I, which is not proved in

ATR∗
0 + Σ1

1 induction. The following lemma proves that actually we do not

need it.

Lemma 4.5.3. Let 1 < n < ω. Let φ(x, f) be a Σ0
n game in the Cantor space.

Assume that player I (or player II) wins φ(x, f) at s for all ⟨s, x⟩ ∈ W ⊆
2<N×N. Then, RCA∗

0 proves that Σ0
n-Det∗ yields a sequence ⟨σs,x : ⟨s, x⟩ ∈ W ⟩

of winning s-strategies for player I (resp. II) in φ(x, f).
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Proof. Assume Σ0
n-Det∗. Let φ(x, f) be a Σ0

n game in 2N and W ⊆ 2<N × N.

Assume that player I wins φ(f) at each s ∈ W . Fix an enumeration e : N →
2<N × N. For any m, let ⟨m0, m1⟩ = e(m). Consider the following game

φ′(f):

First, player II chooses ⟨s, x⟩ ∈ 2<N. If ⟨s, x⟩ ∈ W , players starts game

φ(x, g) from s and player I wins when φ(x, g) holds. Otherwise, player II

wins.

Let f be a play. Such a game is realized as follows:

• Player II choose m ∈ N at by playing 0 at her first m turns and playing

1 at her (n + 1)-th turn. If e(m) /∈ W , player I wins.

• If e(m) ∈ W and |m0| is even, then player I wins if φ(m1,m0 ∗ f ′),

where f ′ is defined by f ′(k) = f(k + (2m + 2)).

• If e(m) ∈ W and |m0| is odd, then player I wins if φ(m1,m0 ∗ f ′′),

where f ′′ is defined by f ′′(k) = f(k + (2m + 3)).

Formally, φ′(f) is defined as follows:

φ′(f) ≡ ∀m¬(∀i < m)(f(2i + 1) = 0 ∧ f(2m + 1) = 1 ∧ e(m) ∈ W )∨
{∃m∃k((∀i < m)(f(2i + 1) = 0 ∧ f(2m + 1) = 1)∧

((|m0| = 2k ∧ φ(m1, f
′)) ∨ (|m0| = 2k + 1 ∧ φ(m1, f

′′))))}.

Since n > 1, Σ0
n-Det∗ proves that one of the players has a winning strategy

in φ′(f). We see that player II has no winning strategy in φ′(f) as follows.

For contradiction, suppose that player II had a winning strategy τ . Consider

such a play f :

• Player I plays 0 until player II plays 1.

• Player II follows τ .

Note that player II must play 1 at some turn, i. e., f(2m + 1) = 1 for some

m, and e(m) ∈ W , otherwise player II loses. If τ were a winning strategy,

then it would yield a winning m0-strategy for player II in φ(m1, f). Since

player I wins φ(m1, f) at m0, this is impossible. Hence player I has a winning

strategy σ in φ′(f).

For ⟨s, x⟩ ∈ 2<N × N, let e(s, x) be the least k with e(k) = ⟨s, x⟩ and sx

the (2e(s, x)+ 2)-length sequence t such that t(2k +1) = 0 for each 2k +1 <
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2e(s, x), t(2e(s, x) + 1) = 1, and t(2k) = σ(t[2k]) for each 2k < 2e(s, x) + 2.

In other words, sx is the finite play in which player II has just chosen a

sequence ⟨s, x⟩ ∈ 2N × N and player I followed σ.

Then, for ⟨s, x⟩ ∈ W , define an s-strategy σs,x in φ(x, s) for player I by

σs,x(s∗ t) = σ(sx ∗ t) for even-length s ∈ W and σs,x(s∗ t) = σ(sx ∗⟨σ(sx)⟩∗ t)

for odd-length s ∈ W . Clearly σs,x is a winning s-strategy for player I in

φ(x, f) for each ⟨s, x⟩ ∈ W .

The assertion for player II can be proved similarly.

The above lemma can be extended to Σ0
1 game. Assume that Σ0

1-Det∗ and

that player I (or II) wins a Σ0
1 game φ(x, f) at each ⟨s, x⟩ ∈ W . Since Σ0

1-Det∗

implies weak König’s lemma over RCA∗
0, it implies Σ0

1 axiom of choice by

Lemma 4.2.3. Then, by Remark 4.1.5.1, we have a sequence of ⟨σs : ⟨s, x⟩ ∈
W ⟩ of winning s-strategies for player I in φ(x, s). The assertion for player II

can be proved similarly.

Theorem 4.5.4. ATR0 + Σ1
1 induction proves Bisep(∆0

1, Σ
0
2)-Det∗.

Proof. By Remark 3.6.6, it suffices to prove Sep(∆0
1, Σ

0
2)-Det∗ in ATR0 + Σ1

1

induction. Let φ(f) be a game of the form (∃nθ0(f [n])∧η0(f))∨(∃nθ1(f [n])∧
η1(f)), where θ0(x) and θ1(x) are Π0

0 such that ∀f(∃nθ0(f [n]) ↔ ¬∃nθ1(f [n])),

where η0(f) is Π0
2, and where η1(f) is Σ0

2. As in the proof of Theorem 4.2.4,

define a tree T = {s ∈ 2<N : ∀t ⊆ s(¬θ0(t) ∧ ¬θ1(t))} and take the least nT

with |s| < nT for all s ∈ T . For each i < 2, bounded Π1
1 comprehension with

help of Remarks 4.4.5.3 and 4.4.8 yields

Wi = {s ∈ 2<N : |s| = nT ∧ ∃t ⊆ sθi(t) ∧ player I wins ηi(f) at s},
W ′

i = {s ∈ 2<N : |s| = nT ∧ ∃t ⊆ sθi(t) ∧ s /∈ Wi}.

Note that, by Σ0
1-Det∗, player II wins ηi(f) at s ∈ W ′

i .

Define a new ∆0
1 game φ∗(f) ≡ f [nT ] ∈ W0 ∪ W1. By ∆0

1-Det∗, it is

determinate.

Claim. The player who wins φ∗(f) also wins the original game φ(f).

Proof of the claim. First, assume that player I has a winning strategy σ∗

in φ∗(f). By Lemma 4.5.3, we have sequences ⟨σs : s ∈ W0⟩ of winning

s-strategies for player I in η0(f) and ⟨σs : s ∈ W1⟩ of winning s-strategies for

player I in η1(f).
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Define a strategy σ for player I in φ(f):

σ(s) =

{
σs[nT ](s) if |s| ≥ nT and s[nT ] ∈

⋃
i<2 Wi,

σ∗(s) otherwise.

Then, for any strategy τ for player II in φ(f), (σ ⊗ τ)[nT ] ∈ W0 ∪ W1 holds

and, for any i < 2, if (σ⊗ τ)[nT ] ∈ Wi, then ηi(σ⊗ τ) holds, and so φ(σ⊗ τ).

Next, assume that player II has a winning strategy τ ∗ in φ∗(f). Note that

φ∗(f) ↔ ¬(f [nT ] ∈ W ′
0 ∪ W ′

1). As in the previous case, we have a sequences

⟨σs : s ∈ W ′
0⟩ of winning s-strategies for player II in η0(f) and ⟨σs : s ∈ W ′

1⟩
of winning s-strategies for player II in η1(f) by Lemma 4.5.3. Then, in a

similar way to the previous case, it can be proved that the strategy τ for

player II defined by

τ(s) =

{
τs[nT ](s) if |t| ≥ nt and t[nT ] ∈

⋃
i<2 W ′

i ,

τ ∗(s) otherwise,

is a winning strategy for player II in the original game φ(f).

Lemma 4.5.5 (normal form theorem 2, [30, Theorem V.1.4]). For a Σ1
1

formula φ(X), we can find a Π0
0 formula θ(X, f) such that ACA0 proves

∀Y (φ(Y ) ↔ ∃g ∈ NN∀mθ(Y [m], g[m])).

Theorem 4.5.6. RCA∗
0 proves that Bisep(∆0

1, Σ
0
2)-Det∗ implies Σ1

1 induction.

Proof. Assume that Bisep(∆0
1, Σ

0
2)-Det∗. By Lemma 4.5.2, it suffices to prove

bounded Σ1
1 comprehension. Since RCA∗

0 proves that Bisep(∆0
1, Σ

0
2)-Det∗ im-

plies (Σ0
1 ∧ Π0

1)-Det∗ and that (Σ0
1 ∧ Π0

1)-Det∗ implies Σ0
1 comprehension, we

can work in ACA0.

Let φ(x) be a Σ1
1 formula. By Lemma 4.5.5, we can find a Π0

0 formula

θ(x, s) such that ACA0 proves φ(x) ↔ ∃f∀mθ(x, f [m]) for all x ∈ N.

For any fixed n, consider the following game. First, player I chooses

k < n and asks whether φ(k) or not. Then player II answers yes or no. If

she answers “yes,” she has to construct a witness g of φ(k). If she answers

“no,” player I has to construct a witness of φ(k). Such a game is realized as

follows:

• Player I chooses k < n by playing 0 at his first k turns and 1 at his

(k + 1)-th turn.
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• Player II chooses 0 (no) or 1 (yes) at her (k + 1)-th turn.

• If player II answers 1 at her (k + 1)-th turn, she wins by constructing

g such that ∀mθ(k, g[m])). (case 1)

• If player II chooses 0 at her (k+1)-th turn, player I wins by constructing

g such that ∀mθ(k, g[m]). (case 2)

To illustrate, the game goes as follows:

Case 1

player I 0, ..., 0,︸ ︷︷ ︸
k times

1, ∗, ..., ∗, ∗, ∗, ..., ∗, ∗, ...

player II ∗, ...∗, 1︸︷︷︸
answer

, 0, ..., 0,︸ ︷︷ ︸
2g(0) times

1, 1, ..., 1,︸ ︷︷ ︸
2g(1) times

0, ...

Case 2

player I 0, ..., 0,︸ ︷︷ ︸
k times

1, 0, ..., 0,︸ ︷︷ ︸
2g(0) times

1, 1, ..., 1,︸ ︷︷ ︸
2g(1) times

0, ...

player II ∗, ...∗, 0︸︷︷︸
answer

, ∗, ..., ∗, ∗, ∗, ..., ∗, ∗, ...

Player I wins if and only if one of the following holds:

• Player I chooses k < n and player II answers “yes” and

player II fails to construct totally regular g ∈ 2N with ∀mθ(k, g[m]).

• Player I chooses k < n and player II answers “no” and

player I successes to construct totally regular g ∈ 2N with ∀mθ(k, g[m]).

Formally, this winning condition can be written as below:

[∃k < lψ(f, k, 1)∧
{(fk,1 is not totally regular) ∨ ∃l((fk,1[l] is regular) ∧ ¬θ(k, fk,1[l]))}]∨

[∃k < lψ(f, k, 0)∧
{(fk,0 is totally regular) ∧ ∀l∃m(|fk,0[m]| = l ∧ θ(k, fk,0[m]))}], (♯)

where ψ(f, k, i) is the Π0
0 formula ∀i < k(f(2i) = 0)∧f(2k) = 1∧f(2k+1) =

i) and fk,i is g ∈ 2N such that, for all l, g(l) = f(2(k + 1) + 2l + i).

Similarly to the proof of Theorem 4.2.4, Bisep(∆0
1, Σ

0
2)-Det∗ implies that

(♯) is determinate. Moreover, player I cannot have a winning strategy in
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(♯), since if φ(k) holds, player I cannot win when player II answers “yes”

and constructs a witness, otherwise, i. e., φ(k) holds, player I cannot win

when player II answers “no.” By Bisep(∆0
1, Σ

0
2)-Det∗, player II has a winning

strategy τ . ∆0
1 comprehension yields Y = {k < n : τ(kτ ∗ ⟨1⟩) = 1}. Clearly,

Y enjoys the desired property.

Since Bisep(∆0
1, Σ

0
2)-Det∗ implies Σ0

2-Det∗, it implies arithmetical transfi-

nite recursion by Theorem 4.4.4. Finally, we have the following.

Corollary 4.5.7. Bisep(∆0
1, Σ

0
2)-Det∗ and arithmetical transfinite recursion

+Σ1
1 induction are equivalent over RCA∗

0.

4.6 Π1
1-CA0 and determinacy

In this section, we find determinacy schemata which are equivalent to Π1
1

comprehension.

By [30, Theorem V.5.1], Π1
1-CA0 includes ATR0. Moreover, since Π1

1-CA0

proves both Π1
1 and Σ1

1 transfinite induction by Lemma 3.1.3, Π1
1-CA0 includes

ATR0+Σ1
1 induction and, by Remark 4.5.1.2, proves the consistency of ATR0+

Σ1
1 induction.

By determinacies in the Baire space, Π1
1 comprehension is characterized

as follows:

Proposition 4.6.1. The following are pairwise equivalent over RCA∗
0:

Bisep(∆0
1, Σ

0
1)-Det, (Σ0

1 ∧ Π0
1)-Det and Π1

1 comprehension.

Proof. See [30, Lemma VI.5.2, Lemma VI.5.3]. Although the proof of [30,

Lemma VI.5.3] shows the implication from (Σ0
1)2-Det to Π1

1 comprehension

in RCA0, Bisep(∆0
1, Σ

0
1)-Det implies the determinacy of the game defined in

the proof and so we need only Bisep(∆0
1, Σ

0
1)-Det for the proof.

By the above proposition, it turns out that there is no determinacy

schema in the Baire space corresponding to Wadge classes which are equiv-

alent to ATR0 + Σ1
1 induction.

In the following proof, we construct a game which is similar to that in

the proof of Theorem 4.5.6. In the following game player I can ask about any

natural number k, whereas he can ask only about k < n in the game defined

in the proof of Theorem 4.5.6. This point corresponds to the difference

between (unbounded) Σ1
1 comprehension and bounded Σ1

1 comprehension.
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Theorem 4.6.2. RCA∗
0 proves that Bisep(Σ0

1, Σ
0
2)-Det∗ implies Π1

1 compre-

hension.

Proof. Assume Bisep(Σ0
1, Σ

0
2)-Det∗. Since we can easily see Bisep(Σ0

1, Σ
0
2)-Det∗

implies (Σ0
1 ∧ Π0

1)-Det∗, by Theorem 4.3.2 we can work in ACA0. We show

Σ1
1 comprehension, which is equivalent to Π1

1 comprehension over RCA∗
0. Let

φ(n) be a Σ1
1 formula. By 4.5.5, we can find a Π0

0 formula θ(x, f) such that

ACA0 proves φ(n) ↔ ∃f∀mθ(n, f [m]) for all n ∈ N. Now we consider the

following game: Player I chooses k ∈ N and asks whether φ(k) or not. Player

II answers “yes” or “no.” If she answers “yes,” she has to construct a witness

for φ(k). If she answers “no,” player I has to construct a witness for φ(k).

Such a game is realized as follows:

• Player I chooses k ∈ N by playing 0 at his first k turns and 1 at his

(k + 1)-th turn.

• Player II chooses 0 (no) or 1 (yes) at her (k + 1)-th turn.

• If player II chooses 1, she wins by constructing totally regular g ∈ 2N

with ∀mθ(k, g[m]).

• If player II chooses 0, player I wins by constructing totally regular

g ∈ 2N with ∀mθ(k, g[m]).

Player I wins if and only if one of the following conditions holds:

• Player I chooses k and player II answers “yes,” and

she fails to construct g with ∀mθ(k, g[m]).

• Player I chooses k and player II answers “no,” and

he successes to construct g with ∀mθ(k, g[m]).

Rigorously, the above winning condition can be written as below:

[∃kψ(f, k, 1)∧
{(fk,1 is not totally regular) ∨ ∃l((fk,1[l] is regular) ∧ ¬θ(k, fk,1[l]))}]∨

[∃kψ(f, k, 0)∧
{(fk,0 is totally regular) ∧ ∀l∃m(|fk,0[m]| = l∧ θ(k, fk,0[m]))}], (♮)

where ψ(f, k, i) is the Π0
0 formula ∀i < k(f(2i) = 0)∧f(2k) = 1∧f(2k+1) =

i) and fk,i is g ∈ 2N such that, for all l, g(l) = f(2(k + 1) + 2l + i). As in
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the proof of Theorem 4.5.6, Bisep(Σ0
1, Σ

0
2)-Det∗ implies that player II has a

winning strategy τ in (♮). Then Y = {k : τ(kτ ∗ ⟨1⟩) = 1} enjoys the desired

property.

Next, we consider the converse. It suffices to show the implication from

Π1
1-CA0 to Sep(Σ0

1, Σ
0
2)-Det∗, since it is easy to prove that Sep(Σ0

1, Σ
0
2)-Det∗

implies Bisep(Σ0
1, Σ

0
2)-Det∗. It can be proved in a similar way to Theorem

4.5.4.

Theorem 4.6.3. Π1
1-CA0 proves Sep(Σ0

1, Σ
0
2)-Det∗.

Proof. Let φ(f) be a Sep(Σ0
1, Σ

0
2) game, say (∃nθ(f [n])∧ψ(f))∨(¬∃nθ(f [n])∧

η(f)), where θ(x) is Π0
0, ψ(f) is Π0

2 and η(f) is Σ0
2. By Remark 4.4.5.3, Π1

1

comprehension implies the existence of W and W ′ such that

W = {s : ∃t ⊆ sθ(t) and player I wins ψ(f) at s},
W ′ = {s : ∃t ⊆ sθ(t) and s /∈ W}.

Define a new game φ∗(f) as follows: φ∗(f) ≡ ∃n(f [n] ∈ W )∨ (¬∃nθ(f [n])∧
η(f)). By Σ0

2-Det∗, which is proved in ATR0 (cf. Theorem 4.4.7), φ∗(f) is

determinate. We show the following claim:

Claim. The player who wins φ∗(f) also wins the original game φ(f).

Proof of the claim. First, assume that player I has a winning strategy σ∗

in φ∗(f). By Lemma 4.5.3, we have a sequence ⟨σs : s ∈ W ⟩ of winning

s-strategies for player I in ψ(f). Now we define a new strategy σ for player

I in φ(f) as follows:

σ(s) =

{
σ∗(s) if t /∈ W for all t ⊆ s,

σt(s) if t is the ⊆-least initial segment of s with t ∈ W .

We prove that σ is a winning strategy for player I in φ(f). Let f be a play

in which player I follows σ. If there is no k ∈ N with θ(f [k]), then f satisfies

¬∃nθ(f [n]) ∧ η(f), and so player I wins. If there is k with θ(f [k]), then f

satisfies ∃mf [m] ∈ W . Take the least such m. Then σ(f [2l]) = σf [2m](f [2l])

holds for each 2l ≥ m, and so φ(f) holds. Thus player I wins φ(f).

Next, assume that player II has a winning strategy τ ∗ in the game φ∗(f).

Since ATR0 implies Σ0
2-Det∗, player II wins ψ(f) at each s ∈ W ′. By Lemma
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4.5.3, we have a sequence ⟨τs : s ∈ W ′⟩ of winning s-strategies for player II

in ψ(f).

Now, define a new strategy τ for player II in φ(f) as follows:

τ(s) =

{
τ ∗(s) if t /∈ W ′ for all t ⊆ s,

τt(s) if t is the ⊆-least initial segment of s with t ∈ W ′.

We prove that τ is a winning strategy for player II in φ(f). Let f be a play

in which player II follows τ . Then f [m] /∈ W holds for all m. If there is no m

with θ(f [m]), then ¬η(f) holds, and so player II wins. Otherwise, the least

m with θ(f [m]) satisfies f [m] ∈ W ′ by the assumption ∀mf [m] /∈ W , and so

f(2k +1) = τ(f [2k +1]) = τf [m](f [2k +1]) holds for each 2k +1 > m. Hence

¬ψ(f) holds. Therefore player II wins φ(f).

Corollary 4.6.4. The following are pairwise equivalent over RCA∗
0:

Bisep(Σ0
1, Σ

0
2)-Det∗, Sep(Σ0

1, Σ
0
2)-Det∗ and Π1

1 comprehension.

Proof. The implication from Sep(Σ0
1, Σ

0
2)-Det∗ to Bisep(Σ0

1, Σ
0
2)-Det∗ is trivial.

With this fact, we have the above equivalence by Theorems 4.6.2 and 4.6.3.

4.7 Π1
1-TR0 and determinacy

Now let us turn to considering the relation between Π1
1 transfinite recursion

and determinacy.

Π1
1 transfinite recursion is characterized by determinacy as follows.

Proposition 4.7.1 ([32, Theorem 6.1]). ∆0
2-Det and Π1

1 transfinite recursion

are equivalent over RCA∗
0.

In this section, we prove the equivalence between Sep(∆0
2, Σ

0
2)-Det∗ and

Π1
1 transfinite recursion over RCA∗

0.

Theorem 4.7.2. RCA∗
0 proves that Sep(∆0

2, Σ
0
2)-Det∗ implies ∆0

2-Det.

Proof. Let φ(f) be a Σ0
2 game in the Baire space. Assume that there exist

Π0
2 formula φ′(f) with φ(f) ↔ φ′(f) for all f ∈ NN. Then, by Lemma 3.6.1,

we can find Π0
0 formulae θ0(x, y) and θ1(x, y) such that RCA∗

0 proves

∀f ∈ NN(φ(f) ↔ ∀n∃mθ0(n, f [m]))
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and

∀f ∈ NN(¬φ(f) ↔ ∀n∃mθ1(n, f [m])).

As in the proof of Theorem 4.4.4, we shall define a game φ∗(f) in the

Cantor space such that the player who wins φ∗(f) also wins φ(f) and such

that Sep(∆0
2, Σ

0
2)-Det∗ proves its determinacy.

We use ψ(i, f) in the proof of Lemma 4.4.3. Note that ψ(i, f) is equivalent

to a Σ0
2 formula over RCA∗

0. Then, for i < 2, set ηi(f) by

(f is totally regular) ∧ ∀n∃m(f [m] is regular ∧ θi(n, f [m])).

Clearly ηi is equivalent to a Π0
2 formula over RCA∗

0. It is also clear that there

is no f ∈ 2N with η0(f) ∧ η1(f). By Lemma 3.6.7, RCA∗
0 yields a Σ0

2 formula

η(f) and a Π0
2 formula η′(f) with

∀f ∈ 2N((η(f) ↔ η′(f)) ∧ (η0(f) → η(f)) ∧ (η1(f) → ¬η(f))).

Furthermore, we can check that each f satisfies exactly one of ψ(0, f), ψ(1, f),

η0(f) and η1(f).

η0(f) η1(f)

ψ(0, f) ψ(0, f)

ψ(1, f) ψ(1, f)

η(f) ¬η(f)

Define a new game φ∗(f) by (η(f)∧¬ψ(0, f))∨(¬η(f)∧ψ(1, f)). Sep(∆0
2, Σ

0
2)-

Det∗ implies that φ∗(f) is determinate. Since φ∗(f) holds if and only if

η0(f) ∨ ψ1(1, f), we can check that player who has a winning strategy in

φ∗(f) also has a winning strategy in φ(f).

For the converse, we need some preparations motivated by the reformu-

lation of ∆0
2 in [32].

Lemma 4.7.3. For any Π0
2 formula φ(f) with a distinguished function vari-

able f ∈ 2N, we can find, in RCA0, a Π0
0 formula θ′(x) in which n does not

occur such that ∀f ∈ 2N(φ(f) ↔ ∀n∃m > nθ′(f [m])).

Proof. See [17, Lemma 3.1]. Although the original proof is done in ACA0, it

works also in RCA0.
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In descriptive set theory, Hausdorff proved (cf. [14, §37. III. Theorem])

that a ∆0
n+1 set can be represented as a boolean combination of transfinitely

many Π0
n sets, i. e., for any ∆0

n+1 set A of Polish space X , there exists an

ordinal γ < ω1 and a decreasing sequence ⟨Aα : α < γ⟩ of Π0
n sets such that

A = {x ∈ A0 : min{α : x /∈ Aα} is odd}.

The following lemma is a formalization of the case n = 2 in second order

arithmetic.

Lemma 4.7.4. For any pair of a Σ0
2 formula ψ0(f) and a Π0

2 formula ψ1(f),

we can find a Π0
0 formula θ(x, i, y) such that ACA0 proves the following.

∀f ∈ 2N(ψ0(f) ↔ ψ1(f)) →
∃Y (WO(Y,<Y ))∧
(∀f ∈ 2N)(((y, j) <∗

Y (x, i) ∧ ∀nθ(x, i, f [n])) → ∀nθ(y, j, f [n]))∧
(∀f ∈ 2N)(ψ0(f) ↔ ∃x ∈ Y (∀nθ(x, 0, f [n]) ∧ ¬∀nθ(x, 1, f [n])))∧
(∀f ∈ 2N)(¬ψ0(f) ↔ ∃x ∈ Y (∀nθ(x, 1, f [n]) ∧ ¬∀nθ(x′, 0, f [n])))

 (⋆)

where x′ is the <Y -successor of x, and where (Y × 2, <∗
Y ) is a well ordering

defined by

(x, i) <∗
Y (y, j) ↔ x <Y y ∨ (x = y ∧ i < j).

Proof. See Theorem 3.5 of [17].

Theorem 4.7.5. Π1
1-TR0 proves Sep(∆0

2, Σ
0
2)-Det∗.

Proof. Let φ(f) be a game in the Cantor space such that

∀f ∈ 2N(φ(f) ↔ ((ψ(f) ∧ η0(f)) ∨ (¬ψ(f) ∧ η1(f))))

for some Σ0
2 formulae ψ(f) and η1(f) and Π0

2 formula η0(f). Assume that

∀f ∈ 2N(ψ(f) ↔ ψ′(f)) for some Π0
2 formula ψ′(f). Note that the following

holds:

∀f ∈ 2N(¬φ(f) ↔ ((ψ(f) ∧ ¬η0(f)) ∨ (¬ψ(f) ∧ ¬η1(f)))).

By applying Lemma 4.7.4, taking ψ(f) and ψ′(f) as ψ0(f) and ψ1(f)

respectively, we can find a Π0
1 formula ∀nθ(x, i, f [n]) and a well ordering

(Y,<Y ) such that (⋆) holds. In particular, the following holds:

∀f ∈ 2N(ψ(f) ↔ ∃x(∀nθ(x, 0, f [n]) ∧ ¬∀nθ(x, 1, f [n])))
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and

∀f ∈ 2N(¬ψ(f) ↔ ∃x(∀nθ(x, 1, f [n]) ∧ ¬∀nθ(x′, 0, f [n]))),

where x′ is the <Y -successor of x. Then, by Π1
1 transfinite recursion, define,

for each x ∈ Y and i < 2, Vx,i and Wx,i as follows:

Vx,0 ={s : ∃t ⊆ s¬θ(x, 1, t) and player II wins η′
0(x, f) at s},

Wx,0 ={s : ∃t ⊆ s¬θ(x, 1, t) and s /∈ Vx,0},
Wx,1 ={s : ∃t ⊆ s¬θ(x′, 0, t) and player I wins η′

1(x, f) at s},
Vx,1 ={s : ∃t ⊆ s¬θ(x′, 0, t) and s /∈ Wx,1},

where η′
0(x, f) and η′

1(x, f) are defined by

η′
0(x, f) ≡ ((∀nθ(x, 0, f [n]) ∧ η0(f)) ∨ ∃nf [n] ∈ W<∗

Y (x,i)),

η′
1(x, f) ≡ ((∀nθ(x, 1, f [n]) ∧ η1(f)) ∨ ∃nf [n] ∈ W<∗

Y (x,i)),

and where W<∗
Y (x,i) =

⋃
(y,j)<∗

Y (x,i) Wy,i.

Set a new game

φ∗(f) ≡ ∃n((∀m < n)(f [m] /∈
⋃

x∈Y,i<2

Vx,i) ∧ f [n] ∈
⋃

x∈Y,i<2

Wx,i).

We show that

¬φ∗(f) ↔ ∃n((∀m < n)(f [m] /∈
⋃

x∈Y,i<2

Wx,i) ∧ f [n] ∈
⋃

x∈Y,i<2

Vx,i),

as follows. First, we see
⋃

x∈Y,i<2 Wx,i ∩
⋃

x∈Y,i<2 Vx,i = ∅. Assume s ∈
Wx,i ∪ Vx,i. We may assume that (x, i) is the <∗

Y -least such one. Note that

Wx,i ∩ Vx,i = ∅. Consider the case s ∈ Wx,i. Then s /∈
⋃

(y,j)<∗
Y (x,i) Wy,j ∪⋃

(y,j)<∗
Y (x,i) Vy,j. If ∃t ⊆ s¬θ(y, 1, t) for some (y, 1) with (x, i) <∗

Y (y, 1), then

player I wins η′
0(y, f) at s and so s /∈ Vy,0. If ∃t ⊆ s¬θ(y′, 0, t) for some (y′, 0)

with (x, i) <∗
Y (y′, 0), then player I wins η′

1(y, f) at s and so s /∈ Vy,1. In

a similar way, we can prove that if s ∈ Vx,i, then s /∈
⋃

x∈Y,i<2 Wx,i. Thus⋃
x∈Y,i<2 Wx,i ∩

⋃
x∈Y,i<2 Vx,i = ∅.

Next we see that, for any f ∈ 2N, exactly one of φ∗(f) or ∃n((∀m <

n)(f [m] /∈
⋃

x∈Y,i<2 Wx,i) ∧ f [n] ∈
⋃

x∈Y,i<2 Vx,i) holds.

Since, for all f ∈ 2N, either ∃x ∈ Y (∀nθ(x, 0, f [n]) ∧ ¬∀nθ(x, 1, f [n])) or

∃x ∈ Y (∀nθ(x, 1, f [n])∧¬∀nθ(x′, 0, f [n])) holds, and since Wx,0∪Vx,0 = {s ∈
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2<N : ∃t ⊆ s¬θ(x, 1, t)} and Wx,1 ∪ Vx,1 = {s ∈ 2<N : ∃t ⊆ s¬θ(x′, 0, t)} hold,

for all f ∈ 2N, there exists n such that f [n] ∈
⋃

x∈Y,i<2 Wx,i ∪
⋃

x∈Y,i<2 Vx,i.

Since
⋃

x∈Y,i<2 Wx,i∩
⋃

x∈Y,i<2 Vx,i = ∅, the ⊆-least such f [n] is in exactly one

of
⋃

x∈Y,i<2 Wx,i and
⋃

x∈Y,i<2 Vx,i.

Thus, for any f ∈ 2N, exactly one of the following holds:

• φ∗(f) ≡ ∃n((∀m < n)(f [m] /∈
⋃

x∈Y,i<2 Vx,i) ∧ f [n] ∈
⋃

x∈Y,i<2 Wx,i),

• ∃n((∀m < n)(f [m] /∈
⋃

x∈Y,i<2 Wx,i) ∧ f [n] ∈
⋃

x∈Y,i<2 Vx,i).

The next claim completes the proof.

Claim. The player who wins φ∗(f) also wins φ(f).

Proof of the claim. First, assume that player I has a winning strategy σ∗ in

φ∗(f). For s ∈
⋃

x∈Y,i<2 Wx,i, let (xs, is) be the <∗
Y -least (x, i) with s ∈ Wx,i.

By Lemma 4.5.3, take a sequence ⟨σs : s ∈
⋃

x∈Y,i<2 Wx,i⟩ such that σs is a

winning s-strategies for player I in η′
is(xs, f). Then, for any s ∈

⋃
x∈Y,i<2 Wx,i,

define an s-strategy σ∗
s for player I by arithmetical transfinite recursion along

(Y × 2, <∗
Y ) as follows:

σ∗
s(t) =

σ∗
u(t)

if u is the ⊆-least initial segment of t
with s ( u and u ∈ W<∗

Y (xs,is),

σs(t) if there is no such u.

Now we prove, by Π1
1 transfinite induction on (Y × 2, <∗

Y ), for any s ∈⋃
x∈Y,i<2 Wx,i, σ∗

s is a winning s-strategy for player I in φ(f). Assume that

σ∗
t is a winning t-strategy for player I in φ(f) for all (y, j) <∗

Y (x, i) and for

all t ∈ W<∗
Y (x,i). Take s ∈ Wx,i with (x, i) = (xs, is) and an s-strategy ρ for

player II. If there is k such that t = (σ∗
s ⊗ ρ)[k] ∈ W<∗

Y (x,i), take the least

such k. Then σ∗
s ⊗ ρ = σ∗

t ⊗ ρ′, where ρ′ = ρ ¹ (t)2, and so φ(σ∗
s ⊗ ρ) holds

by induction hypothesis. If there is no k with (σ ⊗ ρ)[k] ∈ W<∗
Y (x, i) and if

i = 0, then ∀nθ(x, 0, (s ∗ f)[n])∧ η0(s ∗ f) hold. Since s ∈ Wx,i, there is t ⊆ s

with ¬θ(x, 1, t), and so φ(f). If there is no k with (σ ⊗ ρ)[k] ∈
⋃

<∗
Y (x,i) Wx,i

if i = 1, we can similarly prove that φ(f) holds.

It is now easy to check that σ defined by

σ(t) =

σ∗
u(t)

if u is the ⊆-least initial segment of t
with u ∈

⋃
x∈Y,i<2 Wx,i,

σ∗(t) if there is no such u.
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is a winning strategy for player I in φ(f).

Let us turn to the case in which player II has a winning strategy τ ∗ in

φ∗(f). For each s ∈
⋃

x∈Y,i<2 Vx,i, let (ys, is) be the <∗
Y -least (y, j) with

s ∈ Vy,j. As in the previous case, take a sequence ⟨τs : s ∈
⋃

x∈Y,i<2 Vx,i⟩
of winning s-strategies for player II in η′

js
(ys, f) and define a sequence of

strategies ⟨τ ∗
s : s ∈

⋃
x∈Y,i<2 Vx,i⟩ by

τ ∗
s (t) =

τ ∗
u(u)

if u is the ⊆-least initial segment of t
with s ( u and u ∈ V<∗

Y (x,i) =
⋃

(y,j)<∗
Y (x,i) Vy,j,

τs(t) otherwise.

Then, we can prove that, for any s ∈
⋃

x∈Y,i<2 Vx,i, τ ∗
s is a winning s-strategy

for player II in φ(f) by Π1
1 transfinite induction as follows. Assume that τ ∗

t is

a winning t-strategy for player II in φ(f) for any (y, j) <∗
Y (x, i) and for any

t ∈ Vy,j. Take s ∈ Vx,i with (x, i) = (ys, js) and an s-strategy ν for player I. If

there is k such that t = (ν⊗τ ∗
s )[k] ∈ V<∗

Y (x,i), then ν⊗τ ∗
s = ν ′⊗τ ∗

t , where ν ′ =

ν ¹ (t)2, and so φ(ν⊗τ ∗
s ) holds by induction hypothesis. Next we consider the

case in which there is no k with (ν ⊗ τ)[k] ∈ V<∗
Y (x,i). We may assume i = 0,

because the case i = 1 can be proved similarly. If ∃n¬θ(x, 0, (ν ⊗ τ ∗
s )[n])

holds, then, there exists m with (ν ⊗ τ ∗
s )[m] ∈

⋃
(y,j)<∗

Y (x,i)(Wy,j ∪Vy,j), since,

for any f ∈ 2N, either ψ(f) or ¬ψ(f) holds, and since for all (z, l) and (z′, l′)

in Y × {0, 1}, (z, l) <∗
Y (z′, l′) and ∀nθ(z′, l′, f [n]) implies ∀nθ(z, l, f [n]). By

the fact that τ ∗
t is a winning strategy for player II in η′

0(x, f), (ν ⊗ τ ∗
s )[n] is

not in W<∗
Y (x,i), and, by the assumption, (ν⊗τ ∗

s )[n] is not in V<∗
Y (x,i), which is

a contradiction. Therefore ∀nθ(x, 0, (ν ⊗ τ ∗
s )[n]) holds, and so ν ⊗ τ ∗

s satisfies

both ∀nθ(x, 0, (ν ⊗ τ ∗
s )[n]) ∧ ∃n¬θ(x, 1, (ν ⊗ τ ∗

s )[n]) and ¬η0(ν ⊗ τ ∗
s ), which

means that player II wins φ(f).

Now it is easy to check that τ defined by

τ(t) =

τ ∗
u(t)

if u is the ⊆-least initial segment of t
with u ∈

⋃
x∈Y,i<2 Vx,i,

τ ∗(t) if there is no such u.

Corollary 4.7.6. Sep(∆0
2, Σ

0
2)-Det∗, ∆0

2-Det and Π1
1 transfinite recursion are

pairwise equivalent over RCA∗
0.
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Chapter 5

Hierarchy of complete

determinacy

In this chapter, we consider a variation of determinacy.

5.1 Complete determinacy

Complete determinacy is defined as follows.

Definition 5.1.1 (complete determinacy). Let X ⊆ N. W ⊆ X<N is the

winning set for player I in φ(f) if, for any s ∈ X<N, s ∈ W implies that

player I wins φ(f) at s and s /∈ W implies that player II wins φ(f) at s.

For a class Γ of formulae, Γ complete determinacy in XN consists of all

axioms of the form

∃W (W ⊆ X<N is the winning set for player I in φ(f)),

where φ(f) is a game in XN which belongs to Γ and W is not free in φ(f).

Clearly Γ complete determinacy in XN implies Γ determinacy in XN. Γ

and ¬Γ complete determinacies in XN are equivalent over RCA∗
0.

Γ-comp.Det (or Γ-comp.Det∗) stands for Γ complete determinacy in the

Baire space (resp. in the Cantor space).

As well as determinacy schemata, we define complete determinacy schemata.

Definition 5.1.2. For a game φ(f) in XN, comp.DetX [φ] is an abbreviation

for ∃W (W ⊆ X<N is the winning set for player I).

Let 1 ≤ n,m < ω. We define the following schemata.
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∆0
n complete determinacy in XN:

∀f ∈ XN(φ(f) ↔ ψ(f)) → comp.DetX [φ], where φ(f) is Σ0
n and where

ψ(f) is Π0
n.

(Σ0
n)2 complete determinacy in XN:

comp.DetX [φ ∧ ψ], where φ(f) is Σ0
n and where ψ(f) is Π0

n.

Sep(Σ0
m, Σ0

n) complete determinacy in XN:

comp.DetX [(ψ ∧ η0) ∨ (¬ψ ∧ η1)],

where ψ(f) is Σ0
m, where η0(f) is Π0

n and where η1(f) is Σ0
n.

Bisep(Σ0
m, Σ0

n) complete determinacy in XN:

∀f ∈ XN¬(ψ0(f) ∧ ψ1(f)) → comp.DetX [(ψ0 ∧ η0) ∨ (ψ1 ∧ η1)],

where ψi(f)’s are Σ0
m, where η0(f) is Π0

n and where η1(f) is Σ0
n.

Bisep(∆0
m, Σ0

n) complete determinacy in XN:

∀f ∈ XN((¬(ψ0(f) ∧ ψ1(f))) ∧ (ψ0(f) ↔ ξ0(f)) ∧ (ψ1(f) ↔ ξ1(f)))

→ comp.DetX [(ψ0 ∧ η0) ∨ (ψ1 ∧ η1)],

where ψi(f)’s are Σ0
m, where ξi(f)’s are Π0

m, where η0(f) is Π0
n and

where η1(f) is Σ0
n.

Remark 5.1.3. We have the same implications as Remark 3.6.5 between com-

plete determinacies.

5.2 Weak König’s lemma and complete de-

terminacy

In this section, we prove that ∆0
1-comp.Det∗, ∆0

1-Det∗ is equivalent to weak

König’s lemma over RCA∗
0.

Recall theorems proved in the previous chapter, which characterize weak

König’s lemma by determinacy schemata.

Fact 5.2.1 (Corollary 4.1.8). ∆0
1-Det∗, Σ0

1-Det∗ and Weak König’s lemma

are equivalent over RCA∗
0.

Remark 5.2.2. Since ∆0
1-comp.Det∗ implies ∆0

1-Det∗ over RCA∗
0, ∆0

1-comp.Det

implies weak König’s lemma.

The following Theorem is the converse of the above remark.
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Theorem 5.2.3. WKL∗
0 proves ∆0

1-comp.Det∗.

Proof. Let φ(f) be a Σ0
1 game in the Cantor space. Assume that there exists

a Π0
1 formula ψ(f) such that, for f ∈ 2N, φ(f) ↔ ψ(f). By Lemma 3.6.1, we

can find Π0
0 formulae θ(x) and θ′(x), in both of which f does not occur freely,

with ∀f ∈ 2N(φ(f) ↔ ∃nθ(f [n])) and ∀f ∈ 2N(¬φ(f) ↔ ∃nθ′(f [n])). ∆0
1

comprehension yields T = {s ∈ 2<N : ∀t ⊆ s¬(θ(t) ∨ θ′(t))}. Intuitively, T

is the set of those positions at which none of the players has yet won. Since

there is no f ∈ 2N with φ(f) ∧ ¬φ(f), T has no infinite path.

By weak König’s lemma, T is finite. Let n be the maximal length of

sequences in T . Note that any s ∈ 2<N of length n + 1 satisfies exactly one

of ∃t ⊆ sθ(t) and ∃t ⊆ sθ′(t). For s ∈ 2<N, we can determine whether player

I wins φ(f) at s as follows:

• If |s| > n, player I wins φ(f) at s if and only if there exists t ⊆ s with

θ(t).

• If |s| ≤ n and |s| is even (or odd), player I wins φ(f) at s if and only

if I wins φ(f) either at s ∗ ⟨0⟩ or at s ∗ ⟨1⟩ (resp. both at s ∗ ⟨0⟩ and at

s ∗ ⟨1⟩).

Precisely, the induction on k yields uk : (2≤n+1−2<n+1−k) → {0, 1} such that

uk(s) =


1 if |s| = n + 1 and ∃t ⊆ sθ(t),

0 if |s| = n + 1 and ∃t ⊆ sθ′(t),

max{uk(s ∗ ⟨0⟩), uk(s ∗ ⟨1⟩)} if |s| ≤ n and |s| is even, and

min{uk(s ∗ ⟨0⟩), uk(s ∗ ⟨1⟩)} if |s| ≤ n and |s| is odd.

Because uk is bounded by some iterated power of n, here we only need Σ0
0

induction. ∆0
1 comprehension yields u : 2<N → {0, 1} with ∀s ∈ 2<N(u(s) =

un+1(s[n + 1])) and W = {s : u(s) = 1}.
We show that if s ∈ W then player I wins φ(f) at s and otherwise II wins

φ(f) at s. Assume s ∈ W . Then define an s-strategy σs by

σs(t) =

{
0 if u(t ∗ ⟨0⟩) = 1,

1 otherwise.

Then, for any s-strategy τ for player II, σs⊗τ satisfies u((σs⊗τ)[m]) = 1 for

all m ≥ n, and so there exists k such that θ((σs ⊗ τ)[k]). Therefore player I

wins. Similarly, player II wins φ(f) at s if s /∈ W .
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By Theorem 5.2.3, we have the following.

Corollary 5.2.4. We can add ∆0
1-comp.Det∗ to the list of Fact 5.2.1.

5.3 ACA0 and complete determinacy

In this section we prove that Σ0
1-comp.Det∗ is equivalent to Σ0

1 comprehension

over RCA∗
0.

In the previous chapter, Σ0
1 comprehension can be characterized game-

theoretically as follows.

Fact 5.3.1 (Corollary 4.3.3). (Σ0
1)2-Det∗ and Σ0

1 comprehension are pairwise

equivalent over RCA∗
0.

Remark 5.3.2. By Remark 4.1.5.3, ACA0 yields

X = {s ∈ 2N : player I wins φ(f) at s}.

By Σ0
1-Det∗, which is proved in ACA0, s /∈ X implies that II wins φ(f) at s,

and so ACA0 proves Σ0
1-comp.Det∗.

The next theorem is the converse of the above remark.

Theorem 5.3.3. RCA∗
0 proves that Σ0

1-comp.Det∗ implies Σ0
1 comprehension.

Proof. Assume Σ0
1-comp.Det. Let ψ(n) be a Σ0

1 formula of the form ∃mθ(n,m),

where θ(x, y) is a Π0
0 formula. Consider the following game φ(f) in the Cantor

space:

• player I chooses k ∈ N by playing his first 1 at his (k + 1)-th turn.

• I wins if and only if there is m such that θ(k,m) holds.

To illustrate, the game goes as follows:

player I

k times︷ ︸︸ ︷
0, ..., 0, 1 · · ·

player II ∗, ..., ∗ ∗ · · ·

Formally, φ(f) is defined as ∃k∃m(∀l < k(f(2l) = 0)∧ f(2k) = 1∧ θ(k,m)).

Clearly φ(f) is Σ0
1. Σ0

1-comp.Det∗ yields the winning set W for player I in

φ(f). We can check that, for any n, player I wins at 02n ∗ ⟨1⟩ if and only if

ψ(n). ∆0
1 comprehension yields X = {n : 02n ∗ ⟨1⟩ ∈ W}. It is easy to see

X = {n : ψ(n)}.
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Since, by Lemma 3.1.6, Σ0
1 comprehension implies Σ0

1 induction over

RCA∗
0, Theorem 5.3.3 shows that we do not need to care about whether the

base theory is RCA∗
0 or RCA0 when we discuss about complete determinacy

schemata stronger than Σ0
1-comp.Det∗.

Γ determinacy does not always imply Γ complete determinacy, as this

theorem with Fact 5.3.1 separates Σ0
1-comp.Det∗ and Σ0

1-Det∗. Moreover the

equivalence between Γ and Γ′ determinacies does not necessarily imply that

between Γ and Γ′ complete determinacies. Indeed ∆0
1-comp.Det∗ and Σ0

1-

comp.Det∗ are not equivalent, while ∆0
1-Det∗ and Σ0

1-Det∗ are.

However, the completion of (Σ0
1)2-Det∗ does not lift up the comprehension

axiom:

Theorem 5.3.4. ACA0 proves (Σ0
1)2-comp.Det∗.

Proof. Let φ(f) be a (Σ0
1)2 game ∃nθ(f [n])∧η(f), where θ(x) is Π0

0 in which

f does not occur freely, and where η(f) is Π0
1. By Remark 4.1.5.4, V =

{s : ∃t ⊆ sθ(t)∧ (I wins η(f) at s)} is provided by Π0
1-comp.Det∗, proved in

ACA0 and ∆0
1 comprehension. Define a new Σ0

1 game φ′(f) by ∃n(f [n] ∈ V ).

We see that W = {s : player I wins φ′(f) at s}, yielded by Σ0
1-comp.Det∗,

is the winning set for player I in φ(f).

Assume that s ∈ W and that σ′ is a winning s-strategy for player I in

φ′(f). Since the assertion “σ is a winning s-strategy for player I” is equivalent

to a Π0
1 formula by Remark 4.1.5.2 and Lemma 4.2.3.2, [24, Lemma 3.6]),

we have a sequence ⟨σ′
t : t ∈ V ⟩ of winning t-strategies for player I in η(f).

Define a new s-strategy σ by

σ(u) =

{
σ′

t(u) if t is the ⊆-least initial segment of u with s ⊆ t ∧ t ∈ V ,

σ′(u) if there is no such t.

We see that σ is a winning s-strategy for player I in φ(f). Take an s-strategy

ν for player II. Since σ′ is a winning s-strategy for player I in φ′(f), there is m

with t = (σ⊗ν)[m] ∈ V . Take the least such m. Then σ⊗ν = σ′
t⊗(ν ¹ (t)2),

and so σ ⊗ ν satisfies both ∃nθ((σ ⊗ ν)[n]) and η(σ ⊗ ν), which means that

σ is a winning s-strategy for player I in φ(f).

Now assume s /∈ W . By Σ0
1-Det∗, player II has a winning s-strategy τ ′

in φ′(f). Let V = {t ∈ 2<N : (∃t′ ⊆ t)θ(t′) ∧ t /∈ V }. Note that player II

wins η(f) at each t ∈ V by Σ0
1-Det∗. By Remark 4.1.5.1 and Lemma 4.2.3.1,

ACA0 yields a sequence ⟨τ ′
t : t ∈ V ⟩ of winning t-strategies for player II in
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η(f). Define a new s-strategy τ for player II by

τ(u) =

{
τ ′
t(u) if t is the ⊆-least initial segment of u with s ⊆ t ∧ t ∈ V ,

τ ′(u) if there is no such t.

We see that τ is a winning s-strategy for player II. Take an s-strategy υ for

player I. If there is m such that (υ ⊗ τ)[m] satisfies θ((υ ⊗ τ)[m]), take the

least such m. Then t = (υ ⊗ τ)[m] /∈ V since τ ′ is an s-winning strategy for

player II in φ′(f) and so υ⊗ τ = (υ ¹ (t)2)⊗ τ ′
t holds. Since τ ′

t is a t-winning

strategy for player II in η(f), ¬η(υ ⊗ τ) holds and player II wins. If there

is no such m with θ((υ ⊗ τ)[m]), then ¬∃nθ((υ ⊗ τ)[n]) holds and player II

wins.

By Remark 5.3.2, Theorems 5.3.3 and 5.3.4, we have the following.

Corollary 5.3.5. We can add (Σ0
1)2-comp.Det∗, Bisep(∆0

1, Σ
0
1)-comp.Det∗

and Σ0
1-comp.Det∗ to the list of Fact 5.3.1.

5.4 Intermezzo—complete determinacy and

universal strategies

In the proof of Theorem 5.3.4, we used some kinds of axiom of choice. When

we investigate complete determinacy schemata further, we often use similar

arguments. However, we do not always have sufficient fragment of axiom of

choice. Fortunately, we can avoid using the axiom of choice by the following

lemma. Lemma 4.5.3 is a variation of these lemma.

Lemma 5.4.1. Let 1 ≤ n < ω. In RCA∗
0, the following is provable: If player

I (or II) wins Σ0
n game φ(f) in NN at each s ∈ A ⊆ N<N, then Σ0

n-Det yields

a sequence ⟨σs : s ∈ A⟩ of winning s-strategies for player I (resp. II) in φ(f).

Proof. We work in RCA∗
0. Let φ(f) be a Σ0

n game in NN. Assume that player I

wins φ(f) at each s ∈ A ⊆ N<N. Although strictly speaking, on our notation

all finite sequences are denoted by their codes, when a number is regarded as

a code of a finite sequence, we clarify it by applying the fixed enumeration

e : N → N<N of N<N to the number. Consider the following Σ0
n game φ′(f):

• Player II chooses m ∈ N at her first turn. If e(m) /∈ A, player I wins.
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• If e(m) ∈ A and |e(m)| is even, then player I wins if φ(e(m) ∗ (f ⊖ 2)).

• If e(m) ∈ A and |e(m)| is odd, then player I wins if φ(e(m) ∗ (f ⊖ 3)).

Σ0
n-Det implies that one of the player has a winning strategy in φ′(f). We

can check that player II has no winning strategy in φ′(f). For contradiction,

suppose that player II has a winning strategy τ . Consider such a play f :

• Player I first play 0, i. e., f(0) = 0.

• Player II play m, following τ .

Note that e(m) ∈ A, otherwise player II loses. Then τ yields a winning

e(m)-strategy for player II in φ(f), which contradicts the assumption that

player I wins φ(f) at e(m). Hence player I has a winning strategy σ in φ′(f).

For s ∈ N<N, let e(s) be the least k with e(k) = s. Let ŝ be the sequence

⟨σ(⟨⟩), e(s)⟩ if |s| is even and ⟨σ(⟨⟩), e(s), σ(⟨σ(⟨⟩), e(s)⟩)⟩ if |s| is odd. Then

define σs by σs(t) = σ(ŝ ∗ (t ⊖ |s|)) for each s ∈ A. Clearly σs is a winning

s-strategy for player I in φ(f) for each s ∈ A.

The statement for player II can be proved similarly.

Together with complete determinacy, we have the following:

Lemma 5.4.2. Let 1 ≤ n < ω. RCA∗
0 proves that, for any Σ0

n game φ(f) in

NN (or 2N), Σ0
n-comp.Det (resp. Σ0

n-comp.Det∗) yields a universal winning

strategy in φ(f), i. e., a sequence ⟨σs : s ∈ N<N(resp. 2<N)⟩, such that σs is a

winning s-strategy for player I for all s ∈ W , and such that σs is a winning

s-strategy for player II for any s /∈ W , where W is the winning set for player

I in φ(f).

Proof. Take A = W (or the complement of W ) and apply Lemma 5.4.1 or

Lemma 4.5.3 to it. Note that Σ0
1-comp.Det implies (Σ0

1 ∧ Π0
1)-Det∗.

5.5 ATR0 and complete determinacy

We briefly mention complete determinacy for ATR0.

Fact 5.5.1 (Corollary 4.4.9). The arithmetical transfinite recursion is equiv-

alent to Σ0
2-Det∗, ∆0

2-Det∗, Σ0
1-Det, ∆0

1-Det and ∆0
1-comp.Det over RCA∗

0:

Theorem 5.5.2. ATR0 proves ∆0
2-comp.Det∗.
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Proof. We can prove this in an almost same way as the proof of [32, Theo-

rem 6.1], by replacing Π1
1 transfinite recursion with arithmetical transfinite

recursion. Note that, although the original theorem states the equivalence

between Π1
1 transfinite recursion and ∆0

2-Det, the proof actually shows that

between Π1
1 transfinite recursion and ∆0

2-comp.Det.

By Theorem 5.5.2, we have the following.

Corollary 5.5.3. We can add ∆0
2-comp.Det∗ to the list of Fact 5.5.1.

5.6 Π1
1-CA0 and complete determinacy

We turn to Π1
1-CA0. We have the following game-theoretical characterization.

Fact 5.6.1 (Corollary 4.6.4). Sep(Σ0
1, Σ

0
2)-Det∗, Bisep(Σ0

1, Σ
0
2)-Det∗, (Σ0

1 ∧
Π0

1)-Det, Bisep(∆0
1, Σ

0
1)-Det and Π1

1 comprehension are pairwise equivalent

over RCA∗
0.

The strengths of Σ0
1-comp.Det and of ∆0

1-comp.Det are separated by the

next theorem, similarly to the case of the Cantor space.

Theorem 5.6.2. RCA∗
0 proves that Σ0

1-comp.Det implies Π1
1 comprehension.

Proof. Assume Σ0
1-comp.Det. Since Σ0

1-comp.Det implies Σ0
1 comprehension,

we can work in ACA0. We prove Σ1
1 comprehension, which is equivalent to

Π1
1 comprehension. Let ψ(n) be a Σ1

1 formula. By Lemma 4.5.5, we can

find a Π0
0 formula θ(x, y) such that ACA0 proves ψ(n) ↔ ∃f∀mθ(n, f [m]) for

all n. We prove the existence of X = {n : ψ(n)}. Set a Π0
1 game φ(f) in

the Baire space by ∀mθ(f(0), f̃ [m]), where f̃ is a sequence in NN defined by

f̃(k) = f(2k + 2) for all k. To illustrate, the game goes as follows:

player I n f̃(0) f̃(1) f̃(2) · · ·
player II ∗ ∗ ∗ · · ·

Intuitively, when player I chooses n first, he wins if and only if he constructs

an infinite sequence witnessing ψ(n). Σ0
1-comp.Det yields the winning set W

for player I in φ(f). Then ∆0
1 comprehension yields X = {n : ⟨n⟩ ∈ W}.

For n with ψ(n), player II cannot win at ⟨n⟩ if player I constructs f̃ with

∀mθ(n, f̃ [m]). By Σ0
1-Det, player I have a winning strategy in φ(f). Hence

n ∈ X if ψ(n). Conversely, if n ∈ X, then ⟨n⟩-winning strategy for player I

yields a witness for ψ(n). Thus n ∈ X if and only if ψ(n).
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Now we modify the last theorem to get the Cantor space version. Recall

the definition of total regularity of f ∈ 2N in Definition 4.4.2.

Theorem 5.6.3. RCA∗
0 proves that Σ0

2-comp.Det∗ implies Π1
1 comprehension.

Proof. This can be proved similarly to the last theorem. Assume Σ0
2-comp.Det∗.

Since Σ0
2-comp.Det∗ implies Σ0

1 comprehension by Theorem 4.3.1, we can

work in ACA0. Let ψ(n) be a Σ1
1 formula. By Lemma 4.5.5, we can find

Π0
0 formula θ(x, y), in which f does not occur freely, such that ∀n(ψ(n) ↔

∃f∀mθ(n, f [m])).

Define a game φ(f) by

(f is totally regular) ∧ ∀mθ(f0(0), ⟨f0(1), ..., f0(m + 1)⟩),

where f0 is defined by f0(m) = f(2m). By Σ0
2-Det∗, φ(f) is determinate.

Intuitively, player I chooses n by playing his first 1 at his (n + 1)-th turn,

and tries to construct the sequence ⟨ 0, ..., 0︸ ︷︷ ︸
2g(0) times

, 1, 0, ..., 0︸ ︷︷ ︸
2g(1) times

, 1...⟩, instead of a

sequence g ∈ NN with ∀mθ(n, g[m]).

Σ0
2 complete determinacy yields the winning set W ⊆ 2<N for player I in

φ(f). ∆0
1 comprehension yields X = {n : 02n ∗ ⟨1⟩ ∈ W}. As in the proof of

the last theorem, we can also check X = {n : ψ(n)}.

Remark 5.6.4. By Remark 4.4.5.3, for a Σ0
2 game φ(f), Π1

1-CA0 yields

W = {s ∈ NN : player I wins φ(f) at s}.

By Σ0
2-Det∗, proved in Π1

1-CA0, W is a winning set for player I in φ(f). Hence

Σ0
2-comp.Det∗ is implied by Π1

1-CA0.

Theorem 5.3.4 shows that the completion of (Σ0
1 ∧ Π0

1)-Det∗ does not

strengthen the system. Similarly, neither does that of (Σ0
1 ∧ Π0

1)-Det nor of

Sep(Σ0
1, Σ

0
2)-Det∗.

Theorem 5.6.5.

1. Π1
1-CA0 proves (Σ0

1 ∧ Π0
1)-comp.Det

2. Π1
1-CA0 proves Sep(Σ0

1, Σ
0
2)-comp.Det∗.
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Proof. 1. It can be proved in an almost same way to Theorem 5.3.4. Note

that, over ACA0, for any Π0
1 formula φ(f), ∀f ∈ NNφ(f) is equivalent to a

Π0
1 formula, because, by Lemma 4.5.5, we can find a Π0

1 formula θ(x, y) such

that φ(f) ↔ ∀mθ(f [m]) for all f ∈ NN, which implies that ∀f ∈ NNφ(f) is

equivalent to a Π0
1 formula ∀s ∈ N<Nθ(s). Therefore, for a Π0

1 game φ(f) in

the Baire space, the assertion “σ is a winning s-strategy for player I in φ(f)”

is Π0
1 over ATR0 and ATR0 proves Σ1

1 choice. (see [30, Lemma VI.5.2]).

2. Let φ(f) be a game. Assume that φ(f) ↔ (ζ(f) ∧ η0(f)) ∨ (¬ζ(f) ∧
η1(f)) for all f ∈ 2N, where ζ(f) is Σ0

1, where η0(f) is Π0
2 and where η1(f)

is Σ0
2. By Lemma 3.6.1, we can find a Π0

0 formula θ(x) such that RCA∗
0

proves ζ(f) ↔ ∃nθ(f [n]). By Remark 4.4.5.3, Π1
1 comprehension yields the

following V and W :

V = {s ∈ 2<N : ∃t ⊆ sθ(t)∧ (player I wins η0(f) at s)},
W = {s ∈ 2<N : player I wins φ′(f) at s},

where φ′(f) ≡ ∃nf [n] ∈ V ∨ (¬∃nθ(f [n]) ∧ η1(f)).

We prove that W is the winning set for player I in φ(f).

Assume that s ∈ W and σ′ is a winning s-strategy for player I in φ′(f).

By Lemma 4.5.3, we have a sequence ⟨σ′
t : t ∈ V ⟩ of winning t-strategy for

player I in η0(f). Then define an s-strategy σ by

σ(u) =

{
σ′

t(u) if t is the ⊆-least initial segment of u with s ⊆ t ∧ t ∈ V ,

σ′(u) if there is no such t.

We see that σ is a winning s-strategy for player I in φ(f). Take an s-strategy

ν for player II. If there is m with (σ⊗ν)[m] ∈ V , take the least such m. Then

t = (σ⊗ν)[m] satisfies σ⊗ν = σ′
t⊗(ν ¹ (t)2) and so ∃nθ((σ⊗ν)[n])∧η0(σ⊗ν).

If there is no such m, then ¬∃nθ((σ ⊗ ν)[n]) ∧ η1(σ ⊗ ν) holds. Therefore σ

is a winning s-strategy for player I in φ(f).

Now, assume s /∈ W . Note that ¬φ(f) ↔ ((∃nθ(f [n]) ∧ ¬η0(f)) ∨
(¬∃nθ(f [n]) ∧ ¬η1(f))). By Σ0

2-Det∗, which is proved in ATR0, player II

has a winning s-strategy τ in φ′(f). Let V = {s : ∃t ⊆ sθ(t) ∧ s /∈ V }. Note

that, by Σ0
2-Det∗, player II wins η0(f) at each s ∈ V . Again by Lemma 4.5.3

we have a sequence ⟨τ ′
s : s ∈ V ⟩ of winning s-strategy for player II in η0(f).

Then define an s-strategy τ by

τ(u) =

{
τ ′
t(u) if t is the ⊆-least initial segment of u with s ⊆ t ∧ s ∈ V ,

τ ′(u) if there is no such t.

72



Then τ is a winning s-strategy for player II in φ(f). Take an s-strategy υ

for player I. If there is m with θ((υ ⊗ τ)[m]), take the least such m. Then

t = (υ⊗ τ)[m] ∈ V and υ⊗ τ = (υ ¹ (t)2)⊗ τ ′
t holds, and so ∃nθ((υ⊗ τ)[n])∧

¬η0(υ ⊗ τ). If there is no such m, then ¬∃nθ(υ ⊗ τ) ∧ ¬η1(υ ⊗ τ) holds.

Therefore τ is a winning s-strategy for player II in φ(f).

By Remark 5.6.4 and Theorems 5.6.3 and 5.6.5, we have the following.

Corollary 5.6.6. We can add the following to the list of Fact 4: Sep(Σ0
1, Σ

0
2)-

comp.Det∗; Bisep(Σ0
1, Σ

0
2)-Det∗ Σ0

2-comp.Det∗, (Σ0
1 ∧ Π0

1)-comp.Det, Bisep-

(∆0
1, Σ

0
1)-comp.Det and Σ0

1-comp.Det.

5.7 Π1
1-TR0 and complete determinacy

In the previous works, stronger determinacy statements also have been in-

vestigated. Here we make brief comments on some stronger complete deter-

minacy statements.

As mentioned in the proof of Theorem 5.5.2, [32, Theorem 6.1] essentially

shows that Π1
1-TR0 proves ∆0

2-comp.Det.

On complete determinacy in the Cantor space, we have the following.

Theorem 5.7.1. Π1
1-TR0 proves Sep(∆0

2, Σ
0
2)-comp.Det∗.

Proof. It can be proved in an almost similar way to the Theorem 4.7.5. Let

φ(f) be a game such that Sep(∆0
2, Σ

0
2)-Det∗0 implies its determinacy. Recall

φ∗(f) defined in the proof of the Theorem 4.7.5. We proved that the player

who wins φ∗(f) also wins the original game φ(f). In a similar way, we can

prove that W = {s : player I wins φ∗(f) at s} is the winning set for player

I.

Finally, we have the following corollary.

Corollary 5.7.2. Sep(∆0
2, Σ

0
2)-Det∗, Sep(∆0

2, Σ
0
2)-comp.Det∗, ∆0

2-Det, ∆0
2-

comp.Det and Π1
1 transfinite recursion are pairwise equivalent over RCA∗

0.
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Chapter 6

Related works to Part 1

In this chapter, we overview related works on this part.

6.1 Determinacy of more complex classes

An operator Φ : P(N) → P(N) is in a class Γ of formulae if x ∈ Φ(X) is

equivalent to a formula in Γ. For an operator Φ : P(N) → P(N), consider

the following sequence ⟨Φα : α ∈ On⟩ of sets:

• Φ0 = ∅

• Φα = Φ(
⋃

β<α Φβ) ∪
⋃

β<α Φβ

Since ⟨Φα : α ∈ On⟩ is an increasing sequence, there exists, in ZFC, α < ω1

such that Φα = Φβ for all β > α and the least such Φα is called the fixed

point of Φ.

However, in a weak set theory, such as KP, the existence of the fixed

point is not always guaranteed. Γ inductive definition asserts that, for any

operator in Γ, there exists a fixed point of Φ. Now we formalize this notion

in second order arithmetic.

Definition 6.1.1 (pre-wellordering). A binary relation W ⊆ N × N is pre-

ordering on its field field(W ) = {x : ∃y((x, y) ∈ W ∨ (y, x) ∈ W )}, if it

satisfies the following properties:

reflexivity ∀a ∈ field(W )((a, a) ∈ W )

connectivity ∀a ∈ field(W )∀b ∈ field(W )((a, b) ∈ W ∨ (b, a) ∈ W )
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transitivity ∀a ∈ field(W )∀b ∈ field(W )∀c ∈ field(W )((a, b) ∈ W ∧ (b, c) ∈
W → (a, c) ∈ W )

For a binary relation W , Wx = {y : (y, x) ∈ W} and W<W x = {y : (y, x) ∈
W ∧(x, y) /∈ W}. A pre-ordering W is a pre-wellordering if it is well-founded,

i.e., there is no f : N → field(W ) such that, for all n, (f(n + 1), f(n)) ∈ W

and (f(n), f(n + 1)) /∈ W .

Definition 6.1.2 (Γ-ID). Let Γ be a class of L2 formulae. Γ inductive defini-

tion (Γ-ID) asserts that, for any Γ operator Φ, there exists a set W ⊆ N×N
such that

1. W is a pre-wellordering on field(W )

2. ∀x ∈ F Wx = Φ(W<W x) ∪ (W<W x).

3. Φ(field(W )) = field(W ).

For an operator Φ, field(W ) of the set W with above three properties is called

a fixed point of Φ.

An operator Φ is monotone if, for any X ⊂ N and Y ⊂ N, X ⊆ Y

implies Φ(X) ⊆ Φ(Y ). Monotone Γ inductive definition asserts that, for any

monotone Γ operator Φ, there exists a fixed point.

(Σ0
2 ∧ Π0

2)-Det∗ and Σ0
2-Det are characterized by inductive definition as

follows.

Proposition 6.1.3 ([20] and [33]). (Σ0
2∧Π0

2)-Det∗, Σ0
2-Det, Σ1

1 inductive def-

inition, monotone Σ0
1 inductive definition are pairwise equivalent over RCA∗

0.

Lemma 4.7.4 can be extended as follows.

Proposition 6.1.4 ([17]). Let 1 ≤ n < ω. For any Σ0
n+1 formula ψ0(f)

and Π0
n+1 formula ψ1(f), we can find a Π0

n formula ψ(x, i, f) such that ACA0

prove the following.

∀f ∈ 2N(ψ0(f) ↔ ψ1(f)) →
∃Y (WO(Y,<Y ))∧
(∀f ∈ 2N)(((y, j) <∗

Y (x, i) ∧ ∀nψ(x, i, f)) → ∀nψ(y, j, f))∧
(∀f ∈ 2N)(ψ0(f) ↔ ∃x ∈ Y (ψ(x, 0, f) ∧ ¬ψ(x, 1, f)))∧
(∀f ∈ 2N)(¬ψ0(f) ↔ ∃x ∈ Y (ψ(x, 1, f) ∧ ¬ψ(x′, 0, f)))

 (⋆)
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where x′ is the <Y -successor of x, and where (Y × 2, <∗
Y ) is a well ordering

defined by

(x, i) <∗
Y (y, j) ↔ x <Y y ∨ (x = y ∧ i < j).

Definition 6.1.5. Let 0 < n < ω and 0 < k < ω. The class (Σ0
n)k of

formulae are defined as follows.

• (Σ0
n)1 = Σ0

n

• (Σ0
n)2k = (Σ0

n)2k−1 ∧ Σ0
n

• (Σ0
n)2k+1 = (Σ0

n)2k ∨ Σ0
n

In [18], iterations of inductive definition along countable well-ordering are

considered. [Σ1
n]α inductive definition asserts the existence of fixed point of

α Σ1
1 operators. For detail, see [18].

Proposition 6.1.6 ([18] and [20]). Let 0 < k < ω. (Σ0
n)k+1-Det∗, (Σ0

n)k-

Det, monotone [Σ1
1]

k inductive definition and [Σ1
1]

k inductive definition are

pairwise equivalent over RCA∗
0.

In particular, we have the following.

Proposition 6.1.7. ∆0
3-Det∗, ∆0

3-Det are equivalent over RCA∗
0

Remark 6.1.8. The above proposition can be proved from Lemma 4.4.3. In

[18], an inductive definition schema which is equivalent to ∆0
3-Det∗ is inves-

tigated.

About Σ0
3 determinacy, it is easy to check Π1

3 comprehension implies Σ0
3

by formalizing the proof of [6]. In [37], it is proved that ∆1
3 comprehension

does not implies Σ0
3 determinacy over RCA∗

0.

For more stronger determinacy, in [7], it is proved that Π1
∞ comprehen-

sion does not implies Σ0
5-Det∗, which means any subsystem of second order

arithmetic does not imply Σ0
5 determinacy. [9] comment that any subsystem

of second order arithmetic does not implies Σ0
4-Det.

In [17], the relationship among determinacy and various comprehension

and induction schemata are investigated.
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6.2 Labeling and complete determinacy

In this section, we consider the relationship between complete determinacy

and labeling of positions defined in [2].

The notion of labeling of positions generalizes the method of proving Σ0
1

determinacy by [8].

Definition 6.2.1 (Labeling and soundness). We say that L = ⟨LI , <I , LII , <II

⟩ is a labeling system if LI and LII are disjoint sets, <I is a well-ordering

on LI , and <II is a well-ordering on LII . We call any partial function

l : X<N → LI ∪ LII a labeling, where X is either N or {0, 1}.
For a labeling l and a position s ∈ X<N, an s-strategy σ for player I

is l-good if it satisfies the following property: if t ∈ dom(σ) and there is

j with l(t ∗ ⟨j⟩) ∈ LI , then l(t ∗ σ(t)) is the <I-least element of the set

{l(t ∗ ⟨j⟩) : j ∈ X} ∩ LI . The player II case is handled analogously.

For a game φ(f) in XN, we say that l is φ-sound at s if either l(s) ∈ LI

and every l-good s-strategy for player I is winning in φ(f), or l(s) ∈ LII

and every l-good s-strategy for player II is winning in φ(f). If l is total and

φ-sound at every s ∈ X<N, then we say that l is globally φ-sound.

Note that the definition of labeling system and labeling are given on the

setting of set theory in [2], this definition works also on the setting of second

order arithmetic.

Using labeling system, Σ0
1-Det is proved as follows. Note that this proof is

done in the context of descriptive set theory, not in second order arithmetic.

Given Σ0
1 game ∃nθ(f [n]), where θ(x) is Π0

0, consider LI = ω1 with canonical

order <I on ω1 and LII = {∞}. Then define partial function lα from N<N to

ω1 by l0(s) = 0 if θ(s) and, for α ≥ 1,

lα(s) =

{
lβ(s) β is the minimum β with s ∈ dom(lβ), if such β exists,

α s /∈
⋃

β<α dom(lβ) and ∀i ∈ N(s ∗ ⟨i⟩ ∈
⋃

β<α dom(lβ)).

Let l′ =
⋃

α<ω1
l and set l : N<N → ω1 ∪ {∞} by l(s) = l′(s) if s ∈⋃

α∈ω1
dom(lα) and l(s) = ∞ otherwise. Then we can check that player I

wins at s if l(s) ∈ LI and player II wins otherwise.

In [2], the equivalence between determinacy and the existence of both

a labeling system and a globally sound labeling is proved under a kind of

weak axiom of choice. The following theorem asserts that we can remove the

choice axiom by replacing determinacy with complete determinacy.
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Theorem 6.2.2. Let 1 ≤ n < ω. Assume X is either N or 2 = {0, 1}. For

any game φ(f) in XN, following are equivalent in ACA0:

1. φ(f) is completely determinate;

2. The existence of a labeling system and a globally φ(f)-sound labeling.

Proof. For (1)→(2), assume that a game φ(f) in NN is completely determi-

nate and W the winning set for player I in φ(f). By Lemma 5.4.2, we have

a universal winning strategy ⟨σs : s ∈ N<N⟩. As before, we use the fixed

enumeration e : N → N<N. For a strategy ν in φ(f), ∆0
1 comprehension

yields Tν = {s : ∀t ( s(t ∈ dom(ν) → t ∗ ν(t) ⊆ s)}. In other words, Tν is

the set of all finite plays following ν.

Then L = ⟨LI , <I , LII , <II⟩ and l defined by

l(s) = the minimum m with s ∈ Tσe(m)
,

LI = {m : e(m) ∈ W} <I = <∩ (LI × LI),

LII = {m : e(m) /∈ W} <II = <∩ (LII × LII),

are a labeling system and a globally φ-sound labeling. Note that l is totally

defined since s ∈ Tσs .

For (2)→(1), assume that ⟨LI , <I , LII , <II⟩ is a labeling system and that

l is a globally φ-sound labeling for a Σ0
n game φ(f). In ACA0, we can define

an s-strategy σs for l(s) ∈ LI (or LII) by

σs(t) =


n

if n is the least m such that l(t ∗ ⟨m⟩) is the least element of

{l(t ∗ ⟨i⟩) : l(t ∗ ⟨i⟩) ∈ LI(resp. LII)},

0 if there is no such n.

Then, for each s, σs is a l-good strategy for player I (resp. II), and so it is a

winning s-strategy. Therefore W = {s : l(s) ∈ LI} is the set of all winning

positions for player I.

In the above proof, we cannot replace the base theory with RCA∗
0 nor

RCA0, because we cannot define a function in a way “ υ(t) = the <I-least t such that...”

by ∆0
1 comprehension in general. Since [2] considered stronger settings, it is

not unnatural that the definition given there does not work well in RCA∗
0 or

RCA0. However, if we change the definition of “l is globally φ-sound labeling”

as follows, we can prove the equivalence over RCA∗
0:
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l is total and there exists l-good winning s-strategy for each s ∈
X<N.
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Part II

Determinacy in intuitionistic

mathematics
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Chapter 7

Introduction to Part 2

This chapter treats determinacy in Brouwerian intuitionistic mathematics.

This mathematics is the mathematics over intuitionistic logic with some

special axioms, which are based on the philosophy of the founder, L. E. J.

Brouwer.

Intuitionistic logic allows all the inference rules in classical logic but the

law of excluded middle (LEM), which asserts that, for any statement A,

A ∨ ¬A holds. (for detail, see Chapter 8),

The lack of LEM causes many strange theorems from a viewpoint of

classical mathematician. First, we cannot compare real numbers in general,

i. e., there exist real numbers x and y such that we cannot say that x <

y ∨ x = y ∨ y < x, because we cannot have De Morgan’s law without LEM.

Furthermore, special axioms of intuitionistic mathematics cause more

strange theorems. The continuity principle, which asserts that every function

from NN to N is continuous, implies that every functions on R is continuous.

For more about interesting (or strange) world of intuitionistic mathematics,

see [10].

Determinacy in intuitionistic mathematics is previously investigated by

[34]. Note that determinacy statement “player I has a winning strategy, or

player II has a winning strategy” is disjunctive statement. Because we do

not have De Morgan’s law, various formalizations of determinacy, which are

all equivalent over classical logic, are considerable. Actually, in [34], three

formalizations of determinacy have proposed. Among them, most important

one is predeterminacy. We say that a game G is predeterminate if, whenever

there exists a (continuous) function η such that, for all (continuous) strategy

τ for player II, η(τ) is a play in which player II follows τ and player II lose
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G, player I wins G.

[34] treated ordinary ω-length game in NN, i. e., the game such that, for

a given set A ⊆ N, players I and II alternately choose natural number to

form an infinite sequence f and such that player I wins if and only if f ∈ A.

[34] proved that any game A ⊆ NN such that player II has only finitary

many options at each her turn is predeterminate. In such games, strategies

for players are partial functions from N<N to N, which can be regarded as

functions from N to N. Such functions are always continuous, and so they

are not restricted by continuity principle.

In this part, we consider variations of games such that strategies for

players are functions from NN to N. By continuity principle, the strategies

are much restricted than classical mathematics.

We show, by giving some examples, that the continuity principle and the

lack of LEM make the behavior of determinacy drastically different from

that in classical mathematics. To explicate the role of classical principles in

determinacy, we also treat predeterminacy in classical mathematics.
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Chapter 8

Preliminaries for Part 2

8.1 Logic and axioms of intuitionistic math-

ematics

In this section, we clarify the mathematical setting of Chapters 8 and 9.

The logical constants have their constructive meanings and the rules of

intuitionistic logic are employed. In particular, a disjunctive statement A∨B

means there exists a proof of A or one of B, and an existential statement

(∃x ∈ V )A(x) means there exist an element a of V and an proof of A(a).

¬A means that a contradiction can be implied from the proof of A.

In this logic, the law of excluded middle (LEM), which asserts that A∨¬A

holds for every statement A, is not allowed in general. For example, consider

the following statement P , called Goldbach’s conjecture:

Every even integer greater than 2 can be written as the sum of

two primes.

At present, we do not have a proof of either P or ¬P . Therefore P ∨ ¬P

does not holds.

De Morgan’s law, which asserts ¬(A ∧ B) ↔ ¬A ∨ ¬B for all statements

A and B, also does not allowed in general. Let A and B be the following

statements:

A: If there exists 99-length uninterrupted sequence of 9 in the decimal

expansion of π, the least such one starts from an even digit.

B: If there exists 99-length uninterrupted sequence of 9 in the decimal

expansion of π, the least such one starts from an odd digit.
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While A∧B implies contradiction clearly, we do not have a proof either ¬A

or ¬B. Therefore we have ¬(A ∧ B) but ¬A ∨ ¬B.

A statement A is decidable if A ∨ ¬A holds. A set X ⊆ V is decidable if

the statement a ∈ X is decidable for each a ∈ V .

Notations without mentions follows ones in Part 1.

An infinite sequence α of natural numbers α(0), α(1), α(2), ... may be

determined by some finitely described algorithm, i. e., the n-th element α(n)

of α is the result of the algorithm for input n. Sometimes, however, such an

infinite sequence may be constructed step by step by choosing its elements

one by one. In this case, the construction of the sequence is never finished:

At any point in time, only finitely many elements have been chosen, and so

we can only know a finite part of the sequence.

The latter construction is not permitted in the constructive mathematics,

and so this point divides intuitionistic mathematics from the constructive

mathematics.

Note that every infinite sequence, even if it is given by an algorithm, can

be regarded as a result of step-by-step-construction. This is the reason we

do not distinguish infinite sequences of natural numbers by their manners of

construction.

The following axiom is employed in the mathematical setting of this and

the next Chapter, which is not accepted in the classical setting.

The continuity principle

If R ⊆ NN × N is a binary relation such that, for every α, there is m

with αRm, then, for every α, there exist m and n such that, for every β,

α[n] = β[n] implies βRm.

This axiom is adopted for the following reason. If, for every α, we can

find a suitable m, then m must be determined by a finite part of α, because

α must be step-by-step-constructed and so we can only know a finite part of

α at each moment of time.

Definition 8.1.1. T ⊆ N is a spread-law if such that ⟨⟩ ∈ T and, for each s,

s ∈ T if and only if there is n with s∗⟨n⟩ ∈ T . For a spread-law T , [T ] denotes

the set of all α such that α[m] ∈ T for all m. S ⊆ NN is a spread if S = [T ] for

some spread-law T . (In classical mathematics, a spread-law is often called an

non-empty tree without leaves and spread [T ] is the set of paths of T .) For

a spread S ⊆ NN, η is a code of a continuous function if, for any α ∈ S and
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m, there is n with η(⟨m⟩ ∗ α[n]) ̸= 0. For a code η of a continuous function,

η|α is β ∈ NN such that, for all m, β(m) = η(⟨m⟩ ∗ α[p]) − 1, where p is the

least n with η(⟨m⟩ ∗ α[n]) ̸= 0.

Since, in intuitionistic logic, (∀x ∈ V )A(x) means that there is a function

F such that, for all a ∈ V , F(a) is a proof of A(a), the continuity principle

leads the following.

The second axiom of continuous choice

Let S be a spread on N and R ⊆ S × NN a relation. If, for all α in S,

there is β with αRβ, then there is a code η of a continuous function such

that αR(η|α) for all α.

Definition 8.1.2. A spread-law T is a fan-law if, for each s in T , there are

only finitely many n with s ∗ ⟨n⟩ ∈ T . (Classically a fan-law is often called a

finitary branching tree.) A spread S is a fan if S = [T ] for some fan-law T .

B ⊆ N is a bar in a spread S if, for every sequence α in S, there is n with

α[n] ∈ B. A bar B is bounded if there is n such that |b| < n for each b in B.

The following is intuitionistic counterpart of König’s lemma. Because

Brouwer implied it from Bar induction principle, it is called a theorem. Here

we treat it as an axiom here.

The strict fan theorem

For a fan S and a decidable bar B in S, there is a bounded sub-bar

B′ ⊆ B in S.

While König’s lemma and the strict fan theorem are equivalent in classical

mathematics, they are not in intuitionistic mathematics. Actually we can

construct a “so-called” intuitionistic counterexample, i. e., a fan T which has

sequences of any finite length such that we cannot prove that T has an infinite

path, i. e., α : N → N such that α[n] ∈ T for all n. Let in ∈ {0, 1}n be such

that in(k) = i for all k < n and let iN ∈ {0, 1}N be such that iN(n) = i for

all n. Define T ⊆ {in : i < 2, n ∈ N} by

0n ∈ T ↔ there is no k < n such that pk+i = 9 for all i < 99,

or if the least such k is even,

1n ∈ T ↔ there is no k < n such that pk+i = 9 for all i < 99,

then the least such k is odd,
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where pk denotes the k-th digit of the decimal expansion of π. We can easily

see that T is a fan which has sequences of any finite length and that if T has

an infinite path α, then α = 0N or α = 1N. Assume that T has an infinite

path α. If α(0) = 0 (or 1), then we must have a proof of the statement “if

there is uninterrupted occurrences of 9 of length 99 in the decimal expansion

of π, the least such one starts at an even (resp. odd) digit.” Up to now, we

do not have any proof of such statements, and so “there is an infinite path in

T” does not hold. (If we have a proof in future, we can find another so-called

counterexample using another unsolved problem in a similar way.)

8.2 Determinacy in intuitionistic mathemat-

ics

In this section, we introduce the notion of determinacy and variants.

As in the previous part, for A ⊆ NN, the game G(A) in NN is defined as

follows. Two players, called players I and II, starting with player I, alternately

choose a natural number to construct α ∈ NN. Player I wins if and only if the

resulting play α is in A. Player II wins if and only if player I does not win.

A strategy for player I (or II) is a function which assigns a natural number

to each even-(resp. odd-)length sequence in N<N.

For a strategy σ for player I (or II), α ∈I σ (resp. α ∈II σ) denotes that

α is a play in which player I (or II) follows σ at all his turns. Note that if

α ∈I σ and α ∈II τ , then α is uniquely determined. Since finite sequences of

natural number can be coded by natural number, We can regard a strategy

α for a player as a function from N to N. A winning strategy for player I (or

II) in G(A) is a strategy for player I (resp. II) such that player I (resp. II)

wins if he/she follows it.

In classical mathematics, we say that G(A) is determinate if one of the

players has a winning strategy in G(A). Note that the classical determinacy

is a disjunctive statement.

There are many variations of game.

Game GXN in XN: For A ⊆ XN, players alternately choose an element of

X to construct α ∈ XN. Player I wins if α ∈ A and player II wins if

player I does not win.

γ-length game Gγ: For a given ordinal γ and A ⊆ Nγ, players alternately
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choose a natural number to construct α ∈ Nγ. Player I wins if α ∈ A

and player II wins if player I does not win.

Game G[S] in a spread [S]: For a given spread-law S and A ⊆ [S], players

alternately choose a natural number to construct α so that α[n] ∈ S

for every n. Player I wins if α ∈ A and player II wins if player I does

not win.

[34] introduced three formalization of determinacy in intuitionistic math-

ematics.

The following is the simplest formalization.

Definition 8.2.1. G(A) is strongly determinate if, in G(A), either player I

or player II has a winning strategy.

Unfortunately, almost no game is strongly determinate. Since, in our

setting, it might happen that we can not decide f ∈ A or f /∈ A. Therefore

we consider other formalizations.

Definition 8.2.2. G(A) is determinate from the view point of player I if, if

for every strategy τ of player II, there is α ∈II τ with α ∈ A, then player I

has a winning strategy in G(A).

This statement corresponds to the classical statement “if player II has

no winning strategy, then player I has one in G(A),” which is classically

equivalent to “G(A) is determinate.”

Definition 8.2.3. An anti-strategy for player I in G(A) is a function η which

assigns α ∈II τ to each strategy τ for player II in G(A). An anti-strategy

η for player I secures A if, for any strategy τ for player II, η(τ) ∈ A. G(A)

is predeterminate from the viewpoint of player I if, if he has an anti-strategy

securing A, then he has a winning strategy in G(A).

Note that G(A) is predeterminate from the viewpoint of player I, if G(A)

is determinate from his viewpoint.

Moreover, in a game G(X) in NN (or spread [S]), the second axiom of

continuous choice yields the converse, i. e., predeterminacy implies determi-

nacy, since a strategy for a player can be regarded as a function from N to

N and since if there is α ∈II τ with α ∈ X for all strategy τ for player II,

then by the second axiom of continuous choice an anti-strategy for player I

securing X is given by a code η of a continuous function.
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Proposition 8.2.4 (The intuitionistic determinacy theorem [34, Theorem

3.5]). Let [S] be a II-finitary branching spread, i. e., S is a spread-law such

that, for every odd-length s ∈ S, there are at most finitely many n with

s ∗ ⟨n⟩ ∈ T . If there exists an anti-strategy η for player I securing A, then

there exists a winning strategy σ for player I in G[S](A) such that, for any

α ∈I σ, there exists a strategy δ for player II with η|δ = α. In particular,

G[S](A) is predeterminate from the viewpoint of player I for every A ⊆ [S].

In particular, if A ⊆ {0, 1}N, G{0,1}N(A) is predeterminate from the view-

point of player I. [34] also gave A ⊆ NN such that G(A) is not predeterminate

from the viewpoint of player I.

Remark 8.2.5. The notion of predeterminacy can be formalized from the view-

point of player II and we can obtain similar results to the last proposition.
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Chapter 9

Variations of games and

predeterminacy

In this chapter, we consider other variations of games in the intuitionistic

mathematics. For these games, we can define the three formalizations of

determinacy in the same way.

9.1 2-length games in {0, 1}N × {0, 1}
This section treats one of the simplest cases in which less strategies are

allowed than in the classical context. {0, 1}N × {0, 1} denotes the product

topological space of the Cantor space and discrete space {0, 1}.
For given A ⊆ {0, 1}N × {0, 1}, the game G1(A) is defined as follows:

• Player I chooses α ∈ {0, 1}N.

• Player II chooses i ∈ {0, 1}.

• Player I wins if (α, i) ∈ A and player II wins if player I does not win.

Although {0, 1}N×{0, 1} is homeomorphic to the Cantor space topologically,

we must be sensitive to the ordertype of the indexing set for the sequences.

In this game, a strategy for player I is his initial move α, and a strategy

for player II is a function from {0, 1}N to {0, 1}. The continuity principle

forces all the strategies for player II to be continuous, and so we may regard

a strategy τ for player II as a code of a continuous function such that τ(α) =

(τ |α)(0) ∈ {0, 1} for all α ∈ {0, 1}N. B = {s ∈ {0, 1}<N|τ(s) > 0} is a
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decidable bar in the fan {0, 1}N. Then, by the strict fan theorem, there is a

bounded sub-bar B′ ⊆ B. Take n such that |s| < n for every s ∈ B′. Then,

{0, 1}n is also a bar in {0, 1}N, and, for every α, β ∈ {0, 1}N, α[n] = β[n]

implies τ |α(0) = τ |β(0). Thus we can regard τ as a function from {0, 1}n to

{0, 1}, which can be coded by a natural number. Because an anti-strategy

η for player I is a function from the set of all strategies for player II to the

set of plays in this game, it can be regarded as a function from N with the

discrete topology to {0, 1}N × {0, 1}.
The following examples show that even simpler sets, such as open or

closed sets, are not predeterminate from the viewpoint of player I.

Example 9.1.1. An open game G1(A) which is not predeterminate from the

viewpoint of player I: Define Ai = {0n ∗ ⟨1, i⟩ : n ∈ N} and A = {(α, i) :

∃n(α[n] ∈ Ai)}. Then A is open. Let η be the anti-strategy for player I

which assigns (0n
τ ∗ ⟨1, τ(0n

τ )⟩ ∗0N, τ(0n
τ )) to each strategy τ : {0, 1}n → {0, 1}

for player II. Then η(τ) ∈ A for each strategy τ for player II, and so η is

an anti-strategy for player I securing A. On the other hand, it is clear that

player I has no winning strategy in G1(A).

Example 9.1.2. A closed game G1(B) which is not predeterminate from the

viewpoint of player I: Let T be an intuitionistic counterexample to König’s

lemma, i. e., an unbounded binary tree such that we cannot prove that T

has an infinite path. Let Ti = {t ∗ in : t ∈ T ∧ n ∈ N}. Then B = {(α, i) :

∀n(α[n] ∈ Ti)} is a closed set. If player I had a winning strategy α in G1(B), α

would be an infinite path of T . Thus player I cannot have a winning strategy

in G1(B). On the other hand, player I has an anti-strategy securing B. Fix

an enumeration of T and let tn be the minimum s ∈ T such that |s| = n with

respect to this enumeration. Let η be the anti-strategy for player I which

assigns (tn ∗ (τ(tn))N, τ(tn)) to each strategy τ : {0, 1}n → {0, 1} for player

II. Clearly η secures B.

9.2 ω + 1 length games in {0, 1}N × {0, 1}
In this section, we consider another kind of games in {0, 1}N × {0, 1}.

For given A ⊆ {0, 1}N × {0, 1}, the game G2(A) is defined as follows.

• Player I and player II alternately choose i ∈ {0, 1} to form α ∈ {0, 1}N.

• After α is formed, player I chooses i ∈ {0, 1}.
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• Player I wins G2(A) if and only if (α, i) ∈ A.

In this game, a strategy σ for player I is a pair (σ0, σ1) of functions σ0 :⋃
n∈N{0, 1}2n → {0, 1} and σ1 : {0, 1}N → {0, 1}. By the strict fan theorem,

we can regard, as well as in the last section, σ1 as a function from {0, 1}n to

{0, 1} for some n ∈ N.

A strategy for player II is a function τ :
⋃

n∈N{0, 1}2n+1 → {0, 1}, which

can be regarded as an element of {0, 1}N. Then an anti-strategy η for player

I is a function from {0, 1}N to {0, 1}N × {0, 1}, which can be regarded a pair

(η0, η1) of codes of continuous functions such that, for any strategy τ for

player II, (η0|τ, (η1|τ)(0)) ∈II τ . By the strict fan theorem, there is n such

that for any strategies τ and τ ′, τ [n] = τ ′[n] implies (η1|τ)(0) = (η1|τ ′)(0),

and so we can regard η1 as a function from {0, 1}n to {0, 1}.

Theorem 9.2.1. For any C ⊆ {0, 1}N×{0, 1}, G2(C) is predeterminate from

the viewpoint of player I.

Proof. For i < {0, 1}, set Ci = {α : (α, i) ∈ C}. Assume that η = (η0, η1)

is an anti-strategy for player I securing C and that η1 can be regarded as a

function from {0, 1}n to {0, 1} for some n. Note that, in G{0,1}N(C0 ∪ C1),

η0 is an anti-strategy for player I securing C0 ∪ C1. Let σ0 be a winning

strategy for player I such that for any α ∈I σ0, there exists a strategy δ for

player II with α = η0|δ. By the second axiom of continuous choice, there

exists a code of continuous function ζ such that, for any strategy α ∈ Pσ0 ,

ζ|α is a strategy for player II with η0|(ζ|α) = α. By the strict fan theorem,

there exists a natural number m such that, for any α and β in Pσ0 , α[m] =

β[m] implies (ζ|α)[n] = (ζ|β)[n]. Then we can define σ1 : Pσ0 → {0, 1}
by σ1(α) = η1((ζ|α)[n]), since σ1(α) is determined by α[m]. Define a new

strategy σ = (σ0, σ1) for player I in G2(C). Then, for any (α, i) ∈I σ, the

strategy δ = ζ|α for player II satisfies (α, i) = (η0|δ, (η1|δ)(0)), and so σ is a

winning strategy for player I in G2(C).

Comparing this theorem with the examples in the last section, we can

conclude that predeterminacy depends how players construct the sequence

rather than what sequence they do.

9.3 ω + 2-length game in {0, 1}N × {0, 1}2

Next we consider slightly longer games.
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For a given set A ⊆ {0, 1}N ×{0, 1}2, consider the following game G3(A).

• First, player I and player II alternately choose n ∈ {0, 1} to form

α ∈ {0, 1}N.

• After α is formed, player I chooses i ∈ {0, 1} and player II chooses

j ∈ {0, 1}.

• Player I wins if (α, ⟨i, j⟩) ∈ A and player II wins if player I does not

win.

Similarly to the previous section, a strategy σ for player I is a pair (σ0, σ1),

where σ0 is a function from
⋃

n∈N{0, 1}2n to {0, 1} and where σ1 is a function

from {0, 1}N to {0, 1}. We can regard σ1 as a function from {0, 1}n to {0, 1}
for some n ∈ N.

A strategy τ for player II is a pair (τ0, τ1), where τ0 is a function from⋃
n∈N{0, 1}2n+1 to {0, 1} and where τ1 is a function from {0, 1}N × {0, 1} to

{0, 1}. Note that since τ1 is continuous, its restriction τ1,i to {0, 1}N × {i} is

also continuous and so we can regard τ1 as a pair (τ10, τ11) of functions from

{0, 1}ni to {0, 1} for some ni’s.

Hence, the set of strategies for player II can be regarded as {0, 1}N × N,

and so an anti-strategy for player I can be regarded as a function η from

{0, 1}N × N to {0, 1}N × {0, 1}2 such that η(τ) ∈II τ for each strategy τ for

player II.

As in the case of G1(X), we have the following examples. In the following

two examples, for any s ∈ {0, 1}<N, let s′ be the sequence ⟨s(0), s(2), ..., s(2n)⟩,
where n is the maximal m with 2m < |s|.

Example 9.3.1. Recall Ai defined in Example 9.1.1. Then the open game

G3(A
′) defined by A′ = {(α, ⟨i, j⟩) : ∃n((α[n])′ ∈ Aj)} is not predeterminate

from the viewpoint of player I.

Example 9.3.2. Recall Ti defined in Example 9.1.2. Then the closed game

G3(B
′) defined by B′ = {(α, ⟨i, j⟩) : ∀n((α[n])′ ∈ Tj)} is not predeterminate

from the viewpoint of player I.
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Chapter 10

Predeterminacy in classical

mathematics

In this chapter, we consider predeterminacy in classical mathematics in or-

der to investigate the role of classical principles in predeterminacy. Note

that all the definitions and statements in this chapter are made in classical

mathematics which includes the countable axiom of choice.

10.1 Definition of predeterminacy in classical

mathematics

Recall that, in intuitionistic mathematics, an anti-strategy is a function η

such that η(τ) ∈II τ for each strategy τ for player II. We translate this

definition into classical mathematics, noticing that every function on NN is

continuous in intuitionistic mathematics:

Definition 10.1.1. Let G(X) be any of games treated in the previous chap-

ters. An anti-strategy for player I in G(X) is a continuous function which

assigns α ∈II τ to every continuous strategy τ for player II in G(X). An

anti-strategy η for player I in G(X) secures X if η(τ) ∈ X for all continuous

strategies τ for player II. G(X) is predeterminate from the viewpoint of player

I if,

if player I has an anti-strategy η securing X then player I has a

winning strategy in G(X).
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Note that the ordinary definition of the determinacy statement can be

seen as “if there is a function η such that η(τ) ∈II τ and η(τ) ∈ X for all

strategies τ for player II, then player I has a winning strategy in G(X).”

For X ⊆ NN, strategies for players in the game G(X) can be regarded as

functions from N to N, and so all the strategies are continuous. Therefore

the condition “continuous” for strategies has no effect in games G(X), but

it does in the games G1(X), G2(X) and G3(X). Moreover the continuity in

the definition of anti-strategy is essential in the following discussion.

As mentioned in [34, 1.1], The intuitionistic determinacy theorem holds

also in classical mathematics. In particular, for all A ⊆ {0, 1}N, G{0,1}N(A) is

predeterminate from the viewpoint of player I in the classical mathematics.

In the following section, we consider the predeterminacy of the games

G1(X), G2(X) and G3(X) which are defined in the last chapter, in classi-

cal mathematics. Due to König’s lemma, the classical counterpart of the

strict fan theorem, also in classical mathematics, a continuous function from

{0, 1}N → {0, 1} or {0, 1}N → {0, 1}N is given by its code η defined in

Chapter 8. In particular, a strategy for player II in G1(A) can be seen as a

function τ : {0, 1}n → {0, 1} for some n and an anti-strategy for player I in

G2(A) can be seen as a pair (η0, η1) of a code η0 of continuous function and

η1 : {0, 1}m → {0, 1} for some m.

10.2 Predeterminacy of G1, G2 and G3 in clas-

sical mathematics

The game G1(A) is not predeterminate from the viewpoint of player I, where

A is defined in the proof of Example 9.1.1. For closed games, the situation

differs: Whereas Example 9.1.2 is a closed game which is not predeterminate

from the viewpoint of player I in intuitionistic mathematics, we will show

that there is no such closed game in classical mathematics.

For X ⊆ {0, 1}N ×{0, 1} and s ∈ {0, 1}<N, η is an anti-strategy for player

I securing X above s if η is an anti-strategy for player I such that, for each

strategy τ for player II, η(τ) = (α, i) satisfies (s ∗ α, i) ∈ X.

Note that, by the countable axiom of choice, player I has an anti-strategy

securing X above s, if and only if, for any n and any strategy τ : {0, 1}n →
{0, 1} for player II, there exists α ∈ {0, 1}N such that ⟨s ∗ α, τ(α[n])⟩ ∈ X.
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Lemma 10.2.1. If player I has an anti-strategy securing X above s, then

player I has an anti-strategy securing X above either s ∗ ⟨0⟩ or s ∗ ⟨1⟩.

Proof. Assume that, for contradiction, player I has an anti-strategy η secur-

ing X above s, but neither above s∗⟨0⟩ nor above s∗⟨1⟩. Then, for each i < 2,

there exist strategies τ i : {0, 1}ni → {0, 1} such that, for every α ∈ {0, 1}N,

(s∗⟨i⟩∗α, τi(α[ni])) /∈ X. Fix such τ 0 and τ 1. Take n = max{n0 +1, n1 +1}.
Then define τ : {0, 1}n → {0, 1} by

τ(t) =

{
τ 0(⟨t(1), ..., t(n0)⟩) if t(0) = 0,

τ 1(⟨t(1), ..., t(n1)⟩) otherwise.

It is easy to see that (s∗α, τ(α[n])) = (s∗ ⟨k⟩ ∗β, τ k(β[nk])), where k = α(0)

and where β(m) = α(m + 1) for all m. By the assumption that η is an anti-

strategy for player I securing X, η(τ) = (α, τ(α[n])) satisfies (s∗α, τ(α[n])) ∈
X. However, letting α = ⟨i⟩ ∗ β, we can say (s ∗ ⟨i⟩ ∗ β, τ i(β[ni])) = (s ∗
α, τ(α[n])) ∈ X which contradicts the choice of τ i.

Theorem 10.2.2. For closed X ⊆ {0, 1}N ×{0, 1}, G1(X) is predeterminate

from the viewpoint of player I.

Proof. Let X ⊆ {0, 1}N × {0, 1} be a closed set and Xi = {α ∈ {0, 1}N :

(α, i) ∈ X}. Then, for each i < 2, there exists X ′
i ⊆ {0, 1}<N such that

α ∈ Xi if and only if α[n] ∈ X ′
i for all n. Assume that player I has an

anti-strategy securing X. Note that player I has an anti-strategy securing X

above ⟨⟩. Define α by recursion as follows:

α(n) =

{
0 if player I has an anti-strategy securing X above α[n],

1 otherwise.

By Lemma 10.2.1 and by induction, we can prove that player I has an anti-

strategy securing X above α[n] for all n. In particular, for all n, α[n] ∈
X ′

0 ∩ X ′
1, and so α is a winning strategy for player I.

For the ω + 1-length game G2(X), we have the following theorem.

Theorem 10.2.3. For any X ⊆ {0, 1}N × {0, 1}, G2(X) is predeterminate

from the viewpoint of player I.

Proof. This can be proved in a similar way to Theorem 9.2.1.
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Let us turn to the game G3(X). There is an open game G3(X) which is

not predeterminate from the viewpoint of player I (G3(A
′) defined in Example

9.3.1 enjoys this property). How about closed game? The author has not yet

solved it.
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Chapter 11

Further problems

Many interesting problems concerning this thesis are left to solve. Besides

others, the problems particularly interesting for the author are the followings:

1. Analysis of determinacy of Σ0
3 sets in classical reverse mathe-

matics: Since a sufficient set existence axiom to prove the determinacy of

Σ0
3 sets is already known, a natural next problem is what set existence axiom

is necessary and sufficient. From the solution of this problem, the whole hi-

erarchy of determinacy in second order arithmetic will be clear. Because the

determinacy of Σ0
2 sets is essentially equivalent to the existence of an ordinal

with a certain property, it seems that the determinacy of Σ0
3 sets will be also

equivalent to a similar set theoretic statement.

2. Perfect set property in classical reverse mathematics: The set

existence axiom that is necessary and sufficient to prove the perfect set prop-

erty of Σ1
1 sets, is known. Since perfect set property has a close connection

to determinacy, there might be a class whose perfect set property cannot

be implied by any set existence axiom formalized in the language of sec-

ond order arithmetic. For this problem, a reverse mathematical analysis on

the relationship between determinacy and the perfect set property must be

needed.

3. Analysis of ∆1
2 sets in classical reverse mathematics: The previ-

ous researches have unveiled that the class of ∆1
2 sets, i. e. both themselves

and their complements are definable by Σ1
2 formulae, has interesting prop-

erties as the following two examples (cf. [17]). First, for any arithmetical
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game, if it is determinate, then there must be a winning strategy of ∆1
2 com-

plexity. Second, the fixed points of Σ1
1 operators are also ∆1

2 sets, although

the existence of the fixed points of Σ1
1 operators cannot be implied by the

existence of all ∆1
2 sets. The analysis on the subclasses consisting of winning

strategies for determinate Borel games and of fixed points of Σ1
1 operators

must be useful to clarify the property of sets of reals.

4. Wadge hierarchy in intuitionistic mathematics: One of the most

interesting characters of intuitionistic mathematics is that every function

is continuous, and so an investigation on classes closed under continuous

preimages is hopeful in intuitionistic descriptive set theory. Such classes

form Wadge hierarchy, which is known as a refinement of Borel hierarchy

in classical descriptive set theory. Since, in Chapter 4, the formalization

of Wadge hierarchy played an important role to analyze the hierarchy of

determinacy in classical reverse mathematics, it could yield profound results

also in constructive reverse mathematics. The first question is whether we can

define Wadge hierarchy also in intuitionistic mathematics. Her formalization

of the hierarchy in classical reverse mathematics will help this investigation.

5. Determinacy in constructive reverse mathematics: In Chapter

9, it is shown that determinacy of several kinds of games holds under intu-

itionistic axioms. The next question is whether such axioms are crucial or

not, especially, whether determinacy implies some intuitionistic axioms or

not. Techniques used in classical reverse mathematics might be applied.

6. Baire property and perfect set property in Bishop’s construc-

tive mathematics and intuitionistic mathematics: The first problem

on Baire property and perfect set property in Bishop’s constructive math-

ematics and intuitionistic mathematics is how to formalize these properties

on intuitionistic logic. The next problem is what kinds of sets have these

properties. As mentioned before, many properties of sets are implied by

determinacy in classical mathematics. Especially, the implications of Baire

property and perfect set property from determinacy are proved in direct ways.

Investigating on these implication in Bishop’s constructive mathematics will

be a good key to analyzing the properties on each setting.
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