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1 Introduction

In [3], it is claimed to be proved that Sep(A9, 29) determinacy in the Cantor space (in the notation in [3],
Sep(AY, X29)-Det*) holds in IT3-TR,. However, the proof given there is not correct. This paper will corrects
it.

All of the definitions and notations appearing in this paper without mention can be found in [3].

2 The mistake of the previous proof
In [3], the following lemma is given.

Lemma 6.4 For any 113 formula ¢(f) with a distinguished function variable f € {0,1}, we can find, in
RCAy, a I3 formula 6(z) in which n does not occur such that Vf € {0, 1}N(¢(f) < YnIm > nb(f[m])).

A proof can be found in [2]. Using this lemma, a tree Ty, g, is defined by

Too.00 = {z € ({0,13) N :2(0) C 2(1) € ... C a(|a] = 1),
Oo(x(k)) for each even k < |z| and 0, (x(k)) for each odd k < |z|}

for a pair (0y(x),01()) of IIJ formulae such that, for all f € {0,1}Y, ¥n(3m > n)fy(f[m]) if and only if
=Vn3m > nby(f[m]). We may assume that {s € {0,1}<N : (s) A 01(s)} = 0 and 6y(()) by replacing (=)
with 0y(z) = (0o(x) A =01(z)) V (x = () and 01 (x) with 0](z) = 01(z) A =p(x) A (z # () if necessary.
The above tree Ty, g, is well-founded, for if F were an infinite path of Ty, g,, f € {0,1}" defined by
f(n) = (F(n))(n) would satisfy both Vn(3m > n)8y(f[m]) and ¥n(Im > n)0y(f[m]).

On this Ty, ¢, , [3] claims as follows:

For every f € {0,1}", we can prove that there exists x € T such that z has no proper extension
in T and z(|z|] — 1) C f as follows. If Yn(Im > n)d;(f[m]), there exist p and r > p with
Vg > p=01_;(flg]) and 6;(f[r]). If i = 0, (f[r]) enjoys the desired property. If ¢ = 1, ({), f[r])
enjoys the desired property.

However, there is no obvious reason to belive that (f[r]) or ({), f[r]) has no proper extension in Tp, g,
Actually, if the above assertion were true, for any f € {0,1}", there would exist ng < ny < ... < ny such
that (f[no], fln1], ..., flnx]) € To,,0, with no proper extension in Ty, g,. Then, by weak Konig’s lemma, there
is [ such that, for all f € {0,1}", we can determine whether Vn(3m > n)0y(f[m]) or Vn(Im > n)b:(f[m])
by checking f[l]. We see that this is impossible. Take a formula ¢(f) = 3In(f(n) = 1). Then

Y(f) «<Vn(Im > n)(3k <m)f(k) =1,
—(f) «Vn(Tm > n)(Vk <m)f(k) = 0.

However, there is no I such that we can determine whether ¢ (f) or —¢(f) for all f € {0,1} by checking
fl.



3 A correct proof

For each s € {0,1}<N, (s) denotes the set {t € {0,1}<N : s C t}. An s-strategy for player I (resp. II) is a
function o : (s) N {t € {0,1}<N : |¢| is even (resp. odd)} — {0,1}. For an s-strategy o for player I and an
s-strategy 7 for player II, o ® 7 denotes the sequence f such that f(i) = s(i) for all ¢ < |s|, f(2i) = o(f[21])
for all 2¢ > |s|, f(2i + 1) = 7(f[2i + 1]) for all 2i + 1 > |s|, in other words, o ® 7 is the play, starting from
s, in which player I follows o and player II follows 7. For a game o(f) in XN, an s-strategy o for player I
(resp. II) is winning if (o @ T) (resp. —¢(7 ® 0)) for all s-strategies 7 for player II (resp. I). Player I (resp.
II) wins at s in @(f) if there is a winning s-strategy for player I (resp. II). Note that although “player I
wins at s” is defined in another way in [3], these two definitions make no difference.
We need several lemmata.

Lemma 1. Let 1 <n < w. Let o(z, f) be a X0 game in {0,1}N. Assume that player I (or player II) wins
o(x, f) at s for all (s,z) € W C {0,1}<N x N. Then, RCAq proves that X0 -Det™ in {0, 1} yields a sequence
(05 : s € W) of winning s-strategies for player I (resp. II) in p(z, f).

Proof. We work in RCAg. Assume ¥0-Det*. Let ¢(z, f) be a X9 game in {0,1} and W C {0,1}<N x N.
Assume that player I wins o(f) at each s € W. Fix an enumeration e : N — {0,1}<N x N. For any m, let
(mg,my1) = e(m). Consider the following game ¢'(f):

First, player II chooses (s,x) € {0,1}<N. If (s,z) € W, players starts game ¢(z,g) from s and player I
wins when ¢(z, g) holds. Otherwise, player I wins.

Let f be a play. Such a game is realized as follows:

e Player IT choose m € N at by playing 0 at her first m turns and playing 1 at her (n + 1)-th turn. If
e(m) ¢ W, player I wins.

e If e(m) € W and |e(m)| is even, then player I wins if p(my,mg * (f © 2m + 2)).
e If ¢(m) € W and |s| is odd, then player I wins if p(m1,mg * (f © (2m + 3))).

/

)
Formally, ¢'(f) is defined as follows:
3

O(f)=ImVi<m)(f(2i+1)=0Af2m+1)=1Ae(m) e W) —
Im3k((¥i < m)(f(2i +1) =0 A f(2m + 1) = 1)A
((Imol =2k Ao(f & (2m +2))) V (mk| = 2k + 1A p(f © (2m +3)))))

Since n > 1, ¥2-Det* proves that one of the players has a winning strategy in ¢’(f). We can check that
player I has no winning strategy in ¢’(f). For contradiction, suppose that player II had a winning strategy
7. Consider such a play f:

e Player I first play 0 until player II plays 1.
e Player II follows .

Note that player II must play 1 at some turn, i.e., f(2m + 1) = 1 for some m, and e(m) € W, otherwise
player II loses. If 7 were a winning strategy, then it would yield a winning mg-strategy for player II in
p(ma, f). Since player I wins p(my, f) at mg, this is impossible. Hence player I has a winning strategy o in
¢'(f)-

For (s,z) € {0,1}<N, let (s, ) be the least k with e(k) = (s, ) and s, the (2&(s,z) + 2)-length sequence
t such that ¢(2k + 1) = 0 for each 2k + 1 < 2€(s,z), t(2e(s,z) + 1) = 1, and ¢(2k) = o(t[2k]) for each
2k < 2€(s, )+ 2. In other words, 5 is the finite play in which player II has just chosen a sequence s € {0, 1}
and player I followed o.

Then, for (s,z) € W, define an s-strategy o5, in ¢(z,s) for player I by o, ,(s *t) = o(s, * t) for even-
length s € W and o5 5 (s *t) = (s * (0(sg)) *t) for odd-length s € W. Clearly o, , is a winning s-strategy
for player I in ¢(f) for each (s,z) € W.

The assertion for player II can be proved similarly. O



In descriptive set theory, Hausdorff proved (cf. [1, §37. III. Theorem]) that a AY set can be represented
as a boolean combination of transfinitely many II9 sets, i.e., for any Ag set A of Polish space X, there exist
an ordinal v < w; and a decreasing sequence (A, : a < ) of II{ sets such that

A={z e Ay :min{a:z ¢ A,} is odd}.
The following lemma is a formalization of the above theorem in Zs.

Lemma 2. For any X9 formula 1o(f) and 113 formula, we can find a 1Y formula 0(z,i, f) suth that ACAg
prove the following.

VI € {0, 13 (o(f) < ¢1(f)) —
BXWO(X, <x)) A (Vf € {0, 13)(((y,4) <Xk (x,9) AVnb(,i, f[n])) — Ynb(y, j,n))A
(Vf € {0, 13N (%o (f) < Fz € X (¥nb(x,0, f[n]) A =Vnb(x, 1, f[n])))A
(Vf € {0, 13") (o (f) < Tz € X (¥nb(x, 1, f[n]) A =Vnb(2’,0, f[n])))), ()

where WO(X, <x) is a II1 formula which asserts that (X,<x) is a well ordering, where x' is the <x-
successor of x, and where (X x {0,1}, <%) is a well ordering defined by

(,1) <x (y,]) @cx<xyV(@x=yANi<j).
Proof. See Theorem 5.1 of [4]. O
Theorem 1. II}-TRy proves Sep(AY, 9)-Det”.

Proof. Let (f) be a game in the Cantor space such that V£ € {0, 1} (p(f) < (& (f)Ano(f))V (= (f)An1(f)))
for some XY formulae ¥ (f) and n;(f) and II9 formula n9(f). Assume that Vf(1(f) < ¥/'(f)) for some
19 formula /(f). Note that, for all £ € {0,1}, ~o(f) = (&(f) A =no(f)) V (=(f) A ~m(f)). By
applying Lemma 2, taking 1 (f) and ¢'(f) as 1o(f) and 1(f) respectively, we can find a IIY formula
Vnf(x,i, f[n]) such that (x) holds. Then there exists a well ordering (X,<x) and for all f € {0,1},
P(f) < Jz(Vnb(z,0, f[n]) A=Vnb(z, 1, f[n])) and ~p(f) < Jx(vnb(z, 1, f[n]) A=¥nb(2’,0, f[n])) hold, where
7' is the < x-successor of z in X. Then, by H% transfinite recursion, define V,,; and W, ; and (x € X and
i < 2) as follows:

Vio ={s:]s| is even, 3t C s=6(x,1,t) and player II wins n;(z, f) at s},
W0 ={s:|s| is even, 3t C s=0(x,1,t) and s ¢ V. 0},
Wy1 ={s:|s| is even, 3t C s=6(z’,0,¢) and player I wins 7 (z, f) at s},
Vi1 ={s:]s| is even, 3t C s=6(2’,0,t) and s ¢ W, 1},

where ng(z, f) = ((Vnb(z,0, f[n]) Ano(f)) V Infln] € We(24)), where We  (z4) = Uy.i)<x 2,0y Wi and
where 7 (z, f) = (Vnb(z, 1, f[n]) Ani(f) V Infn] € We i @i)-

Set a new game ¢*(f) = In((Vm < n)(fIm ] ¢ Usexico Vo) A fIn] € Upex ico Wa,i)- We can check
that ~¢*(f) < In((Vm < n)(f[m] ¢ U,ex.ico W) A fn } € Usex,ica Vai)-

First, we see UzeX,i<2 Wx ZmUxeX,z<2 VX i = 0. Assume s € Wx ;. We may assume that (x,7) is the <%-
least such one. Then s & U, 5o+ (.5) Wy YUy )<t (@) Voos and s & Vi 163t C s=6(y, 1, ) for some (y, 1)
with (z,7) <% (y,1), then player I wins n;(y, f) at s and so s ¢ V,,o. If 3t C s—6(y’,0,¢) for some (y’,0) with
(z,1) <X (¥',0), then player I wins ;(y, f) at s and so s ¢ Vy 1. Thus U,cx oo Wa,i NUpex ico Va,i = 0.

Since, for all f € {0,1}Y, either 3z € X (Vnf(x,0, f[n]) A =Vnd(z, 1, f[n])) or 3z € X (Vnl(z,1, fln]) A
-Vnd(z',0, f[n])) holds, and since W, o U Voo = {s € {0,1}<N : 3t C s=0(x,1,t)} and W1 U V1 =
{s € {0,1}<N: 3t C s-60(2,0,t)} hold, for all f € {0,1}N, there exists n such that f[n] € Usex.ico Wa,i U
UIGX’K2 Va,i- Since Uzex,¢<2 VVM-ﬁUxG)w<2 Vi.i = 0, the C-least such f[n] is in exactly one of UmGX,i<2 Wi
and Ua:eX,i<2 Vai

Therefore, for any f € {0,1}", exactly one of the following holds:



o ©*(f) = 3In((vm <n)(flm] ¢ U,cx ico Vo) A 0] € Upex ico Wai),

o ~¢"(f) < In((Vm <n)(fIm] & Upexico Wei) A fln] € Upex ico Vai);
The next claim completes the proof.
Claim 1. The player who wins ©*(f) also wins in @(f).

First, assume that player I has a winning strategy o* in ¢*(f). By Lemma 1, take a sequence (o5 : s €
Usex.ico Wa,i) such that if (x,4) is the <%-least element of X x {0,1} with s € W, ;, then o is a winning
s-strategies for player I in nj(x, f). Then, for any s € Uzex’i<2 Wi, define an s-strategy o for player I by
transfinite recursion along (X x {0,1}, <%) as follows:

u

o,(t) if uis the C-least initial segment of ¢ with s C u and u € W+ (2.0),
os(t) if there is no such u.

Now we prove, by II} transfinite induction on (X x {0,1}, <%), for any s € UwEX,i<2 Wi, 0% is a winning s-
strategy for player Iin ¢(f). Assume that o} is a winning ¢-strategy for player Iin o(f) for all (y, j) <% (z,%)
and for all t € W, ;. Take s € V,; and an s-strategy p for player II. If there is k such that t = (0} ® p)[k] €
W, ; for some (y,j) <% (x,7), take the least such k. Then o} ® p = of @ p/, where p’ = p | (¢), and so
(0 ® p) holds by induction hypothesis. If there is no such k and if i = 0, then Vnf(x,0, (s* f)[n]) Ano(s* f)
hold. Since s € V. ;, there is ¢t C s with —6(x,1,¢), and so ¢(f). If there is no such k and if ¢ = 1, we can
similarly prove that ¢(f) holds.
It is now easy to check that o defined by

Wi

) {O‘Z (t) w is the C-least initial segment of ¢ with s Cu and u € (J,cx ;<o
o(t) = ’
O.*

(t) if there is no such u

is a winning strategy o for player I in o(f).
Let us turn to the case in which player II has a winning strategy 7* in ¢*(f). As in the previous case,
take a sequence (7, : 8 € (J,cx ;o Va,i) of winning s-strategies for player II in n;(z, f) and define a sequence

*

of strategies (1) : s € U,ex ica) bY

u VIUJ’

{T*(U) if w is the C-least initial segment of ¢ with s C w and u € Vs (24 = U(y,j)<§((r,i)

7s(t)  otherwise.

Then, we can prove that, for any s € Uxexﬂ.<2 Vi, T2 is a winning s-strategy for player II in (f) by I
transfinite induction. Assume that 7 is a winning t-strategy for player II in ¢(f) for any (y,j) <% (z,%)
and for any ¢t € U(y’j)<}(m) Vyj- Take s € V,; and an s-strategy v for player I. If there is k such
that t = (v ® 77)[k] € U(y7j)<§(w’i) Vy.i, then v @ 7% = v/ @ 7, where nv/ = v [ (t), and so ¢(r ® 77)
holds by induction hypothesis. Next we consider the case in which there is no such k. We may assume
i = 0, because the case i = 1 can be proved similarly. If In—60(x,0, (v ® 72)[n]) holds, then, by the
property of 0, (v ® 7F)[n] € U(y’j)<}($)o)(Vy7j U W, ). By the fact that 7 is a winning strategy for
player II in ny(z, f), (v ® 77)[n] is not in U(y7j)<}(m7i) W, ;, and, by the assumption, (v ® 7))[n] is not in
U, <% (a,) Vu.g» Which is a contradiction. Therefore Vnb(z, 0, (v @72)[n]) holds, and so v ® 7 satisfies both
Vnb(z,0, (v @ 77)[n]) A In—0(x, 1, (v @ 77)[n]) and —no(v ® 77), which means that player II wins ¢(f). O
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