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Abstract

Propositional assumption—based systems provide for a convenient
way to represent uncertainty in both a logical and probabilistic frame-
work. Assumption—based reasoning permits to develop arguments sup-
porting hypotheses. The methods are based on logical deduction and
theorem proving. In addition, it is shown that also Shenoy’s valuation
networks are useful for computing supporting arguments. This forms a
symbolic evidence theory. Once probabilities are assigned to assump-
tions, degrees of support defined as probabilities of provability can be
defined. This leads then to probabilistic argumentation systems and
thus to a numerical Dempster—Shafer theory of evidence. This chapter
focuses on computational methods both for the symbolic or logical
part of the assumption-based argumentation systems as well as for its
probabilistic structure.
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1 An Overview

Propositional logic language is an efficient and convenient way to encode
knowledge and information. In particular, uncertainty can be incorpor-
ated into propositional knowledge and information by including assump-
tions which may or may not be true. Whether given hypotheses can be
proved to be true in the light of the knowledge and the information de-
pends on whether a sufficent number of assumptions can be assumed to be
true. Assumption—based reasoning amounts then to derive arguments, un-
der which given hypotheses can be deduced from the available knowledge
and information. Probabilites may possibly be assigned to the assumptions
occuring in the assumption—based knowledge. Then degrees of support (or
credibility) may be associated to hypotheses according to the probability
that they can be proved or deduced.

The determination of arguments supporting given hypotheses is essen-
tially a task involving deduction and theorem proving. A variety of estab-
lished methods and procedures exist for deduction in propositional logic. In
particular, the methodology of ATMS (Assumption-Based Truth Mainten-
ance Systems) provides the basic elements for assumption-based reasoning
(de Kleer, 1986; Reiter & de Kleer, 1987a).

Once the arguments supporting a hypothesis are given and probab-
ilites are assigned to the assumptions forming the arguments, the problem
of computing the reliability of the arguments remains. This problem of re-
liability of reasoning with unreliably arguments is similar to the problem
of the reliability of a technical system composed of unreliable components.
Many techniques for computing these reliabilities are available and can be
adapted to the problem of the determination of the degree of support of a
hypothesis from its supporting arguments. It is well known that this prob-
abilistic assumption—based reasoning is closely related to Dempster—Shafer
Theory of Evidence (Laskey & Lehner, 1989; Provan, 1990).

This chapter develops the computational fundaments for this type of
probabilistic argumentation systems. In Section 2 it starts with an informal
introduction into assumption-based reasoning using a simple example. It
shows how supporting arguments may be obtained and illustrates the prob-
abilistic computations leading to the degrees of support. Then, in Section 3,
it lays the fundaments of the methods by exposing the symbolic, logic version
of evidence theory and the probabilistic structure built upon it.

In Section 4 computational methods for handling the symbolic or logical
part of argumentation systems are presented. Various approaches based on



resolution or related schemes are discussed. In addition methods based on
decomposing the knowledge base and the use of Shenoy’s valuation net-
works are introduced. This kind of approach is less known in logic. Finally,
Section 5 covers computational methods for the probabilistic part of argu-
mentation systems. It shows how degrees of support may be obtained from
symbolic arguments once probabilties are assigned to the assumptions. Al-
ternatively, it is pointed out that degrees of support may also be obtained
by applying valuation network techniques to the usual numerical Dempster—
Shafer theory of evidence (Lauritzen & Shenoy, 1996).

Probabilistic argumentation systems are related in this chapter exclus-
ively to classical propositional logic. This provides a convenient computa-
tional context. However, it has been pointed out elsewhere that the concept
can be seen in a much more general framework, related to arbitrary logics
(Kohlas & Besnard, 1995) or to a general but basic algebraic structure called
body of arguments (Kohlas, 1995).

2 An Informal Introduction

Assumption—based systems provide a powerful technique of dealing and reas-
oning with uncertain information or knowledge. This section presents an in-
formal introduction to assumption—based reasoning. A small example based
on a fictitous story illustrates the idea of the theory. A formal description
of the theory is presented in Section 3.

The example considered here is a small story around the alarm system of
Mr. Holmes’ house (Pearl, 1988). A burglary in Mr. Holmes house generates
an alarm if the alarm system is functioning. But the alarm may also be
caused by an earthquake or by other (unspecified) reasons. The neigbours
of Mr. Holmes, Mr. Watson and Mrs. Gibson, phone Mr. Holmes in the case
of an alarm. Possibly, Mr. Watson may also phone Mr. Holmes as a joke.
Mrs. Gibson is hard of hearing, and she may possibly not be able to hear the
alarm. Furthermore, if Mr. Holmes’ daughter is at home, then she surely
will phone too in the case of an alarm. Finally, if there is an earthquake
and if the earthquake is registered, then there is a confirmation of it on the
radio.

To transform the information contained in this fictive story into an
assumption—-based knowledge, two disjoint sets of propositional symbols have
to be introduced, P = {a,b,c,d,e,g,w} and A = {a1,as,as,a4,as,as5}.
The elements of P are called propositions. They represent possible facts



(e.g. “there is a phone call of Mr. Watso”) or statements about interesting
questions (e.g. “is there a burglary in Mr. Holmes’ house 7”). In this example
the symbols in P have to be interpreted as follows:

the alarm system in Mr. Holmes’ house is ringing,

a:
b: there is a burglary,

Q

there is a confirmation of the earthquake on the radio,
d: Mr. Holmes’ daughter phones,
e: an earthquake has occured,
g: Mrs. Gibson, a neighbour of Mr. Holmes, phones,
w: Mr. Watson, another neighbour of Mr. Holmes, phones.
The elements of A are called assumptions. They are used to represent the
uncertainty of the statements in which they appear. For example, a1 repres-
ents the assumption that the alarm system is really functioning in the case
of a burglary or an earthquake. Here, the symbols in A have the following
meaning:
a1: the alarm system is functioning,
ay: other (unspecified) causes producing an alarm are present,
as: Mr. Watson is in a joking mood,
a4: Mrs. Gibson is able to hear the alarm,
as: Mr. Holmes’ daughter is at home,
ag: the earthquake is registered.
Now, the knowledge given in the short story can be transformed into a set
of statements or clauses over the set of all available symbols L. = P U A.
Here, the logical connectives ~, A, V and — are needed to build statements
of the form 4y A... ALy — Lgy1V ...V L, where the {;’s are literals of N.
Such an implication is equivalent to a clause ~01 V...V ~lyVilgi1 V... VL.

The following statements &1, ..., & 7 represent the given information about
the alarm system. The corresponding clauses are put in parentheses.



E1:bANa1 — a (~bV ~ay Va) £10: g~ a (~g Va)

£y eNal —a (~eV ~a1 Va) £11: g = aq (~g V as)

£3: as — a (~az Va) €19: aNas —>d  (~aV~azVd)
€i:a—>bVeVay (~aVbVeVag) &3:d—a (~d V a)
£5:a — a1 Va (~aVaiVasg) £14: d = a5 (~d V as)

6t a > w (~a VvV w) €150 eNag —> ¢ (~eV ~ag Vo)
&r: ag =~ w (~az Vw) £16: c— e (~cVe)

£ w—aVag (~w VaVas) E17: ¢ — ag (~cV ag)
fo:aNag — g (~aV ~agVg)

For example, the statements &1, .. ., 3 describe the fact that a burglary (&),
an earthquake (£2) or some other reasons (£3) can cause an alarm. Inversely,
an alarm implies that there is either a burglary, an earthquake or another
reason (&), and that the alarm system is functioning (£5). The statements
&6 to €17 are obtained from the given information in a similar way.

The clauses &1 to £17 form a complete description of the story around
the alarm system. This description has to be extended if additional facts
arrive. For example, if there is a phone call of Mr. Watson and there are no
phone calls of Mrs. Gibson and of Mr. Holmes’ daughter, then &1 to &g are
the new statements to be added.

ST §19:0 ~g £20: ~d

Now, the description of story is complete. The set of statements or clauses
is called the knowledge base ¥. Some of the clauses in ¥ are subsuming
others and can therefore be dropped. Here, £ and &7 subsume &1, €10 and
&11 subsume &9, and €13 and &14 subsume &9g. Finally, the knowledge base
consists of 14 remaining clauses:

Y =Y(pedegw) = {51,52,53,54,55,58,59,512,515,516,517,518,519,52(2}- |
2.1
After the phone call of Mr. Watson, suppose that Mr. Holmes is seriously
concerned. He worries that there was a burglary. In order to be reassured
Mr. Holmes tries to find arguments that there was no burglary and that
everything is all right. This is the interesting question or hypothesis which
is represented by ~b. An argument in favour of ~b is a conjunction ¢1 A.. . A,
of literals of assumptions (e.g. a1 A~azAas), such that {¢1,...,£,}U entails
~b. To find such arguments the propositions in P — {b} = {a,c,d,e,g,w}
are not really needed and they can be eliminated from 3.
Eliminating a variable p from ¥ means: (1) eliminating from ¥ all
clauses containing the symbol p, (2) finding all possible resolutions of the



eliminated clauses with respect to p, (3) adding the obtained resolvents to
3, (4) dropping subsuming clauses.

The symbols in {a, c,d, e, g, w} can be eliminated from ¥ in any order.
To illustrate this idea, which will be justified later, suppose e to be the first
variable to be eliminated from 3. The symbol e appears in the clauses o,
&4, €15 and &16. They can be eliminated from Y. Two new clauses 51 and
&9o are obtained by resolution:

a1 = p(&2,616) = a V ~cV ~ay, (2.2)
522 = p(§4,€15) = Na\/b\/c\/ag V ~ag. (2.3)
The new clauses are added to ¥. At the moment it is not possible to

drop subsuming clauses. Thus, after eliminating the variable e the following
knowledge base is obtained:

Stapedgwt = 161,63,85, €85 &9, 12, €17, €18, €19, 620, €21, €2 }- (2.4)

The remaining variables to be eliminated are a, ¢, d, ¢ and w. Applying the
same procedure sequentially to all of them generates new clauses €23 to €30.
Finally, only the clauses 96 to &30 remain.

526: ~b V ~a1 V ~a4 630: as \ ~Qa4
o ~DV ~ar Vo~ags £31: azV~aj
§og:  ~ap V ~ay £32: arVazVas

£a9:  ~ag V ~as
Note that the final knowledge base

sy = {&26, 627, €28, 629, €30, €31, €31, €32 - (2.5)

is much smaller than the original one.

Now, arguments for ~b may be found. Considering 96 it is clear that ~b
is implied if a; A a4 is true. Thus, a; A a4 is an argument for ~b. Similarly,
another argument a; A a5 is found for 7. The set of the arguments in
favour of ~b is called the quasi—support of ~b relative to 3. Furthermore,
note that according to £sg the conjunction as Aay for example is not possible.
as N a4 is called a contradiction relative to the knowledge base ¥. Further
contradictions as A as, ~a3 A aq, ~a3 A as, and ~a1 A ~a2 A ~ag are derived
from &99 to €30. The set of possible contradictions can be transformed into
an equivalent logical formula:

gs(L,X) = (agAaqg)V(~az3Nag)V
(a2 A a5) \% (~a3 A a5) \%
(~a1 A ~ag A ~as). (2.6)



Using this result, the following logical formula is derived from the arguments
a1 N\ ag and aq A as of ~b. It represents the conditions under which ~b can
be deduced from ¥ avoiding contradictions (systematic methods to derive
such a logical expression are presented later).

sp(~b,X) = (a1 A~ag ANagzNag)V
(a1 N ~ag N\ az N\ a5). (27)

Thus, the hypothesis ~b is supported by two arguments a; A ~a2 A ag A aq
and (a; A~ag AagAas. The first argument for example can be interpreted as
followed: there is certainly no burglary in Mr. Holmes’ house, if the alarm
system is functioning (aq), if no other reason has caused an alarm (~as), if
Mr. Watson’s phone call is only a joke (a3), and if in the case of an alarm
Mrs. Gibson is able to hear it (a4).

Possibly, Mr. Holmes is also interested to judge his question quantitat-
ively. For that purpose he introduces subjective and independent probability
values for the assumptions a; to ag. These values are based on Mr. Holmes’
previous experience and his knowledge about the alarm system, the neigh-
bourhood, his daughter, and earthquakes. Suppose he chooses the values

p(a1) = 0.8, p(as) = 0.4, plas) = 0.3,
plaz) = 0.1, p(as) = 0.5, plag) = 0.9.

Now, the qualitative results in (2.7) can also be evaluated quantitatively. To
obtain the probability of a logical expression, it has to be transformed into
an equivalent disjunctive normal form with disjoint terms. This problem is
a well known problem, especially in reliability theory (two methods are de-
scribed in Section 5). For the support of ~b the following disjoint expression
is generated:

sp(~b,X) = (a1 A~az ANaz A as A ~as)V
(a1 N ~ag N\ ag N\ a5). (28)
The probability of sp(~b, ¥) is the sum the probailities of the disjoint terms
in (2.8). The probability of a term is the product of the probabilities of its
literals. With p(~a;) =1 — p(a;) the following result is obtained:
p(sp(~b,2)) = 0.8:09-04-0.5-0.74+0.8-0.9-0.4-0.3
0.1872. (2.9)

However, this probability has to be conditioned on the fact that no con-
tradicting configuration of assumptions is possible. For that purpose, the



probability p(gs(L,X)) = 0.4538 is determined in a similar way. To ob-
tain the so—called degree of support of ~b, the conditional probability given
gs(L,X) can then be computed:

B __p(sp(~b, %))
sup(h, %) = plsp(b,2) [ ~gs(L ) = 3770 T
0.1872

= ——— =0.3427. 2.10
1—0.4538 ( )

Based on the subjective probability values, the hypothesis that there is no
burglary in Mr. Holmes’ house is only supported by a degree of %% Thus,
Mr. Holmes has to be seriously concerned.

3 Fundamental Notions

In this section assumption—based systems as informally introduced in the
previous section will be formally defined and analyzed.

3.1 Symbolic Evidence Theory

Let A be a set of propositional symbols {a1,as,...,an,}, called assump-
tions, P another set of propositional symbols {p1,p2,...,pn}, L = AUP and
Y = {&,&,...,&} a set of well-formed propositional formulae (wff) over

L. In many cases (but not in general) ¢; are supposed to be clauses and ¥ is
always to be interpreted as a conjunction of its members, £ = &1 A& A. . AE,.
The triple (X, A, P) is called an assumption—based knowledge. It con-
stitutes the basic model to be considered in the following.

We are interested in a certain hypothesis, expressed as a well-formed
formula h over L. L denotes the set of all possible hypotheses. It is im-
portant to note that in the sequel equivalent formulae can be considered
as describing the same hypothesis. What can we learn about A from %7 If
a sufficient number of assumptions can be assumed to be true, then h may
be deducible from Y. So it is interesting to ask under what assumptions
h follows from Y. The more reasonable, the more likely these assumptions
are, the more credible is the hypothesis h in the light of the knowledge .
This may be quantified in a second stage by assigning probabilities to the
assumptions and by computing the probability that A can in fact be deduced
from 3.

In a first stage, however, we study only symbolic (non-numeric) argu-
ments for h. A literal is either a proposition p or its negation ~p. Let AT



be the set of all literals of A and C4+ be the family of all subsets of A*
which do not contain pairs {a;, ~a;} of opposite literals. The elements a of
C 4+ will be interpreted as conjunctions of its members. They will be called
arguments. The empty set () is then interpreted as the tautology T.

We are now interested in some subsets of C4+:

QS(h,Y) = {a€Cy+: a,X = h}, (3.1)
SP(h,YX) = {a€Cyt: a,2Fh, a, X F L} (3.2)

QS (h,X) is called quasi—support for h (given X), because its elements are
sufficient, together with the knowledge ¥, to imply A. That is, the elements
a of QS(h,X) are arguments supporting h (given ). However, it is possible
that a and X are not satisfiable, that is @ and ¥ are contradictory: a, |= L.
Such arguments a are clearly not proper for h, hence the term quasi-support
for QS(h,X).

SP(h,X) contains all arguments for h which are not contradictory to 3,
i.e. all proper arguments for h. Therefore, SP(h,Y) is called the support
for h (given X).

QS(L,Y), the quasi-support for the contradiction, contains exactly the
arguments which are contradictory in Y. Note that if we accept X as being
true, then no a € QS(L,X) can be true (see also Subsection 3.3). Therefore,
QS(L,Y) is called contradiction (relative to ). Clearly,

SP(h, %) = QS(h, %) — QS(L,X). (3.3)

In some cases, it may also be interesting to consider two other subsets of
Cyzx:

RF(h,X)={a€Cy+: a, X =~h} ={a € Cy+: a,h, X E L}3.4)
POh,X) ={a€Cy+: a, S E~h}={a€ Cyt: a,h, X E L}3.5)

RF(h,X) contains the arguments for ~h, i.e. arguments against h. These are
the arguments which refute h. Therefore, RF'(h,X) is called the refutation
of h (given ). PO(h,X) contains just all arguments which do not permit to
deduce ~h, hence the arguments for which h is possible given ¥, although not
necessarily deducible from X.. Therefore, PO(h,X) is called the possibility
of h (given ).

To illustrate the notions of quasi—support, contradiction and support,
consider the assumption-based knowledge (X, A, P) with A = {a1,a2}, P =
{p,Q} and X = {5175%53}:



&1 a1 —p (~ay Vp) £3: as — q (~ag Vq)
§2: ag = ~p  (~a2 V ~p)

Clearly, a; is sufficient to deduce p from ¥. Therefore, any element of C 4+
containing a; belongs to QS(p, X), that is QS(p, X) = {a1,a1 Aag, a1 A~az}.
Similarly, QS(~p,X) = {az,a1 A ag,~a; A az} and QS(L,X) = {a1 A as}.
These sets are shown in Figure 3.1 as subsets of C+.

QS E)

Figure 3.1: The quasi-supports for p, ~p and L.

Support follows from Equation 3.3, i.e. SP(p,X) = {a1,a1 A ~a2} and
SP(~p,%) = {ag,~a1 A az}. These sets are shown in Figure 3.2.

The following two theorems summarize some basic properties for quasi—
support and support.

Theorem 3.1 (Kohlas, 1995) Let (X, A, P) be an assumption—based know-
ledge. Then, if h1 and hy are well-formed formulae over L = AU P:

(Q1) QS(T,X) = Cys,

(Q2) QS(h1 A hg,X) = QS(h1,%) N QS(he, X)),
(Q3) hi |= he implies QS(h1,X) C QS(he,X),
(Q4) QS(h1V h2, %) 2 QS(h1,%) UQS(he,X).

Theorem 3.2 (Kohlas, 1995) Let (X, A, P) be an assumption—based know-
ledge. Then, if h1 and hy are well-formed formulae over L = AU P:

(S1) SP(L,%) =10,

10



SPip.E) SRR E

Aja~dz Qymdz b= R = ]
ay Taz

Figure 3.2: The supports for p and ~p.

(52) SP(hi A hg,X) = SP(h1,%) N SP(hy,Y),
(S3) hi |= hg implies SP(h1,X) C SP(he,X),
(84) SP(hyV hy, %) D SP(h1,%) U SP(hs,5).

The notion of support is a symbolic analogue of Shafer’s (numerical) belief
functions (Shafer, 1976; Shafer, 1979). In this sense the theory developed
here is a symbolic version of Shafer’s evidence theory. This will become
more clear in Subsection 3.3.

Quasi—support and support are fundamental concepts of symbolic evid-
ence theory. However, these sets have the disadvantage of containing a lot
of redundancy. According to (Q3) and (S3), the sets QS(h, ) and SP(h,X)
contain also all arguments in favour of every h’' = h. Therefore, for many
practical, especially computational purposes, it is advantageous to consider
arguments which support h, but not A’ such that A’ = h and b’ # h.

However, this idea needs to be refined. Let ) be any set of propositional
symbols and L the propositional language over @) (the set of wif over Q).
() may or may not be a subset of L = AU P. Now, we consider arguments
for some h € L, which are not arguments for any h' € Lo, ' |= h, b # h:

Mgh,2)= {a€Cut: a, X h, a, XN, for b € Lg,
W= h, B 4 h). (3.6)

Mg(h,3) is called the basic argument for h relative to @ (given X). It is
possible that Mg(h,X) is empty for some h € Lg. In fact, this is often the

11



case and it is one of the advantages of working with basic arguments rather
than with quasi-supports or supports.

In the above example there are in fact only four non—empty basic ar-
guments relative to P: Mp(L,X) = {a1 A ag}, Mp(p,X) = {a1,a1 A ~az},
Mp(~p A ¢, %) = {az,~a1 AN ag} and Mp(T,%) = {T, ~a1,~az,~a1 A ~az}
(see Figure 3.3).

Figure 3.3: The basic arguments for the hypotheses L, p, ~p and T.

The following theorem summarizes two basic properties of basic argu-
ments (compare with Figure 3.3).

Theorem 3.3 (Kohlas, 1993) Let (X, A, P) be an assumption—based know-
ledge and Q an arbitrary set of propositional symbols. The basic arguments
satisfy the following properties:

(M]) Ifhl,hQ € EQ, h1 7é hQ, then
MQ(hl, )N MQ(hQ, ¥) = 0. (3.7)

(M2)
U {Mo(h,%) : he Ly} =Cye. (3.8)

Theorem 3.3 shows that basic arguments, in addition to be often empty, are
not redundant, contrary to quasi—supports or supports. The next theorem
shows that quasi-—support and support can easily be obtained from basic
arguments.

12



Theorem 3.4 (Kohlas, 1993) Let (X, A, P) be an assumption—based know-
ledge and Q an arbitrary set of propositional symbols. For every h € L,

QS(h, Z) = U {MQ(hI’E) : b e [’Qahl |: h}a (39)
SP(h,%) = |J{Mg(W,%): b € Lo,k |=h, k' # 1}, (3.10)

Theorem 3.4 shows that basic arguments are central in the sense that they
permit to obtain other elements like quasi—support and support very easily.
They correspond essentially to the basic probability assignments of numer-
ical evidence theory (Shafer, 1976).

Basic arguments can also be derived from quasi-supports:

MQ(h‘a Z) = QS(h, Z) -
UA{QS(H,S): h' €Ly, W' =h, W' #h}. (3.11)

An assumption-based knowledge (¥, A, P), together with the concepts of
quasi-support, support, basic arguments, etc. forms a (symbolic) argu-
mentation system.

3.2 Representations

The sets QS(h,X), SP(h,X¥) and Mg(h,3) may be very large and their
representation by the explicit, exhaustive list of their elements may not be
feasible. For practical reasons we need more economic representations and
for theoretical needs, also other, more convenient representations may be
helpful.

Clearly, the quasi-support QS(h,X) is always an upward-set and can
thus be represented by the minimal elements p@S(h,%). These border
sets are often much smaller than the sets themselves. In the example of
Subsection 3.1 we have pQS(L,%X) = {a1 A as}, uQS(p,X) = {a1}, and
pQS(~p, %) = {az}.

The support SP(h,Y) is always a convex set with uSP(h,¥) as minimal
elements (lower border). Note that uSP(h,%) C uQS(h,¥). The minimal
contradictions p@QS(L,Y) are upper bounds for elements of SP(h,¥). This
means that uSP(h,X) or uQS(h,%) and pQS(L,Y) together provide for a
representation of SP(h,X). In fact, a € SP(h,X) if and only if

(1) there is a s € uSP(h,X) (or s € u@RS(h,%)) such that
s Ca,

13



(2) there is no s’ € u@QS(L,X) such that s’ C a.

Similarly, the basic arguments Mg(h,X) are also convex sets. Here again,
pQS(h,X) contains the minimal elements of Mg(h,X). All elements of
QS(W,X) with ' € Lg, ' = h, k' # h, and especially the elements of
pQS (K, X) are upper bounds for the elements of Mg(h,X). Therefore, all
the pQS(h', %) for all b’ € L form a possible representation of Mg (h,X).

This shows finally that the minimal quasi—-support uQS(h,X) forms
a possible and convenient representation for quasi-support, basic arguments,
and other related concepts. It is easy to express the basic set operations
using the minimal elements of upward-sets. If @', Q" are upward-sets, then

@ nNQ" = pl{dud : d epqQ, " epQ"}, (3.12)
p(QUQ") = pEQ UpQ"). (3.13)

Another representation of some theoretical importance (especially in Sub-
section 3.3) can be obtained by considering interpretations (Chang & Lee,
1973). Interpretations for a propositional language Lr are Boolean vectors
in Ng = {0,1}/Bl. If h € L and = € {0,1}/Bl, then each occurrence of a
propositional symbol p; in h is replaced by z;. Then a Boolean formula is
obtained which evaluates by the usual Boolean operations either to 0 or 1.
This evaluation is denoted by h(z) and Ng(h) = {z € {0,1} # : h(z) =1}
is defined as the set of interpretations for which h evaluates to 1 (true).
Now, let

N(QS(h,%)) = {Na(a): a € QS(h,%)} C Ny (3.14)

be the set of all interpretations z € N4 of assumptions which together
with 3 induce h. This is the representation of QS(h,X) in the space of
interpretations of assumptions. Similarly, let

N(SP(h,%)) = N(QS(h, %)) = N(QS(L,X)). (3.15)
Furthermore, according to (3.11) we define

N(Mg(h, %)) = N(QS(h,X)) —
U {N(QS(H, %)) : k' € Lo, h' = h, B # h}.(3.16)

These are representations of QS(h,X), SP(h,%) and Mg(h,X) in the space
of interpretations of assumptions. Note that the relations of theorem 3.1 to

14



QIE(1,E) a QS0 2]

QISP E)

Figure 3.4: Arguments in the space of the interpreations.

theorem 3.4 can be translated into this new representation. In Figure 3.4
some sets are displayed for the example of subsection 3.1.

It is possible to reconstruct QS(h,X), SP(h,X) and Mg(h,X) from
these sets. For any subset S C {0,1}#l there is a formula f € Lg such
that Nr(f) = S. Any such formula is a logical representation of the set S.
In fact there are many such formulae. We denote by ¢s(h, ) any formula
f € L4 such that N4(f) = N(QS(h,X)). ¢gs(h,X) is called the logical rep-
resentation of QS(h,Y). One particular logical representation of QS (h,X)
is given by the disjunction of the conjunctions in uQS(h,X):

gs(h,X) =V {a: a€uQS(h,%)}. (3.17)

Note that the symbol = used in Equation 3.17 (as well as in the follow-
ing equations) has to be interpreted as logical equivalence. According to
(3.3) and (3.11) we obtain further logical representations for SP(h,3) and
Mg(h,X):

Sp(h,z) = qs(h,Z) /\NQS(J.,Z), (318)
mq(h,X gs(h, %) A
~V{gs(h',%): h' € Lo, K =h, k' #£h}.  (3.19)

~—

In practice only some particular logical forms are of interest for computa-
tional purposes. We are going to isolate such a particular form. A conjunc-
tion g € L is called an implicant of f, if g = f, and g is called a prime
implicant of f, if g is an implicant of f and there is no g’ C g, which is also
an implicant of f. The set of all prime implicants of f will be denoted by
U(f). A disjunction of conjunctions of literals is called a disjunctive normal
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form (DNF). The disjunction V {g : g € ¥(f)} of all prime implicants g
of f is denoted by ¥(f). It is a particular DNF and it can be shown to be
equivalent to f (Birkhoff & Bartee, 1970).

We propose such DNFs to be used as logical representions of quasi—
supports, supports, etc. It is not the minimal nor the shortest logical form,
but it is convenient to compute it.

3.3 Probability Structure

So far, we have discussed the definition and representation of arguments for
hypotheses. How likely is it that such arguments hold? In order to an-
swer this question, probabilities on the assumptions must be defined. This
induces a probabilistic structure upon the symbolic argumentation system
discussed so far. We speak then of a probabilistic argumentation sys-
tem.

Probabilities on assumptions are introduced by defining a probability
measure on the space N4 = {0,1}4l of interpretations of assumptions. Of-
ten assumptions are a priori assumed to be mutually independent. Then,
for all z € N4 we have

p(x) = H {pi: z;=1} - H{(l —pi): xi =0} (3.20)

Here p; is the probability that the assumption a; is true, and 1 — p; the
probability that a; is not true (~a; is true). The probability of a formula f €
L 4 is defined by p(f) = p(N(f)). In particular, this determines probabilities

p(gs(h, %)) = p(N(QS(h, X)) (3.21)

for the quasi—supports of h relative to . However, the probability p defined
on {0,1}4l is to be considered as an a priori probability which may be
changed when additional information or knowledge becomes available. The
knowledge ¥ is in fact an additional information, which excludes the con-
tradictory interpretations N(QS(L,)) relative to ¥ as impossible. This
information shows that the only possible interpretations given ¥ are those of
N¢(QS(L,X)). Therefore, the conditional probability given N¢(QS(L, X))
has to be taken into account when the probabilities of the supports are to
be considered.

The conditional probability of the support of a hypothesis h is called
the degree of support of h. In view of (3.15) this conditional probability
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can be computed by

sup(h,X) = p(N(SP(h,%)) | N(QS(L,%)))
p(QS5(h, %)) — p(QS(L, %))
1-p(QS5(L,%))
p(SP(h, %))

= T pQS(LY) (3.22)

The conditional probability of the possibility of & is called the degree of
plausibility of h. It is obtained by

pla(h,Z) = p(N°(QS(~h,%)) | NY(QS(L,X)))
- 1{_’2}(%% ((”f’;) =1— sup(~h, ). (3.23)

The conditional probabilities of the basic arguments can be computed
by

p(Mq(h, %))
1 —p(Mg(L,%))
for any h € Lg, h # L. Note that Mg(L,X) = QS(L,X). bpag(h,X) is
called the basic probability assignment (relative to the language Lq).
For any h € Lg we have

bpag(h,X) = (3.24)

sup(h,X) = Y {bpag(h',S):H € Lo, h' = h, W' # 1}, (3.25)

pla(h,X) = Z {bpag(h',Z) : ' € Lo, K Nh # L} (3.26)

This corresponds essentially to the notion of basic probability assignment in
(Shafer, 1979).

Furthermore, sup(h,) and pla(h,X) have the properties of belief and

plausibility functions of Shafer’s evidence theory (Shafer, 1976), that is for
n>landi=1,...,n

sup(h) > Z {(—1)|I|+1-sup(/\{hi: i€l}): @#Ig{l,...,n}},

for h; = h, (3.27)
plah) < 3 {0 pla(v {hi: i€ 1) 0#1C{1,...,n}},
for h |= h. (3.28)

That is, sup is monotone and pla alternating of infinite order. All this shows
that probabilistic argumentation systems constructed on propositional logic
are a special case of Shafer’s original evidence theory (Shafer, 1976).
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4 Computational Methods:
Symbolic Argumentation Systems

The computational problem in a symbolic argumentation system based upon
an assumption-based knowledge (X, A, P) consists in determining arguments
like quasi—supports, supports, etc. for a given hypothesis h. This section
presents an overview of the existing computational approaches to find sym-
bolic arguments.

4.1 Clause Management Systems

The methods discussed in this first subsection are based on resolution.
They are used to derive quasi—supports from a general assumption—based
knowledge (X, A, P) in a convenient representation. Other symbolic argu-
ments like support, plausibility and refutation are obtained indirectly from
quasi-support.

From Equation 3.1 we know that the quasi—support is the set of the
conjunctions a € C'4+ which, together with the knowledge X, logically entail
the hypothesis h, that is a,¥ = h. How are such conjunctions obtained
from the given knowledge ¥ and the hypothesis h? Note that if f and g are
arbitrary logical formulae such that f entails g, f = g, then ~f is entailed
by ~g, that is ~g = ~f. Therefore, it follows that

a, X Eh <= ~h, % E ~a, (4.1)

where ~a is a clause. A clause g is called an implicate of a formula f, if
f E g, and g is called a prime implicate of f, if g is an implicate of f
and there is no g’ C g, which is also an implicate of f. The set of all prime
implicates of f will be denoted by ®(f). A conjunction of clauses is called
a conjunctive normal form (CNF). The conjunction A{g: g € ®(f)} of all
prime implicates g of f is denoted by ¢(f). An algorithm to generate the
prime implicates of a set 3 of clauses is described in Subsection 4.1.3.

Thus, determining arguments in favour of h essentially means determ-
ining those implicates of ~h,Y which consist of assumptions only. If h is
a clause then ~h is a conjunction, and instead of ~h,¥X we write X*. In
the following, we restrict h to be a clause, and we present three different
methods to generate such implicates from >*.
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4.1.1 Variable Elimination Method

The first approach is called variable elimination method. The idea is
to eliminate all propositional symbols p; € P from ¥*. First, consider the
eliminiation of a single proposition p from an arbitrary set of clauses Y. For
that purpose, let us decompose ¥ into three disjoint subsets:

Y = {GeX:pedil, (4.2)
Sy = {&E€Z: ~pegl, (4.3)
Y, = {&4eX: ppd&l=S—(E,UXp). (4.4)

Then, the new set ¥/ obtained after eliminating the variable p is

5= S U{p(&, &) & €Tp, & € Bp)) (4.5)

The same procedure can be applied repeatedly in order to eliminate all n
propositions p; € P, i = 1,...,n, from ¥* = 3§. This is illustrated in the
introductory example of Section 2. The new knowledge base ¥ obtained
after eliminating all propositions satisfies two important properties:

Theorem 4.1 (Kohlas & Moral, 1995) Let ¥* be the set of clauses obtained
from the assumption—based knowledge (X, A, P) and the hypothesis h € L,
and let 3} be the resulting set obtained after eliminating all propositions
pi € P from ¥* in an arbitrary order. X, satisfies

(1) ¥ %3,
(2) £* = ~a, a € Cyx, implies ¥} = ~a.
If K is an arbitrary set of clauses, then the set of conjunctions obtained by

negating the clauses in K is denoted by ~K. Using this notation, the main
theorem of this method can be formulated:

Theorem 4.2 If ¥} and h are defined as in Theorem 4.1, then
HQS(h, %) = ~0(S5). (4.6)

If ¥ is a consequence of ¥*, that is ¥* = X% then the clauses £ € ~Cy+
of ¥ are all implicates of ¥*. Thus, the negations ~£ of these clauses are
arguments of h relative to X, that is ~§( € QS(h,X). In order to obtain
all arguments for h, the new set X} must also satisfy a second condition:
if @ € Cy+ is an argument of h, that is £* = ~a, then ¥% |= ~a. Thus,
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the arguments a € QS(h,X) of h are the implicates of ¥, and the set of
minimal arguments pQS(h, ) corresponds to ~®(X}). Note that the order
in which the variables are eliminated does not influence the resulting set of
prime implicates ®(X7).

The disadvantage of this method is that for each new hypotheses the
whole computation has to be redone. To avoid redundant computations we
show in Subsection 4.3 how the variable elimination method can be adapted

for a given decomposition of the knowledge base.

4.1.2 SOL Resolution

Another alternative approach to compute arguments like quasi-supports is
based on a resolution procedure called skipped ordered linear (SOL)
resolution, initially proposed in (Siegel, 1987) and further developed in
(Inoue, 1991; Inoue, 1992).

Some further terminology and concepts are necessary in order to de-
scribe this approach. A production field F' is a non—-empty set of clauses.
The production field which will interest us most is the set of all clauses
consisting of literals of assumptions ~C'4+. A production field F' is called
stable if ¢ € F and ¢ C ¢ imply ¢ € F (that is F is a downward-set).
Clearly ~Cy+ is a stable production field. The empty clause L belongs to
every stable production field.

If F is a stable production field, then Carc(X, F') denotes the set of all
prime implicates of ¥ which belong also to F', Carc(X, F) = ®(X)NF. The
elements of Carc(3, F') are called characteristic clauses of ¥ with respect
to F'. Theorem 4.3 shows how characteristic clauses relate to minimal quasi—
supports:

Theorem 4.3 (Kohlas & Monney, 1995) For any hypothesis h € L we
have

puQS(h,¥) = ~Carc(ZU{~h},~Cyt), (4.7)
pQS(L,Y) = ~Carc(X,~Cy+). (4.8)

According to this theorem characteristic clauses have to be computed in
order to obtain the minimal quasi—supports. The skipped ordered linear
(SOL) resolution offers a possibility to solve this problem.

This procedure works with structured clauses, that is pairs (p,q*),
where p is an ordinary clause and ¢* a sequence s1, So, ..., S; of non—empty
sequences s; of literals. ¢* represents a tree, the sequences s; = (1,42, ...,4y)
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are called its branches and the first element ¢; of a branch is called its leaf.
Two operations are defined for structured clauses:

(1) Skip: If (p, (¢s)g*) is a structured clause with a branch (¢s), with leaf
£, and a remaining tree ¢*, then

a(p, (¢s)q*) = (pV £, q"). (4.9)

(2) Resolve: If (p, (¢s)g*) is a structured clause with a branch (¢s), with
leaf ¢ and a remaining tree ¢*, and if there is a clause £ in ¥ which
satisfies the following conditions of non-repetition,

1

(1) z contains the literal ~¢,

(2) no literal of z is contained in the branch (¢s),
3)

(4)

3
4

no literal of x appears negated as a leaf in ¢*,
no literal of = appears negated in p,

p((p; (5)q"), &) = (p, (£165)(L3Ls) ... (LiLs)q™), (4.10)

where the literals ¢; are those literals from = which are not removable,
that is which satisfy the following conditions:

(2') ~¢ does not appear in the branch (¢s),
(3') £; does not appear as a leaf in ¢*,
(4') £} does not appear in p.

Note that the literal ~¢ of z is removable, because it does not satisfy (2').
If all literals of = are removable, then the tree on the left in (4.10) reduces
to ¢*. The order in which the literals ¢; are arranged in (4.10) is irrelevant
for the correctness of the procedure, but may influence its performance.

Given a set of clauses Y, a production of a clause f from 3 is a
sequence of structured clauses (p;,q’), ¢ = 1,2,...,n, which satisfies the
following conditions:

(1) (p1,4q7) = (L, (¢1) (£2) ... (L)), where the ¢; are the literals
of a clause £ from ¥ arranged in an arbitrary order.

2) (pnq3) = (f,0).

(3) (pit1,47,1) equals either o(p;,q;) or p((pi,q;),&) for some
& of .
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These productions are designed to generate implicates of X. It can be shown
that this goal is achieved:

Theorem 4.4 (Siegel, 1987)
(1) A finite set of clauses . has a finite set of productions (finiteness).

(2) If a clause f is produced from %, then f is an implicate of ¥ (sound-
ness).

(8) If g is an implicate of ¥ then there is a production from % which
produces a clause f C g (completeness).

(4) If ¢ is a clause, g an implicate of ¥ U {c}, but not of ¥, then there is
a production f from XU {c} starting with ¢ such that f C g.

Let’s illustrate the procedure with a very simple example. ¥ consists of the
three clauses

(1) ~cV~a, (2) ~cV b, (3) aVvb.
The following sequence is a production from ¥ starting with a V b:

(1) (L, (a) (b)) initial clause,
(2) (L, (~ca) (b)) resolve with clause (1),

(3) (~c, (b)) skip,

(4) (~c, D) resolve with clause (2).

Thus, ~c is an implicate of 3.

These productions can now be controlled to produce only minimal
clauses in a stable production field: at any step (p;,q}), p; never decreases.
Hence, once p; is outside a stable production field, the production can be
stopped, if only clauses in the production field should be produced. This
is because all subsequent clauses, and in particular the final clause f, re-
main outside the production field. Furthermore, once a p; contains a clause
already produced earlier, the production can also be stopped, if only min-
imal clauses are to be produced. Theorem 4.3 remains valid for this adapted
procedure, now for implicates in the production field considered.

Given a set of clauses Y, a clause ¢ and a stable production field F,
let Prod(X,c,F) denote the set of all clauses produced from ¥, starting
with ¢, being in F' and not containing another clause satisfying the first two
conditions. These production can be used to compute characteristic clauses
incrementally as the following theorem shows:
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Theorem 4.5 (Inoue, 1992) If ¢ is a clause, ¥ a set of clauses and F a
stable production field, then

Carc(0,F) = {pV~p€F:pe L} (4.11)
Carc(2U{c},F) = p(Carc(X,F)UProd(%,c,F)). (4.12)

First, it is important to remark that in practice the complete knowledge X
generally decomposes into a relatively stable knowledge base X and a set
of varying facts X, ¥ = Y U Xp. This has to be taken into account if
efficient computational procedures are to be designed. Then theorem 4.5
can be applied to argumentation systems in the following manner (Kohlas
& Monney, 1994):

The first task is to compute the minimal contradictions, that is essen-
tially Carc(X,~Cy+) (see theorem 4.3). In order to apply theorem 4.5, the
clauses of ¥ are ordered into a sequence &1,&o, ..., & where it is convenient
to take first the clauses of X x. Then, using theorem 4.5, first the minimal
contradictions relative to Y, ~Carc(Xg,~Cy+), can be computed by ap-
plying theorem 4.5 sequentially to ¥; = {&1,£2,...,&} and ¢ = &;4+1. In
many practical cases ~Carc(Xg,~C4+) will contain only trivial contradic-
tions a A ~a, because the knowledge base itself may or should be consistent.
This computation is sort of a compilation of the knowledge base.

The facts themselves often also arise sequentially or can, in any case, be
arranged sequentially. The set of minimal contradictions ~Carc(X, ~Cy+)
can be updated from the compiled knowledge base by again repeatedly using
theorem 4.5.

At this stage queries about hypotheses h can be accepted. The minimal
quasi-supports of h equal ~Carc(X U {~h},~C4+) by theorem 4.3. If ~h is
a clause (that is, A a conjunction) then this set can be computed from the
contradictions ~Carc(X g, ~Cy+) using theorem 4.4. This means essentially
computing Prod(X, ~h,~C4+).

If A is not a conjunction, then ~h must first be transformed into an
equivalent CNF. If ~h = h; A ... A hy, then

Carc(ZU {~h},~Cyz) = Carc(EU{hy,...,h},~Cyx), (4.13)

and theorem 4.4 can once more be applied sequentially to compute the latter
characteristic clauses. Note that SOL resolution and theorem 4.4 can also
be used to compute prime implicates of ¥. The production field must only
be set equal to ~CT,.
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Also, other production fields than ~C 4+ may be of interest. Suppose for
example that arguments (conjunctions of literals of assumptions) are classi-
fied somehow into relevant and irrelevant ones, such that, if a is relevant,
a' C a, then o' is also relevant. This clearly defines a stable production field
F of relevant clauses ~a and the search can be limited to relevant arguments.
Theorem 4.4 and 4.5 apply also to this more general situation. For example
only arguments of a length of k or shorter may be considered as relevant
(arguments with many assumptions are not interesting) or only arguments
with a probability larger than some small € may be considered as relevant
(very unlikely arguments may be neglected).

Another idea to classify arguments into relevant and irrelevant ones is
to define a cost function ¢ : C4+ — IR, which represents somehow the
desirability of the arguments a € Cy+ (Kohlas, 1996). It is assumed that
a C a implies c(a) < c¢(a’). If B is a cost bound, then an argument a is said
to be relevant, if c(a) is smaller than 8. Let F3 = {a € Cy=+ : c(a) < B} be
the stable production field of such arguments. Then the problem is to find
QSp(h,X) = QS(h,X) N Fz. Depending on the choice of 3, QSg(h, ) may
possibly become much smaller than QS(h,X).

4.1.3 Generating Prime Implicates

First, the following theorem shows how quasi—supports relative to a know-
ledge Y. relate to the prime implicates of X.

Theorem 4.6 (Reiter & de Kleer, 1987b) If h € , is a clause, then

PQS(hE) = ~p{f —he~Cyue: f€dE)}, (4.14)
PQS(L,S) = ~{f €~Cas: f € B (4.15)

According to this theorem, another way to determine quasi-supports and
contradictions for clauses consists in determining the prime implicates of 3,
followed by filtering the minimal quasi-supports out of them with the aid
of Equation 4.14.

For small knowledge bases > with a small number of prime implicates,
this may be an appropriate method to determine quasi—supports. For ex-
ample the decomposition method described in Subsection 4.3 may yield such
small factor bases where this method can be applied. This presupposes the
availability of methods to determine prime implicates (see below). For larger
knowledge bases Y. however the set of prime implicates may soon become

24



too large to be enumerated completely. Then more controlled methods must
be used (see Subsection 4.1.2).

One method to obtain prime implicates of a set of clauses uses res-
olution. If f and g are two clauses with exactly one pair of literals with
opposite sign, that is, if f = f’Vp and g = ¢’ V ~p, then the resolvent
p(f,g) is the clause f'V ¢', where it is understood that all multiple literals
are regrouped such that a literal appears only once. The next theorem shows
how all prime implicates of a set of clauses can be obtained.

Theorem 4.7 (Birkhoff & Bartee, 1970) If ¥ is a satisfiable set of clauses,
then the complete set of prime implicates of ¥ can be found by repeatedly
performing the following operation on X as long as it is possible:

(1) If a clause & of ¥ is contained in another clause &' of %,
£C ¢, then drop £'.
(2) If for two clauses &' and £" of ¥ a resolution is possible and

if the resolvent p(&',&") does not contain a clause already
present in X, then add p(&',€") to X.

The clauses in 3 upon termination of this procedure are the prime implicates
of X..

This theorem describes of course a non—deterministic procedure and not yet
an algorithm. Many optimizations are possible in selecting the resolvents,
if several are possible. See also Subsection 4.1.2 for a method to determine
prime implicates.

Let us illustrate the method by a simple example. A sensor produces a
signal s, if a cause c is present and if the system is operational (assumption
a1). There is the possibility that some other cause (assumption ag) produces
by error also the signal s. Otherwise there is no signal s. This system can
be coded by the following three clauses:

~cVr~a1 Vs, ~agVs, cVagV~s.

Suppose that the signal s is observed. Then the clause s is added to the
knowledge. What is the quasi—support for the hypothesis that the cause ¢
is producing the signal? Note that the first two clauses contain both s and
can thus be dropped according to theorem 4.7. The remaining third clause
can be resolved with s which gives ¢ V as. Now the third clause can also be
dropped and the two clauses

s and cVas
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remain. Here the procedure stops and these two clauses are the two only
prime implicates of the knowledge. By theorem 4.6 there is only one minimal
quasi—support for ¢, namely ~as and there are no contradictions.

Once the minimal quasi—support of a hypothesis A and the contradic-
tions are determined, then the support of h is also determined (see Sub-
section 3.2). As there are no contradictions in the example above supports
and quasi-support coincide. Therefore, the conjunctions ~as, a1 A ~as and
~a1 A ~ao are supports for the hypothesis ¢. Similarly, the refutation and
the possibility of h can be determined as soon as the quasi-support for ~h
is known.

4.2 Horn Clauses

The methods of the previous subsections are general in the sense that they
are able to treat general clauses. Thus, the full expressiveness of proposi-
tional logic can be used to formulate the model. Computationally, this may
be very expensive, and hence, the methods described so far are not powerful
enough for large models. In this subsection we present a method to gen-
erate arguments relative to a knowledge base consisting of Horn clauses
only. A Horn clause is a clause with at most one positive literal. This
is a special case of the general theory. Such systems are known as basic
assumption—based truth maintenance systems (basic ATMS) (de
Kleer, 1986).

A basic ATMS is an assumption—based knowledge (X, A4, P) with two
important restrictions:

(1) The clauses &; € ¥ are Horn clauses, that is clauses consist-
ing of at most one positive literal.

(2) The assumptions a; € A are only used as negative literals,
except if a; € ¥ is a clause.

The second restriction implies that arguments a € C4+ of hypotheses are
always conjunctions of positive assumptions. Let C4 C Cy+ be the set
of conjunctions of positive assumptions. The elements of C'4 are called
environments. Thus, the aim of the basic ATMS algorithm is to determine
environments a € Cy such that a,¥ = h. A set of such environments
corresponds to the concept of quasi-support. Environments relative to a
given basic ATMS can be computed more efficiently than quasi—supports
relative to a general assumption—-based knowledge.
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The Horn clauses &; of a basic ATMS are called justifications. The
positive literal of a justification represents the consequent of the justific-
ation. If a justification &; has no positive literal, then the inconsistency L
is said to be the consequent of &;. The consequent of a justification with no
negative literal is called premise.

The propositional symbols in N = PU AU {L} are called the nodes
of the ATMS. The basic ATMS algorithm generates simulataneously the
quasi-supports (environments) for all the nodes of the ATMS. Thus, only
hypotheses h € N are allowed. The quasi—-support of composed hypotheses
is obtained using (Q2) and (Q4) of Subsection 3.1. Note that in the case of a
basic ATMS the inequality of (Q4) becomes an equality for positive literals:

Theorem 4.8 (Anrig & Haenni, 1996) Let (X, A, P) be a basic ATMS. If
hi,he € AU P are two positive literals, then

QS(h1 V ha, %) = QS(h1, %) UQS(ha, ). (4.16)

The basic ATMS algorithm generates its results incrementally. The state of
the basic ATMS algorithm is determined by the current enviroments V' (n)
for all nodes n € N. The initial state of the algorithm is a state such that

(1) V(a;) = {a € C4 : a contains a;}, for all assumptions
a; € A,

(2) V(pi) =Ca,if p € P is a premise in %,
(3) V(n;) =0, for every other node n; € N.

A justification £ € ¥ of the form
E=rm V...VeongVp=n1A... Ang = p, (4.17)

n; € N, p € PU{L}, is applicable (on p) to the current state of the
algorithm if
V(ny)N...0nV(ng) € V(p). (4.18)

The application of £ to the current state of the ATMS algorithm results in
the modification of V'(p) as follows:

Vip) :=V(p)U(V(ny) N...NV(ng)). (4.19)

Let (&1,--.,&5) be a sequence of justifications. The sequcence is said to be
applicable to the current state of the ATMS algorithm if & is applicable
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and each &;, 2 < ¢ < s, is applicable after the sequential application of
&1,...,&_1. The application of the sequence is defined as to be the se-
quential application of £1,...,&. An applicable sequence of justifiactions
is said to be complete with respect to X if, after the application of the
sequence, no justification in X is applicable (Ngair, 1992).

Given a basic ATMS (%, A, P), the basic ATMS algorithm is form-
ally defined to be the selection and application of a complete applicable se-
quence (&1, ...,&) of justifications & € X to the corresponding initial state.
By repeating the search for an applicable justification in 3, we can always
derive a finite complete applicable sequence of justifications. Thus, starting
with the initial state, the algorithm repeatedly performs applications of jus-
tifications as long as applicable justifications can be found in ¥. Possibly,
some justifications are applied more that once, whereas other justifications
are never applied. The final state obtained at the end of the algorithm,
that is when no more applicable justification can be found, contains the
quasi—supports for the nodes of the ATMS:

Theorem 4.9 (Ngair, 1992) If a basic ATMS is given, then after the basic
ATMS algorithm we have for everyn € N:

QS(n,%) = V(n) UV(L). (4.20)

According to (4.19), the application of a justification strictly increases the
size of a single V(n) of the current state. Obviously, since C4 and N are
both finite sets, there is no infinite applicable sequence of justifications, and
therefore, the basic ATMS algorithm terminates.

To implement the algorithm, only procedures to compare sets and to
compute unions and intersections of sets are needed. Note that the sets V(n)
are always downward-sets. Thus, it is sufficient to store only the minimal
elements pV'(n), called the label of V(n), and the set operations can be
performed on the labels.

4.3 Decomposition and Valuation Networks

The methods described in the previous subsections are only useful for small
knowledge bases. If a large set of clauses Y. is given, then a decomposition
approach based on the theory of valuation (Lauritzen & Shenoy, 1996) may
be a valuable alternative. It permits to focus on smaller factor bases and on
combination operations between these factor bases.
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Consider the introductory example of Section 2. The idea of a repeated
variable elimination from ¥ corresponds to Shenoy’s fusion algorithm de-
scribed in (Lauritzen & Shenoy, 1996). If the individual clauses &; of ¥
are regarded as valuations for P;, where P, C P is the set of propositions
contained in &;, then the operation described in Equation 4.5 corresponds
to Shenoy’s fusion operation. The method of eliminating variables can thus
be used to construct a rooted join tree from a given knowledge base ..
Figure 4.1 shows the join tree obtained for the introductory example of Sec-
tion 2. The exact algorithm is described in detail in (Lauritzen & Shenoy,
1996).

Figure 4.1: The join tree obtained for the introductory example.

The order in which the variables have to be eliminated to obtain the
join tree of Figure 4.1 is e, g,d, a,w,c. The root of the join tree is b. The
clauses of the initial knowledge base

¥ = {&1,82,3,64,85, €8, €0, €12, €15, €16, €175 €18, €19, E20 ) (4.21)

are distributed among the nodes of the join tree. As we will see, the sets
of clauses at each node form valuations in the sense of Shenoy’s valuation
networks. These valuations can be propagated through the network in order
to compute the marginals of the factorization for each node of the tree.

Constructing a join tree and distributing the clauses of ¥ among the
nodes of the tree can also be seen as a decomposition of ¥ into disjoint sets
of clauses X p, to X¥p, with Xp U...UXp, = 3. P; C P is the set of propos-
itions contained in Xp,, i = 1,...,k. Note that Dp = {P,..., Py} forms a
hypertree (Lauritzen & Shenoy, 1996). Each set ¥p, defines a corresponding
assumption-based knowledge (Xp,, 4, P;).
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Let Dy = {Xp,,...,3p,} denote the set of knowledge bases obtained
after decompositions. The sets X p, are valuations for P;. The operations of
combination and marginalization are the following:

(1) Combination: If ¥p, and Xp, are valuations for P; and P, respect-

ively, then

Yp ®Xp, = “(Zpl U XJPz) (4'22)
is called combination of ¥p, and ¥p,. ¥p, ® Xp, is a valuation for
P, UP;.

(2) Marginalization: Let ¥p, be a valuation for P;. If P, is another set
of propositions such that P, C P;, then 2}31132 denotes the set of clauses
obtained after all variables in P, — P, are eliminated from ¥p, using
the method described in Subsection 4.1.1. Zg:? is called the marginal
of Xp, for P».

Depending on the choice of the elimination sequences, different results may
result from marginalization. However, all possible results are logically equi-
valent. From this point of view, marginalization is unique. In the following,
the symbols = and # refer to logical equivalence.

The following theorem summarizes a number of fundamental properties
for the operations of combination and marginalization:

Theorem 4.10 (Kohlas & Moral, 1995)

(1) The combination operation ® is commutative and associative:

EP1®EP2 = EPZ(X)EPI, (423)
Z]131 & (EP2 & Ep3) (EPI X z:132) & ZPs' (4'24)

(2) Consonance of marginalization: if P, C P, C P3, then

[(Sp )2 = (Spy) V2 (4.25)

(8) Distributivity of marginalization over combination:

(Zp ® Tp,)*" = Tp, @ (Tp,)1072 (4.26)

This theorem is crucial for local computation in decomposed knowledge
bases. It states that the basic axioms of valuation networks (Lauritzen &
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Shenoy, 1996) are also satisfied in the case of assumption—based knowledges.
Using Shenoy’s generic propagation algorithm, it is therefore possible to
compute marginals of the form

YW = (Zp ®...0Tp )9 (4.27)

locally for all subsets Q@ C P;, i = 1,...,k. If h is a hypothesis on ) and
if ¥* is used instead of ¥ (see Subsection 4.1.1), then Theorem 4.1 tells us
how to derive quasi-support from (X*)*<.

Instead of propagating sets of clauses X p, through the network, it is
also possible to use their corresponding families of basic arguments

Mp, = {Mp,(h,Zp,): h € Lp}. (4.28)

There are different methods to derive the familiy of basic arguments Mp,
from a knowledge base ¥ p, (Haenni, 1996). Again, such families are valu-
ations in the sense of Shenoy’s axiomatic framework of valuation networks.
The operations of combination and marginalization are defined as follows:

(1) Combination: If Mp, and Mp, are valuations for P; and P, respect-
ively, then the combination of Mp, and Mp, is given by

(Mp, ® Mp,)(h) =
U{MPI (h1) N Mp,(h2) : hi € Lp,, h1 Nhg = h}. (4.29)

Obviously, Mp, ® Mp, is a valuation for P; U Ps.

(2) Marginalization: Let Mp, be a valuation for P, and P, another set
of propositions such that P, C P;. The marginal M};.? of Mp, for
P, is obtained by

My (hg) = | J{Mp, (1) : h1 € Lp,, hi™* = ha}. (4.30)

The marginalization h*? of a logical formula h to @ is obtained by
dropping all propositional symbols p € @ from a possible DNF repres-
entation of h.

Again, the axioms for local computation in valuation networks are satisfied:

Theorem 4.11 (Kohlas, 1993)

31



(1) The combination operation ® is commutative and associative:

J\lpl(g)]\lp2 = Mp2®Mp1, (431)
MPI ® (MPz ® MP3) = (MP1 & MP2) & MP3. (432)

(2) Consonance of marginalization: if Py C Py C Ps, then

[(Mp, )25 = (Mp, ). (4.33)

(8) Distributivity of marginalization over combination:

(MP1 ® MP2)¢P1 = MP1 ® (MP2)¢PIOP2' (4'34)

Thus, the use of families of basic arguments is a second possibility to put
symbolic argumentation systems into the framework of valuation networks.
Thus, there are two different ways to compute symbolic arguments like
quasi—support from a decomposed knowledge base Dy:

(1) After propagating the sets ¥p, € Dy, through the valuation
network, quasi—support can be derived from the marginals
obtained at the nodes of the network.

(2) First, the sets ¥p, € Dy, are transformed into corresponding
families of basic arguments Mp,. After propagating these
families through the network, quasi—-support can be derived
from the resulting marginals.

Figure 4.2 shows a commutative diagram that illustrates how quasi—support
can be computed in two different ways. For both cases we have an additional
property called idempotency (Kohlas & Moral, 1995). Let P’ be a subset
of P, then
SpeSE = Sp, (4.35)
Mp @ ME = Mp. (4.36)

Idempotency reduces the number of necessary combinations during the out-
ward phase of the propagation process (Lauritzen & Shenoy, 1996).
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Figure 4.2: The commutative diagram for assumption—-based knowledges,
quasi-support, and basic arguments.

5 Computational Methods:
Probabilistic Argumentation Systems

This section describes computational methods for the probabilistic part of
argumentation systems. First, it shows how degrees of support may be
obtained from symbolic arguments once probabilties are assigned to the
assumptions. Finally, it points out that degrees of support may also be
obtained by applying valuation network techniques to the usual numerical
Dempster—Shafer theory of evidence.

5.1 From Symbolic to Numerical Evidence

From a given symbolic argumentation system, we get, by the methods of
Section 4, the quasi-supports for hypotheses (for example in logical rep-
resentation). How do we use this symbolic information to compute the
numerical degrees of support and plausibility of the hypotheses?

The numerical values sup(h, X) and pla(h,X) can be derived from given
(symbolic) quasi-supports, as soon as the numerical values of p(QS(h, X)),
p(QS(~h,X)) and p(QS(L,X)) are determined (see Equations 3.22 and 3.23
of Subsection 3.3). Throughout this subsection we assume that assumptions
are stochastically independent, although other probability models are also
possible. Independence between assumptions means that the probabilities
on {0,1}/4! are given by (3.20).

Suppose that @QS(h,Y) is given by its minimal elements pQS(h,X).
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Then, gs(h,X) = V{a € uQS(h,X)} is a possible logical representation of
QS (h,X), and we have

p(Q@S(h, %)) = p(Nalgs(h, X)) = p(U{N(a) : a € p@S(h,%)}).  (5.1)

Thus, the probability of a union of sets has to be computed. This is a well
known problem, especially in reliability theory. There are essentially two
methods. The first one is the so—called inclusion—exclusion method which is
presented in the following theorem:

Theorem 5.1 (Feller, 1968)

t t

p(UN(@) =Y (-)k -5, (52)

i=1 k=1

where
Se=>"{p(NN@)): TS{1,.... 1} |I| = k}. (5.3)
i€l
The probabilities of the intersections N{N(a;) : i € I} are easy to compute
because p(N{N(a;) : i € I}) = p(N(A{a; : i € I})) and N{a; : i € I}
is a conjunction of literals from A. But in the model with independent
assumptions, the probability of such a conjunction a = Af; is simply

pla) = p(N(AL)) =p(NN(¢;))
= [Ipi: 4=a} - JIH{Q -p) : 4 = ~ai}. (5.4)

Unfortunately, the S may contain many terms which makes the complete
computation of (5.2) tedious. However, the partial sums of the complete
sum are alternating lower and upper bounds of p(U{N(a;) : i =1,...,t}),
as the next theorem states.

Theorem 5.2 (Feller, 1968; Kohlas & Monney, 1994) If £ is a positive
integer such that 20+ 1 < t, then

2¢ t 20+1
S H sy <p(UN@) < 3 (DS (55)
k=1 =1 k=1

Sometimes, if the bounds guarantee a sufficient approximation, these bounds
permit to stop the computation of the complete sum at a relatively small
value of 2¢ + 1. However, note that these bounds are not monotone in /.
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The second general approach to compute probabilities of unions trans-
forms the union first into a union of disjoint sets. This is best done in the
logical setting where a disjunctive form V{a; : i = 1,...,t¢} is developed
into an equivalent disjunction V{d; : j = 1,...,s} of disjoint formulae,
dj Ndy = L, if j # k. Then, we have

t

p(V ai) =p( -\Z d;) = »( U N(dj) = Y p(N(@y),  (5.6)

=1 j=1 7j=1

and the probability of the union becomes again a simple sum. This method
presupposes that p(N(d;)) is easy to compute.

Abraham (1979) proposed an algorithm to develop V{a;: i =1,...,t}
into an equivalent disjoint disjunction V{d; : j =1,...,s} where d; are still
conjunctions of literals of assumptions. This means that p(/N(d;)) can easily
be computed according to (5.4). Heidtmann (1989) introduced an altern-
ative method where the d; are conjunctions of conjunctions and negations
of conjunctions of literals of assumptions. In general, this method yields
less terms than Abraham’s method and the probabilities p(N(d;)) are still
simple to compute. Both methods were developed for the special case of
so—called monotone Boolean systems. However, they can be adapted to the
more general case presented here (Kohlas & Monney, 1994).

Let’s note that reliability theory proposes also a number of bounds
for the probability of a union (Barlow & Proschan, 1975; Kohlas, 1987).
However, these bounds are again developed for monotone Boolean systems.
The question is still open whether and how these bounds can be adapted to
general non—-monotone systems.

5.2 Numerical Valuation Network Computations

Instead of first computing symbolic arguments, one may also compute more
or less directly numerical degrees of support and plausibility relative to
an assumption-based knowledge. In particular, this can been done in the
framework of valuation networks.

Suppose the knowledge (3, A, P) is decomposed into (X;, 4;, F;), ¢ =
1,...,k, such that ¥ = UY;, A = UA;, P = UF;, and, in addition, the sets
A; are disjoint (see Section 4.3). Then, we can compute bpap, for each factor
knowledge (X;, Ai, P;), i = 1,...,k, by the methods described so far.

It can be shown that these bpa’s combine by Dempster’s rule, and
marginalize as usual with bpa’s. Furthermore, it can be shown that these
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bpa’s are valuations in the sense of (Lauritzen & Shenoy, 1996) satisfying
the axioms needed for local combination. This gives a way to combine
numericaly bpa’s and then to compute degrees of support and plausibility,
which corresponds to the model of belief networks.

As the degrees of support are essentially reliabilities of proofs for some
hypotheses, there are other methods of reliability theory, which can be con-
sidered to compute them (Kohlas, 1984). One such method is the so—called
factorization method based on the formula of total probability (Cardona,
1993).
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