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Abstract

Drawing inferences from a set of general constraint clauses is known as a difficult
problem. A general approach is based on the idea of eliminating some or all variables
involved. In the particular case of propositional logic, this approach leads to a simple
procedure that incorporates the well-known resolution principle. The purpose of this
paper is to show how the resolution principle can be extended to constraint logic
where the knowledge is given as a set of constraint clauses. The result is a general
variable elimination method. The paper shows that the elimination problem can
always be reduced to the problem of eliminating the variable from a (conjunctive) set
of atomic constraints. Variabele elimination has a number of possible applications
such as satisfiability testing, hypotheses testing, constraint solving, argumentative
reasoning, and many others.

1 Introduction

The theory of information algebras and information systems [25, 27] defines a general the-

oretical framework for representing abstract pieces of information. This theory is based

on a small set of axioms over the two basic operations of combination (aggregation of

information) and marginalization (focusing to a more specific sub-question). This leads
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to a generic architecture for solving different types of inference problems. The architec-

ture implements the idea of distributed local computations which has been discovered for

valuation systems [30, 33] and is known as join tree propagation. A similar method that

puts the focus on variable elimination is called fusion algorithm [31, 32]. The same idea

is also called bucket elimination [10].

One particular case of an information system is obtained from the framework of con-

straint logic. Constraints are statements about groups of variables, each variable having

an individual set of possible values. Every constraint restricts the possible configurations

of a group of variables. Constraint logic is the language obtained from using constraints

together with the classical logical connectives. It includes the classical propositional logic

as a special case [26]. Other important special cases are set constraint logic [3, 14, 15, 16]

(also known as multivalent logic [20, 21] or signed logic [17, 18]), as well as general systems

of linear or non-linear equations or inequalities.

Constraint logic is a general and convenient tool for representing many different types

of information. Usually, the given knowledge is expressed as a conjunctive set of relatively

small constraint formulae. The difficult operation is then the marginalization of the

given information to a subset of variables. A general solution for the marginalization

problem is the idea of eliminating successively the corresponding irrelevant variables.

The basic operation is then the variable elimination (also known as quantifier elimination

in first-order logic [28] or more generally as fusion[31, 32] and bucket elimination [10]).

In propositional logic, eliminating a variable means essentially computing a number of

new resolvents according to the well-known resolution principle [26]. Similar methods are

known for (multivalent) set constraint logic [3, 8, 18, 20, 21] and for some simple cases of

linear equations and inequalities [4, 5, 6, 7, 11, 19, 22, 28, 29, 34, 35]. Variable elimination

has a number of possible applications such as satisfiability testing, hypotheses testing,

constraint solving, argumentative reasoning under uncertainty (which is the author’s main

research topic [1, 2, 13, 14, 12]), and many others.

The purpose of this paper is to present a general variable elimination method for

constraint logic. This is a possible way of understanding the classical resolution principle

from a more general point of view. The paper is organized as follows: Section 2 introduces

constraint logic and describes the importance of variable elimination; Section 3 presents

a general variable elimination procedure; Section 4 discusses two important special cases

of constraint logic; finally, Section 5 contains some concluding remarks.
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2 Constraint Logic

Propositional logic can be seen as a formal language for describing statements about

binary variables. This is sufficient for expressing a certain class of problems. However,

describing the world on the basis of binary variables is sometimes not sufficient. For that

reason, propositional logic can be generalized to constraint logic (CL). The idea is that

arbitrary variables are allowed, each of them having an individual set of possible values.

Constraints about the true values of some variables are then the atomic expressions of

the language. In this way, the expressiveness of classical logic is extended significantly.

Note that constraint logic includes propositional logic, set constraint logic, and systems

of linear and non-linear equations and inequalities as special cases.

Constraint logic is based on a finite set V of variables. Each variable x ∈ V has a set

Θx of possible values. Exactly one value θ ∈ Θx is supposed to be the true value of the

variable x. The set of possible values Θx is called frame of x. If X ⊆ V is a group of

variables, then the product space

ΘX =
∏
x∈X

Θx (1)

is called product frame of X. Each configuration (or interpretation) i ∈ ΘX assigns a

value to each variable x ∈ X. A constraint C is a description of a subset of IX(C) ⊆ ΘX

of configurations. V ars(C) = X denotes the corresponding group of variables involved.

Furthermore, CX denotes the set of all possible constraints over X. At the moment, the

language CX is not further specified (see Subsection 2.1 for examples).

A constraint C ∈ CX can be considered as predicate that evaluates to true for a given

configuration i ∈ ΘX , if i ∈ IX(C). Otherwise, C evaluates to false. The symbol � always

evaluates to true. Furthermore, ⊥ always evaluates to false. Constraints together with

the symbols ⊥ and � can be used to build compound constraint formulae:

(1) constraints, ⊥ and � are constraint formulae;

(2) if γ is a constraint formula, then ¬γ is a constraint formula;

(3) if γ and δ are constraint formulae, then (γ ∧ δ), (γ ∨ δ), (γ → δ), and

(γ ↔ δ) are constraint formulae.

Often, unnecessary parentheses can be omitted. The set LV of all constraint formulae over

V is called constraint language over V . The group of variables involved in a constraint

formula γ ∈ LV is denoted by V ars(γ). A formula γ is relevant for a variable x ∈ V , if

x ∈ V ars(γ). Otherwise, the formulae γ is irrelevant for x.
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Let i ∈ ΘV be a configuration that determines the truth values of the constraints

contained in γ ∈ LV . The truth value of the formula itself can then be determined in the

same way as in propositional logic. IV (γ) ⊆ ΘV denotes the set of all configurations for

which a formula γ evaluates to true. A constraint formula γ entails a constraint formula

δ (denoted by γ |= δ), if and only if δ evaluates to true under all configurations for

which γ evaluates to true, that is if IV (γ) ⊆ IV (δ). Furthermore, γ and δ are equivalent

(denoted by γ ≡ δ), if and only if the truth values of γ and δ are the same under all

possible configurations, that is if IV (γ) = IV (δ). Note that equivalent constraint formulae

represent exactly the same information.

A constraint C ∈ CX is called regular, if C �≡ � and C �≡ ⊥. Note that non-regular

constraints appearing in a constraint formula can always be used to simplify the formula.

For example, γ ∧ � ≡ γ, γ ∧ ⊥ ≡ ⊥, γ ∨ � ≡ �, γ ∨ ⊥ ≡ γ, ¬� ≡ ⊥, ¬⊥ ≡ �, etc.

A constraint clause is a disjunction C1 ∨ · · · ∨Cm of regular constraints. A constraint

clause D is called minimal, if no constraint in D represents a subset of configurations of

another constraint in D. A special case of a minimal constraint clause is the empty clause

⊥. The set of all minimal constraint clauses is denoted by DV . Note that non-minimal

constraint clauses can always be transformed into equivalent minimal constraint clauses

by dropping the corresponding constraints.

A set Σ = {D1, . . . , Ds} of minimal constraint clauses is considered as the knowledge

base. The clauses in Σ are interpreted as a conjunction D1 ∧ · · · ∧Ds. Therefore, Σ can

be seen as a conjunctive normal form (CNF) without negations. Note that such a CNF

can always be obtained from any arbitrary formula γ ∈ LV , if every negated constraint

¬C of a constraint C ∈ CX can be replaced by an equivalent constraint C ′ ≡ ¬C such

that C ′ ∈ CX .

The knowledge base Σ is called minimal, if no constraint clause in Σ entails an-

other constraint clause in Σ. Again, non-minimal knowledge bases can always be trans-

formed into equivalent minimal knowledge bases by dropping the corresponding constraint

clauses. If Σ is not minimal, then µΣ denotes the corresponding minimal knowledge base.

IV (µΣ) = IV (Σ) = IV (D1 ∧ · · · ∧ Ds) is the set of configurations that evaluate to true

with respect to Σ.

2.1 Examples of Constraints

In order to illustrate the wide-spread applicability of constraint logic, consider the follow-

ing examples of different classes of constraints:
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• Propositional Constraints: If a variable x ∈ V has only two possible values, |Θx| = 2,

then only two different regular constraints are possible. Let Θx = {0, 1}, for exam-

ple, be the frame of x, then 〈x = 1〉 and 〈x = 0〉 are the only regular constraints.

In such a situation, 〈x = 1〉 is often abbreviated by x and 〈x = 0〉 by ¬x, or vice

versa.

• Set constraints: Let Θx be an arbitrary set of possible values of x. A set constraint is

an expression of the form 〈x ∈ F 〉, where F is a non-empty subset of Θx. Examples:

Θx = {a, b, c, d, e}

– 〈x ∈ {a, b}〉,

– 〈x ∈ {b, c, d}〉,

– 〈x ∈ {e}〉,

– etc.

Clearly, propositional constraints are special cases of set constraints.

• Interval constraints: Let Θx = IR be the frame of the variable x. An interval con-

straint is an expression of the form 〈x ∈ I〉, where I is an interval of the form [a, b],

[a, b), (a, b] or (a, b) with a, b ∈ IR. Examples:

– 〈x ∈ [2, 5]〉,

– 〈x ∈ [−2, 7)〉,

– 〈x ∈ (6,∞]〉.

– etc.

General interval constraints are expressions of the form 〈x ∈ I1 ∪ · · · ∪ In〉 with

intervals Ii as described above.

• Linear and non-linear equations and inequalities: Let R ⊆ V be a set of variables

with Θx = IR for all x ∈ R. Every equation or inequality over the variables R can

be considered as a constraint. Examples:
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– 〈x = 17〉,

– 〈x− 3y + 2z = 6〉,

– 〈x ≤ 25〉,

– 〈4x− 3y + z > 6〉,

– 〈x2 + y2 = 25〉,

– 〈3x2 − 2sin(y) < 4〉,

– 〈
√

2x−y
4z2 ≥ 7〉,

– etc.

2.2 Variable Elimination

Eliminating variables has been discovered as an important basic operation for solving

problems in the domain of propositional logic [9, 23, 26], in the framework of set constraint

logic [3, 8, 18, 20, 21], as well as in systems of linear equations and inequalities [5, 6, 7,

19, 22, 24, 28, 34, 35]. General techniques that use variable elimination is Shenoy’s fusion

algorithm [31, 32] and Dechter’s bucket elimination [10].

The same idea will now be developed for the case of general constraint logic. The

basic idea is the following. Let Σ = {D1, . . . , Ds} the available knowledge base and

x ∈ V a variable to be eliminated. The problem then is to find a new minimal set

Σ′ = {D′
1, . . . , D

′
s′} of minimal constraint clauses D′

i ∈ CV ′ , V ′ = V \{x}, such that

IV ′(Σ′) is the projection of the set IV (Σ) from V to V ′. Such an operation is denoted by

Σ′ = Elimx(Σ). (2)

Note that there may be different (but equivalent) sets Σ′ satisfying the above condition.

Similarly, if X ⊆ V is a set of variables to be eliminated, then the problem is to find

a new set Σ′ = {D′
1, . . . , D

′
s′} of new minimal constraint clauses D′

i ∈ CV ′ , V ′ = V \X,

such that IV ′(Σ′) is the projection of the set IV (Σ) from V to V ′. Such an operation is

denoted by

Σ′ = ElimX(Σ). (3)

This problem can be solved by successively eliminating all the variables in X. More

precisely, if X = {x1, . . . , xq} is the set of variables to be eliminated, then a possible
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solution is given by

ElimX(Σ) = Elimxq ◦ · · · ◦ Elimx1(Σ). (4)

Note that any of the q! elimination sequences can be used for this process. However,

different elimination sequences may result in different (but equivalent) sets Σ′. Variable

elimination is useful for different applications. The following list shows some important

examples:

• Testing for Satisfiability: One of the most important problems in the framework

of constraint logic is to decide whether Σ is satisfiable or not, that is to find out

whether IV (Σ) is empty or not. In fact, Σ is satisfiable if and only if ElimV (Σ) = ∅.

• Hypotheses Testing: Another important problem is to decide whether a hypothesis

H ∈ LV follows from the given knowledge base Σ or not. Let ΣH be a set of

clauses such that ΣH and ¬H are equivalent. Then H follows from Σ if and only if

ElimV (Σ ∪ ΣH) = {⊥}.

• Constraint Solving: If Σ is satisfiable, then another problem consists in finding one

or several configurations i ∈ IV (Σ). Such a configuration can be constructed by a

sequence of variable eliminations. First, Σx1 = ElimV \{x1}(Σ) is computed. Σx1

describes the set of possible values of x1. One of these values is arbitrarily selected

and added to Σ. Then a value for x2 is arbitrarily selected from Σx2 = ElimV \{x2}(Σ)

and added to Σ, and so on. Finally, the values selected for all the variables xi ∈ V

form a configuration i ∈ IV (Σ).

• Constraint Projection: If X ⊆ V is a set of variables, the constraint projection

problem consists in finding a new set Σ′ of of constraint clauses D ∈ DX such that

IX(Σ′) is the projection of the set IV (Σ) from V to X. This problem is equivalent

to the problem of computing ElimV \X(Σ).

• Computing Arguments for Hypotheses [1, 2, 12, 13, 14]: If a subset A ⊆ V of variables

is declared as assumptions, then the problem is to find arguments α (conjunctive

sets of constraints over assumptions) such that a hypothesis H ∈ LV follows from

α ∪ Σ. Such arguments for H can be derived from ElimV \A(Σ ∪ ΣH), where ΣH is

a set of clauses such that ΣH and ¬H are equivalent.

All the problems of the above list can therefore be solved by eliminating variables. The

basic operation, that is the elimination of a single variable x ∈ V , will be discussed in the

following subsection. The result will be a resolution procedure that contains the resolution

principle of propositional and set constraint logic as special cases.
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3 The Variable Elimination Procedure

Let x ∈ V be the variable to be eliminated from Σ = {D1, . . . , Ds}. The first step of the

elimination procedure is to decompose Σ into two disjoint subsets ΣX and ΣR:

Σ = {D1, . . . , Dr︸ ︷︷ ︸
x∈V ars(Di)

, Dr+1, . . . , Ds︸ ︷︷ ︸
x/∈V ars(Di)

} = ΣX ∪ ΣR . (5)

The set ΣX = {D1, . . . , Dr} contains the constraint clauses which are relevant for x.

These are the important clauses for the elimination process. Let D = C1 ∨ · · · ∨ Cm be

such a constraint clause of ΣX . Then, in a similar way as above for Σ, the clause D can

be decomposed into two sub-clauses X and R:

D = C1 ∨ · · · ∨ Ck︸ ︷︷ ︸
x∈V ars(Ci)

∨ Ck+1 ∨ · · · ∨ Cm︸ ︷︷ ︸
x �∈V ars(Ci)

=




X ∨R,

X,

if k < m ,

if k = m .
(6)

Note that the first sub-clause X is never empty. In contrast, the second sub-clause R may

be empty in some cases. Therefore, the set ΣX = {D1, . . . , Dr} of relevant clauses has in

general the following form:

ΣX = {X1 ∨R1, . . . , Xq ∨Rq, Xq+1, . . . , Xr}. (7)

Example 1 Let Σ = {D1, D2, D3, D4, D5} be a set of five minimal constraint clauses

over a set V = {f, g, h, q, r, x, y, z} of variables with Θf = Θg = Θh = {0, 1}, Θq = Θr =

{a, b, c, d}, and Θx = Θy = Θz = IR. Suppose that

D1 = 〈x ∈ [3, 5]〉 ∨ f ∨ ¬g,

D2 = 〈x− y < 4〉 ∨ ¬h ∨ 〈q ∈ {b, c}〉,

D3 = 〈x + 3y ≥ 2〉 ∨ 〈3x− z = 3〉 ∨ g,

D4 = 〈x− z > 1〉,

D5 = 〈z ∈ [−2, 5)〉 ∨ ¬f ∨ 〈r ∈ {a, c, d}〉,

are the constraint clauses where f and ¬f , for example, are abbreviations for the con-

straints 〈f = 1〉 and 〈f = 0〉, respectively. If x is the variable to be eliminated, then Σ

can be decomposed into ΣX = {D1, D2, D3, D4} and ΣR = {D5}. Furthermore, ΣX can

be written as ΣX = {X1 ∨R1, X2 ∨R2, X3 ∨R3, X4} with

X1 = 〈x ∈ [3, 5]〉, R1 = f ∨ ¬g,
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X2 = 〈x− y < 4〉, R2 = ¬h ∨ 〈q ∈ {b, c}〉,

X3 = 〈x + 3y ≥ 2〉 ∨ 〈3x− z = 3〉, R3 = g,

X4 = 〈x− z > 1〉.

To summarize, we have a set Σ = {X1 ∨ R1, X2 ∨ R2, X3 ∨ R3, X4, D5} with q = 3,

r = 4 and s = 5.

Theorem 1 Let Σ be a set of minimal constraint clauses. If Σ can be decomposed into

ΣX and ΣR as described above, then

Elimx(Σ) = Elimx(ΣX ∪ ΣR) = µ(Elimx(ΣX) ∪ ΣR) (8)

defines the elimination of the variable x.

This theorem shows that irrelevant constraint clauses are not really needed for the elimi-

nation process.

3.1 General Constraint Resolution

The remaining problem is to eliminate the variable x ∈ V from the set of relevant clauses

ΣX . Recall that ΣX is always a set as shown in (7) with 0 ≤ q ≤ r ≤ s. If I = {1, . . . , q}
and I∗ = {q +1, . . . , r} are the sets of indices of the clauses in ΣX , J ⊆ I ∪ I∗, then XJ =

µ{Xi : i ∈ J} denotes the corresponding minimal set of sub-clauses Xi. Furthermore,

RJ = µ{Ri : i ∈ J} denotes the corresponding minimal set of sub-clauses Ri for any

J ⊆ I.

Theorem 2 Let ΣX be a set of relevant clauses for x. If I and I∗ are sets of indices as

defined above, then

Elimx(ΣX) = µ(
⋃

∅⊆J⊆I

{δ ∨ (∨RJ) : δ ∈ Elimx(XJ∪I∗)}) (9)

defines the elimination of the variable x.

This theorem describes the main principle of the variable elimination process. The re-

sulting clauses δ ∨ (∨RJ) are called resolvents of ΣX . The idea is to compute all possible

resolvents for every minimal subset of sub-clauses. This procedure will become more clear

by looking at the following example.
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Example 2 Let ΣX be a set of relevant clauses for x with q = 3 and r = 4. Thus, the

situation is the same as in Example 1. I = {1, 2, 3} and I∗ = {4} are the corresponding

sets of indices. We assume that XJ∪I∗ = µXJ∪I∗ and RJ = µRJ for all J ⊆ I. The result

of the previous theorem can then be written as

Elimx(ΣX) = Elimx({X1 ∨R1, X2 ∨R2, X3 ∨R3, X4})
= µ( {δ : δ ∈ Elimx({X4})}

∪ {δ ∨R1 : δ ∈ Elimx({X1, X4})}
∪ {δ ∨R2 : δ ∈ Elimx({X2, X4})}
∪ {δ ∨R3 : δ ∈ Elimx({X3, X4})}
∪ {δ ∨R1 ∨R2 : δ ∈ Elimx({X1, X2, X4})}
∪ {δ ∨R1 ∨R3 : δ ∈ Elimx({X1, X3, X4})}
∪ {δ ∨R2 ∨R3 : δ ∈ Elimx({X2, X3, X4})}
∪ {δ ∨R1 ∨R2 ∨R3 : δ ∈ Elimx({X1, X2, X3, X4})}).

The above example indicates that Theorem 2 includes the classical resolution principle

for propositional logic as a special case in which only pairs of clauses (instead of subsets

of clauses) are combined (see Subsection 4.1).

Finally, the remaining problem of the variable elimination process is the computation

of Elimx(XJ∪I∗), where XJ∪I∗ is a minimal set of clauses in which the variable x in

contained in every constraint. A clause δ ∈ Elimx(XJ∪I∗) is called a residue of XJ∪I∗ .

The problem of computing residues will be discussed in the following subsection. However,

two important particular situations are possible:

• If Elimx(XJ∪I∗) = ∅, i.e. there are no residues, then

{δ ∨ (∨RJ) : δ ∈ Elimx(XJ∪I∗)} = ∅. (10)

• If Elimx(XJ∪I∗) = {⊥}, i.e. the only residue is the empty clause ⊥, then

{δ ∨ (∨RJ) : δ ∈ Elimx(XJ∪I∗)} = {∨RJ}. (11)

Note that the second case implies Elimx(XJ ′∪I∗) = {⊥} for all J ′ ⊃ J . More generally,

if δ ∈ Elimx(XJ∪I∗), then δ ∈ Elimx(XJ ′∪I∗) implies that δ ∨ (∨RJ) entails δ ∨ (∨RJ ′)

for all J ′ ⊃ J . This observation tells us that for a set J of indices only residues are to

be considered which are not residues for any smaller set J ′ ⊂ J . The set of such residues

can be defined as

Elim∗
x(XJ∪I∗) = Elimx(XJ∪I∗) \ (

⋃
∅⊆J ′⊂J

Elimx(XJ ′∪I∗)). (12)
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In this way, the elimination procedure of Theorem 2 can be reformulated as follows:

Corollary 1 Let ΣX be a set of relevant clauses for x. If I and I∗ are sets of indices as

defined above, then

Elimx(ΣX) = µ(
⋃

∅⊆J⊆I

{δ ∨ (∨RJ) : δ ∈ Elim∗
x(XJ∪I∗)}) (13)

defines the elimination of the variable x.

3.2 Computing Residues

Let XJ = {X1, . . . , Xm} be an arbitrary minimal set of clauses Xi = Ci,1∨· · ·∨Ci,mi
with

x ∈ V ars(Ci,j). The remaining problem is then to eliminate x from XJ . As mentioned

in the previous subsection, clauses δ ∈ Elimx(XJ) are called residues of XJ . The general

idea for computing residues is to transform XJ into an equivalent disjunctive normal form

(DNF) and back. Transforming XJ into a DNF can be seen as computing the Cartesian

product over the clauses Xi ∈ XJ by regarding them as sets of constraints. The result

DNF (XJ) =
m∏

i=1

Xi = {T1, . . . , TM} (14)

is a set of terms (conjunctions) of constraints with M =
∏m

i=1 |Xi|. Every term Ti ∈
DNF (XJ) contains m constraints, one from each clause in XJ .

Example 3 Let XJ = {X1, X2, X3} be the set of constraint clauses for m = 3 and

with X1 = C1 ∨ C2, X2 = C3 ∨ C4 ∨ C5, and X3 = C6. Therefore, DNF (XJ) =

{T1, T2, T3, T4, T5, T6} contains the following M = 6 terms:

T1 = {C1, C3, C6}, T2 = {C1, C4, C6}, T3 = {C1, C5, C6},
T4 = {C2, C3, C6}, T5 = {C2, C4, C6}, T6 = {C2, C5, C6}.

Let Ti = {Ci,1, . . . , Ci,m} be a term obtained from DNF (XJ). Clearly, every constraint

Ci,j ∈ Ti can be considered as a constraint clause of length 1. Therefore, T ′
i = Elimx(Ti)

denotes the new set of constraints obtained from eliminating x from Ti. Let T ′ =

{T ′
1, . . . , T

′
M} be the new set of such terms. Transforming T ′ back into a CNF can be

seen as computing the Cartesian product over the terms T ′
i ∈ T ′. The resulting minimal

set

CNF (T ′) = µ {∨D : D ∈
M∏
i=1

T ′
i} (15)

is a new set of constraint clauses in which the variable x does not appear any more.
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Theorem 3 If XJ = {X1, . . . , Xm} is set of constraint clauses Xi = Ci,1 ∨ · · · ∨ Ci,mi

with x ∈ V ars(Ci,j) for 1 ≤ i ≤ m and 1 ≤ j ≤ mi, then

Elimx(XJ) = CNF ({Elimx(Ti) : Ti ∈ DNF (XJ)}) (16)

defines the elimination of the variable x.

Example 4 Consider the situation from Example 3. Suppose that the elimination of the

variable x produces the following new sets of constraints:

T ′
1 = Elimx(T1) = {C ′

1, C
′
2}, T ′

2 = Elimx(T2) = {⊥},
T ′

3 = Elimx(T3) = {C ′
3}, T ′

4 = Elimx(T4) = {C ′
4, C

′
5},

T ′
5 = Elimx(T5) = {⊥}, T ′

6 = Elimx(T6) = {C ′
6}.

Note that x �∈ V ars(C ′
i) for 1 ≤ i ≤ 6. The result of the elimination process is then a set

of four residues, that is Elimx(XJ) = {δ1, δ2, δ3, δ4} with

δ1 = C ′
1 ∨ C ′

3 ∨ C ′
4 ∨ C ′

6, δ2 = C ′
1 ∨ C ′

3 ∨ C ′
5 ∨ C ′

6,

δ3 = C ′
2 ∨ C ′

3 ∨ C ′
4 ∨ C ′

6, δ4 = C ′
2 ∨ C ′

3 ∨ C ′
5 ∨ C ′

6.

The remaining problem now is the elimination of the variable x from sets Ti = {Ci,1, . . . , Ci,m}
of constraints with x ∈ V ars(Ci,j) for 1 ≤ i ≤ M and 1 ≤ j ≤ m. This problem depends

strongly on the type of constraints involved. Some particular types of constraints will be

discussed in Section 4. In all cases, two important particular situations are possible:

• If there is a term Ti ∈ DNF (XJ) such that Elimx(Ti) = ∅, then

Elimx(XJ) = ∅.

• If Elimx(Ti) = {⊥} for all terms Ti ∈ DNF (XJ), then

Elimx(XJ) = {⊥}.

In propositional logic, for example, these two particular cases are the only possible situa-

tions (see Subsection 4.1).

4 Special Cases

The variable elimination method of the previous section is a general procedure that works

for sets of arbitrary constraint clauses. The main steps of the procedure are described by

Theorem 2 and Theorem 3. The purpose of this section is to investigate the elimination

procedure when the constraints are restricted to some special cases.

12



4.1 Propositional Logic

Suppose that the variable x ∈ V has only two possible values, that is |Θx| = 2. In such

a case, only two different regular constraints over x are possible. Let Θx = {0, 1}, for

example, be the frame of x, then 〈x = 1〉 and 〈x = 0〉 are the only regular constraints

(often abbreviated by x and ¬x, respectively). Let ΣX = {D1, . . . , Dr} ⊆ Σ be the set

of relevant constraint clauses for x. Recall that every D ∈ Σ is supposed to be minimal.

Therefore, if D = C1 ∨ · · · ∨ Cm is a constraint clause of ΣX , then

D = C1︸︷︷︸
x∈V ars(C1)

∨ C2 ∨ · · · ∨ Cm︸ ︷︷ ︸
x �∈V ars(Ci)

=




x ∨R

¬x ∨R


 if m > 1,

x

¬x


 if m = 1,

(17)

are the only four possibilities for D (compare with Equation 6). Consequently, there are

only four possibilities for the minimal sets XJ∪I∗ in Theorem 2:

XJ∪I∗ = ∅ ⇒ Elimx(XJ∪I∗) = ∅,

XJ∪I∗ = {x} ⇒ Elimx(XJ∪I∗) = ∅,

XJ∪I∗ = {¬x} ⇒ Elimx(XJ∪I∗) = ∅,

XJ∪I∗ = {x,¬x} ⇒ Elimx(XJ∪I∗) = {⊥}.

Therefore, the discussion in Subsection 3.2 about computing residues is irrelevant when x

is a binary (propositional) variable. Moreover, we have always one of the two special cases

of Equation 10 and Equation 11. The interesting case, where resolvents are generated, is

the case where Elimx(XJ∪I∗) = {⊥}. Such a case appears as soon as a pair of clauses is

taken such that the variable x once appears as a positive and once as a negative literal.

Therefore, in Theorem 2 only pairs of clauses must be considered (instead of subsets of

clauses). Let Σ+
X and Σ−

X be the sets of clauses in ΣX in which the variable x appears as

a positive and as a negative literal, respectively. Equation 9 in Theorem 2 can then be

reformulated as

Elimx(ΣX) = Elimx(Σ
+
X ∪ Σ−

X)

= µ {R1 ∨R2 : x ∨R1 ∈ Σ+
X , ¬x ∨R2 ∈ Σ−

X}. (18)

This is the usual variable elimination method of propositional logic. Obviously, because

only pairs of clauses are to be considered, this particular case is much more efficient than

the general case, where subsets of clauses are considered.

13



4.2 Set Constraint Logic

Set constraint logic can be regarded as a generalization of propositional logic [3, 14, 15, 16].

Note that the same concept is also known as signed logic [17, 18] or multivalent logic

[20, 21]. A set constraint 〈x ∈ F 〉 restricts the possible values of a variable x ∈ V to

a non-empty subset F ⊆ Θx. Logical expressions over set constraints can always be

simplified by the following rules:

¬〈x ∈ F 〉 ≡ 〈x ∈ Θx \ F 〉,

〈x ∈ F1〉 ∨ 〈x ∈ F2〉 ≡ 〈x ∈ F1 ∪ F2〉,

〈x ∈ F1〉 ∧ 〈x ∈ F2〉 ≡ 〈x ∈ F1 ∩ F2〉.

Every clause D ∈ ΣX can therefore be written such that the variable x appears in only

one set constraint. Therefore, only two cases are possible (compare with Equation 6):

D = C1︸︷︷︸
x∈V ars(C1)

∨ C2 ∨ · · · ∨ Cm︸ ︷︷ ︸
x �∈V ars(Ci)

=



〈x ∈ F 〉 ∨R,

〈x ∈ F 〉,

if m > 1,

if m = 1.
(19)

Every set XJ∪I∗ in Theorem 2 is therefore a set {C1, . . . , CkJ} of constraints Ci = 〈x ∈ Fi〉
with V ars(Ci) = {x}. The problem of computing the residues for XJ∪I∗ can then be

reduced to the following two cases:

Elimx(XJ∪I∗) =



{⊥}, if and only if

kJ⋂
i=1

Fi = ∅,

∅, otherwise.
(20)

The problem therefore is to find minimal sets XJ∪I∗ with an empty intersection of the

corresponding sets Fi. The resolvents are then the corresponding clauses ∨RJ . Thus, if

ΣX = {D1, . . . , Dr} is the set of relevant clauses for x with Di = 〈x ∈ Fi〉 ∨ Ri, then the

variable elimination can be described by

Elimx(ΣX) = µ {∨RJ : J ⊆ {1, . . . , r},
⋂
i∈J

Fi = ∅}. (21)

An efficient way of computing all such resolvents is described in [3]. Note that the above

formula corresponds to the results found in [17, 18, 20, 21] and is closely related to the

method described in [8] about optimal k-consistency algorithms.

5 Conclusion

This paper presents a general procedure for eliminating variables from arbitrary sets

of constraint clauses. The procedure generalizes the resolution principle and includes

14



the classical resolution-based methods for propositional logic and set constraint logic as

special cases. In the general case, the paper shows that the elimination problem for a

set of clauses can always be reduced to the problem of eliminating the variable from a

(conjunctive) set of atomic constraints.

Future work will focus on complexity studies and on the investigation of further spe-

cial cases. Among others, systems of linear equations and inequalities are certainly of

particular importance. Other important special cases are systems of interval constraints

with their wide-spread applicability in the domain of temporal and spatial reasoning.
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