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Abstract This article presents a new approximation method for com-
puting arguments or explanations in the context of logic-based argumen-
tative or abductive reasoning. The algorithm can be interrupted at any
time returning the solution found so far. The quality of the approximation
increases monotonically when more computational resources are available.
The method is based on cost functions and returns lower and upper bounds.

1 Introduction

The major drawback of most qualitative approaches to uncertainty man-
agement comes from their relatively high time and space consuming al-
gorithms. To overcome this difficulty, appropriate approximation methods
are needed. In the domain of argumentative and abductive reasoning, a
technique called cost-bounded approximation has been developed for prob-
abilistic argumentation systems [16-18]. Instead of computing intractably
large sets of minimal arguments for a given query, the idea is that only the
most relevant arguments not exceeding a certain cost bound are computed.
This is extremely useful and has many applications in different fields [1,3].
In model-based diagnostics, for example, computing arguments corresponds
to determining minimal conflict sets and minimal diagnoses. Very often, in-
tractably many conflict sets and diagnoses exist. The method presented in
[16] is an elegant solution for such difficult cases. However, the question of

* Research supported by scholarship No. 8220-061232 of the Swiss National
Science Foundation.

Correspondence to: Rolf Haenni, Schiitzenstrasse 10, CH-8280 Kreuzlingen,
Switzerland



2 Rolf Haenni

choosing appropriate cost bounds and the problem of judging the quality of
the approximation remain.

The approach presented in this article is based on the same idea of
computing only the most relevant arguments. However, instead of choosing
the cost bound first and then computing the corresponding arguments, the
algorithm starts immediately by computing the most relevant arguments.
It terminates as soon as no more computational resources (time or space)
are available and returns the cost bound reached during its run. The result
is a lower approrimation that is sound but not complete. Furthermore,
the algorithm returns an wupper approximation that is complete but not
sound. The difference between lower and upper approximation allows the
user to judge the quality of the approximation. The algorithm is designed
such that the cost bound (and therefore the quality of the approximation)
increases monotonically when more resources are available. It can therefore
be considered as an anytime algorithm that provides a result at any time.
Note that this is very similar to the natural process of how people collect
information from their environment. In legal cases, for example, resources
(time, money, etc.) are limited, and the investigation focusses therefore on
the search of the most relevant and most obvious evidence and such that
the corresponding costs remain reasonable.

Another important property of the algorithm is the fact that the actual
query is taken into account during its run. This ensures that those arguments
which are of particular importance for the user’s actual query are returned
first. Such a query-driven behavior corresponds to the natural way of how
human gathers the relevant information from different sources.

2 Probabilistic Argumentation Systems

The theory of probabilistic argumentation systems is based on the idea of
combining classical logic with probability theory [17,15]. It is an alternative
approach for non-monotonic reasoning under uncertainty. It allows to judge
open questions (hypotheses) about the unknown or future world in the light
of the given knowledge. From a qualitative point of view, the problem is to
find arguments in favor and against the hypothesis of interest. An argument
can be seen as a defeasible proof for the hypothesis. It can be defeated by
counter-arguments. The strength of an argument is weighted by considering
its probability. In this way, the credibility of a hypothesis can be measured
by the total probability that it is supported or rejected by such arguments.
The resulting degree of support and degree of possibility correspond to (nor-
malized) belief and plausibility in Dempster-Shafer’s theory of evidence [25,
28,20]. A quantitative judgement is sometimes more useful and can help to
decide whether a hypothesis should be accepted, rejected, or whether the
available knowledge does not permit to decide.

The technique of probabilistic argumentation systems generalizes de
Kleer’s and Reiter’s original concept of assumption-based truth maintenance
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systems (ATMS) [6-8,24,19,10] by (1) removing the restriction to Horn
clauses and (2) by adding probabilities in a similar way as Provan [23] or
Laskey and Lehner [2]. Approximating techniques for intractably large sets
of arguments has been proposed for ATMS by Forbus and de Kleer [14,9],
by Collins and de Coste [5], and by Bigham et al. [4].

For the construction of a probabilistic (propositional) argumentation
system, consider two disjoint sets A = {a1,...,a,,} and P = {p1,...,pn}
of propositions. The elements of A are called assumptions. La,p denotes the
corresponding propositional language. If £ is an arbitrary propositional sen-
tence in Lap, then a triple (&, P, A) is called (propositional) argumentation
system. £ is called knowledge base and is often specified by a conjunctively
interpreted set X' = {&,...,&.} of sentences §; € Laup or, more specifically,
clauses &; € Dayp, where Daup denotes the set of all (proper) clauses over
AU P. We use Props(§) C AU P to denote all the propositions appearing
in &.

The assumptions play an important role for expressing uncertain in-
formation. They are used to represent uncertain events, unknown circum-
stances and risks, or possible outcomes. Conjunctions of literals of assump-
tions are of particular interest. They represent possible scenarios or states
of the unknown or future world. C4 denotes the set of all such conjunctions.
Furthermore, Ny = {0, 1}|A| represents the set of all possible configurations
relative to A. The elements s € Ny are called scenarios. The theory is based
on the idea that one particular scenario § € Ny is the true scenario.

Consider now the case where a second propositional sentence h € Laup
called hypothesis is given. Hypotheses represent open questions or uncertain
statements about some of the propositions in A U P. What can be inferred
from £ about the possible truth of & with respect to the given set of unknown
assumptions? Possibly, if some of the assumptions are set to true and others
to false, then h may be a logical consequence of £. In other words, h is
supported by certain scenarios s € Ny or corresponding arguments « € Cy.
Note that counter-arguments refuting h are arguments supporting —h.

More formally, let £, be the formula obtained from £ by instantiating
all the assumptions according to their values in s. We can then decompose
the set of scenarios N4 into three disjoint sets

) ={seNy: & =1}, (1)
SPa(h,€) = {8 ENg:ls Fh € bé J-}7 (2)
RFEy(h,&) ={s €Ny : &5 Eh, E&s =L} = SPy(—h,8), (3)

of inconsistent, supporting, and refuting scenarios, respectively. Further-
more, if Nj(a) C Ny denotes the set of models of a conjunction a € Cy,
then we can define corresponding sets of supporting and refuting arguments
of h relative to & by

SP(h,€) = {a € Ca : Na(a) C SPi(h,€)}, (4)
RF(h,€) = {a € Ca : Na(e) € RFs(h,€)}, (5)
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respectively. Often, since SP(h,£) and RF(h,§) are upward-closed sets, only
corresponding minimal arguments are considered.

So far, hypotheses are only judged qualitatively. A quantitative judgment
of the situation becomes possible if every assumption a; € A is linked to a
corresponding prior probability p(a;) = ;. Let IT = {1, ..., ™} denote the
set of all prior probabilities. We suppose that the assumptions are mutually
independent. This defines a probability distribution p(s) over the set Na
of scenarios'. Note that independent assumptions are common in many
practical applications [1]. A quadruple (£, P, A, IT) is then called probabilistic
argumentation system [17].

In order to judge h quantitatively, consider the conditional probability
that the true scenario § is in SP4(h, &) but not in I4(£). In the light of this
remark,

dsp(h,§) = p(s€SPa(h,&) |5 ¢ 1a(€)) (6)

is called degree of support of h relative to £. It is a value between 0 and 1
that represents quantitatively the support that h is true in the light of the
given knowledge. Clearly, dsp(h,£) = 1 means that h is certainly true, while
dsp(h,&) = 0 means that h is not supported (but & may still be true). Note
that degree of support is equivalent to the notion of (normalized) belief in
the Dempster-Shafer theory of evidence [25,28]. It can also be interpreted
as the probability of the provability of h [22,27].

A second way of judging the hypothesis h is to look at the corresponding
conditional probability that the true scenario § is not in RF4(h, €). It repre-
sents the probability that - can not be inferred from the knowledge base.
In such a case, h remains possible. Therefore, the conditional probability

dps(h,§) = p(5¢ RFx(h,§)[5¢1a(8)) = 1 — dsp(=h, &) (7)

is called degree of possibility of h relative to £. It is a value between 0 and
1 that represents quantitatively the possibility that h is true in the light
of the given knowledge. Clearly, dps(h,£) = 1 means that h is completely
possible (there are no counter-arguments against h), while dps(h,&) = 0
means that h is false. Degree of possibility is equivalent to the notion of
plausibility in the Dempster-Shafer theory. We have dsp(h,&) < dps(h,§)
forall h € Laup and € € Layp. Note that the particular case of dsp(h, &) =0
and dps(h, &) = 1 represents total ignorance relative to h.

An important property of degree of support and degree of possibility is
that they behave non-monotonically when new information is added. More
precisely, if £ represents a new piece of information, then nothing can be said
about the new values dsp(h,§ AE') and dps(h,EAE'). Compared to dsp(h, &)
and dps(h, &), the new values may either decrease or increase, both cases
are possible. This reflects a natural property of how a human’s conviction
or belief can change when new information is given. Non-monotonicity is

! In cases where no set of independent assumptions exists, the theory may also
be definied on an arbitrary probability distribution over Na.
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therefore a fundamental property for any mathematical formalism for rea-
soning under uncertainty. Probabilistic argumentation systems show that
non-monotonicity can be achieved in classical logic by adding probability
theory in an appropriate way. This has already been noted by Mary McLeish
in [21].

3 Computing Arguments

From a computational point of view, the main problem of dealing with prob-
abilistic argumentation systems is to compute the set pQS(h, ) of minimal
quasi-supporting arguments with QS(h, &) = {a € C4 : A = h}. The term
“quasi” expresses the fact that some quasi-supporting arguments of A may
be in contradiction with the given knowledge. Knowing the sets u@S(h,§),
uQS(—h,§), and p@QS(L, &) allows then to derive supporting and refuting
arguments, as well as degree of support and degree of possibility [17]. We
use

QSa(h,§) = Na(QS(h,€)) = {s€ Na:&s = h} (8)

to denote corresponding sets of quasi-supporting scenarios.

Suppose that the knowledge base £ € La,p is given as a set of clauses
Y =A&,...,&} with & € Daup and € = & A -+ A &,.. Furthermore, let
H C Dyup be another set of clauses such that AH = —h. Yy = pu(X U H)
denotes then the corresponding minimal clause representation of & A —h
obtained from X' U H by dropping subsumed clauses.

3.1 Ezxact Computation

The problem of computing minimal quasi-supporting arguments is closely
related to the problem of computing prime implicants. Quasi-supporting
arguments for h are conjunctions « € C4 for which a A £ = h holds. This
condition can be rewritten as £V —h = -« or X'y = —a, respectively. Quasi-
supporting arguments are therefore negations of implicates of X'y which are
in D4. In other words, if § € D4 is an implicate of Xy, then —§ is a quasi-
supporting argument for h. We use PI(Xg) to denote the set of all prime
implicates of Y. If =¥ is the set of conjunctions obtained from a set of
clauses ¥ by negating the corresponding clauses, then

HQS(h,€) = ~(PI(S) N Da). (9)

Since computing prime implicates is known to be NP-complete in general,
the above approach is only feasible when Xy is relatively small. However,
when A is small enough, many prime implicates of Xy are not in Dy and
are therefore irrelevant for the minimal quasi-support. Such irrelevant prime
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implicates can be avoided by the method described in [17]. The procedure
is based on two operations

Consqg(X) = Consg, o---0Cons,, (X), (10)
Elimg(X) = Elimg, o --- o Elim,_(X), (11)
where X is an arbitrary set of clauses and @ = {z1,...,z,} a subset of

propositions appearing in Y. Both operations repeatedly apply more spe-
cific operations Cons,(X) and Elim,(X'), respectively, where x denotes a
proposition in Q.

Let X, denote the clauses of X' containing x as a positive literal, Xz the
clauses containing x as a negative literal, and X; the clauses not containing
x. Furthermore, if

p(Za:,Zi) = {191 Vidg:xzVi € X, nxViy € Ei} (12)

denotes the set of all resolvents of X' relative to z, then Cons,(X) = p(X'U
p(Xy, X5)) and Elimg,(X) = p(X; U p(Xs, Xz)).

Thus, Consg(X) computes all the resolvents (consequences) of X' rela-
tive to the propositions in ) and adds them to X. Note that if Q) contains
all the proposition in X, then Consg(X) = PI(X). In contrast, Elimg(X)
eliminates all the propositions in ) from X and returns a new set of clauses
whose set of models corresponds to the projection of the original set of
models. Note that from a theoretical point of view, the order in which the
propositions are eliminated is irrelevant [17], whereas from a practical point
of view, it critically influences the efficiency of the procedure. Note that the
elimination process is a particular case of Shenoy’s fusion algorithm [26] as
well as of Dechter’s bucket elimination procedure [13].

The set of the minimal quasi-supporting arguments can then be com-
puted in two different ways by

uQS(h,&) = —Consa(Elimp(Xy)) = —Elimp(Consa(Xg)). (13)

Note that in many practical applications, computing the consequences rel-
ative to the propositions in A is trivial. In contrast, the elimination of the
propositions in P is usually much more difficult and becomes even infeasible
as soon as Xy has a certain size.

3.2 Cost-Bounded Approximation

A possible approximation technique is based on cost functions ¢ : C4 —
IR*. Conjunctions a with low costs c(«) are preferred and therefore more
relevant. We require that o C o' implies ¢(a) < ¢(o’). This condition is
called monotonicity criterion. Examples of common cost functions are:

— the length of the conjunction (number of literals): ¢(a) = ||,

— the probability of the negated conjunction: c¢(a) =1 — p(§ € Na(«)).
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The idea of using the length of the conjunctions as cost function is that
short conjunctions are usually more weighty arguments. Clearly, if a is a
conjunction in C4, then an additional literal ¢ is a supplementary condi-
tion to be satisfied, and « A £ is therefore less probable than «. From this
point of view, the length of a conjunction expresses somehow its probability.
However, if probabilities are assigned to the assumptions, then it is possible
to specify the probability of a conjunction more precisely. That’s the idea
behind the second suggestion.

Let 8 € RY be a fixed bound for a monotone cost function c(a). A
conjunction a € Cy is called S-relevant, if and only if ¢(a) < 8. Otherwise,
« is called B-irrelevant. The set of all B-relevant conjunctions for a fixed
cost bound ( is denoted by

cl = {aeC: cla) < B} (14)

Note that Cf is a downward-closed set. This means that a € Cf implies

that every (shorter) conjunction o C « is also in Cﬁ . Evidently, C = 0 and
C3° = Ca. An approximated set of minimal quasi-supporting arguments can
then be defined by

uQS(h,&,8) = pQS(h,€) N cy. (15)

The corresponding set of scenarios is denotes by QSa(h,&, 3). Note that
uQS(h, &, 3) is sound but not complete since u@S(h, &, 5) C u@QS(h,§). It
can therefore be seen as a lower approximation of the exact set uQS(h,¢).

In order to compute u@S(h,¢&, ) efficiently, corresponding downward-
closed sets are defined over the set of clauses Dayp. Obviously, every clause
& € Dyup can be split into sub-clauses €4 and £p by

f = El\/"'\/gk\/gk-i-l\/"'\/gm = &'A\/gPy (16)

€A+ cpP+

where A* and P* are the sets of literals of A and P, respectively. Such a
clause can also be written as an implication =£4 — £p where Arg(§) = —€a
is a conjunction in C4. The set of clauses £ for which the corresponding
conjunction Arg(§) is in CAB can then be defined by

Dgup = {£ € Daup: Arg(€) € Cf}. (17)

A new elimination procedure called (3-elimination can then by defined by
Elim}(X) = Elimf o---o Elimf (%), (18)
where the clauses not belonging to Dﬁu p are dropped at each step of the

process by Elim?(X) = Elim,(X) N Dgup' In this way, the approximated
set of quasi-supporting arguments can be computed by

uQS(h, &, B) = ~Elim(Consa(Z))
= —\Elimg(ConsA(EH) N Dﬁup). (19)
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See [17] for a more detailed discussion and the proof of the above formula.
Two major problems remain. First, it is difficult to choose a suitable cost
bound S in advance (if 3 is too low, then the result may be unsatisfactory,
if B is to high, then the procedure risks to get stuck). Second, there is no
mean to judge to quality of the approximation.

4 Anytime Algorithm

The algorithm introduced below helps to overcome the difficulties men-
tioned at the end of the previous section. Instead of first choosing the cost
bound and then computing the corresponding arguments, the algorithm
starts immediately by computing the most relevant arguments and termi-
nates as soon as no more computational resources (usually time) are avail-
able. Finally, it returns two minimal sets LB and UB of (potential) minimal
arguments with

NA(LB) C QSa(h,€) € Na(UB) (20)

and a cost bound § with LB D uQS(h,§,3). Obviously, the sets LB is
considered as lower bound (sound but not complete) while UB is considered
as upper bound (complete but not sound). From this follows immediately
that

p(8€ Na(LB)) < p(5€@Sa(h,€)) < p(5€ Na(UB)). (21)

Furthermore, if LB’, UB’, and (3’ are the corresponding results for the same
input parameters (knowledge base, hypothesis, cost function) but with more
computational resources, then Na(LB) C Na(LB'), Na(UB) 2 Na(UB'),
and 3 < (. The quality of the approximation increases thus monotonically
during the execution of the algorithm. If the algorithm terminates before all
computational resources are used or if unlimited computational resources
are available, then the algorithm returns the exact result uQS(h,§) = LB =
UB and (§ = cc.

The idea for the algorithm comes from viewing the procedure described
in the previous section from the perspective of Dechter’s bucket elimination
procedure [13]. From this point of view, the clauses contained in Conss (Xx)
are initially distributed among an ordered set of buckets. There is exactly
one bucket for every proposition in P. If a clause contains several proposi-
tions from P, then the first appropriate bucket of the sequence is selected.
In a second step, the elimination procedure takes place among the sequence
of buckets.

The idea now is similar. But instead of processing the whole set of clauses
at once, the clauses are now iteratively introduced one after another, start-
ing with those having the lowest cost. At each step of the process, possible
resolvents are computed and added to the list of remaining clauses. Sub-
sumed clauses are dropped. As soon as a clause containing only proposition
from A is detected, it is considered as a possible result. By taking the clauses
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with low costs first, it is guaranteed that the most relevant arguments are
produced first. This is due to the fact that the cost of a resolvent is is al-
ways at least as high as the individual costs of the two clauses producing
the resolvent. Note that for a given sequence of buckets, exactly the same
set of resolvents are produced as in the usual bucket elimination procedure,
but in a different order.

The core of the algorithm works with different sets of clauses:

— XY = the remaining set of clauses, initialized to Consa(Xm) \ Da,
— Yo = the results, initialized to Consa(Xg) N Da,

— X1,..., 2, = the corresponding sequence of buckets for all propositions
in P={p1,...,pn}, all initialized to 0.

The details of the whole procedure are described below. The process termi-
nates as soon as X = ) or when no more resources are available.

[01] Function Quasi-Support(P, A, X, h,c);
Begin

[02]

[03]  Select H C Dayp such that AH = —h;

04 Ty p(SUH):

[05] X «— Consa(Xy)\ Da;

[06] Xy «— Consa(Xp) N Dy;

[07] X « Qforalli=1,...,m;

[08]  Loop While X' # 0 And Resources() > 0 Do
[09] Begin

[10] Select £ € X such that ¢(Arg(§)) = min({c(Arg(&)): &€ X});
15— 2\ {eh

[12] kE — min({i € {1,...,n}: p; € Props(§)});
[13] Ifp €€

[14] Then R — p({¢},{€ € Xk : —pp € £});
[15] Else R «— p({€ € Xy : pr € £ {E});
16 5 — SU(R\Da)

[17] Yo — XoU(RNDy);

[18] XL o— EkU{f};

[19] S — pw(XUXogU---UXy);

[20] Y — X2ns;

[21] Yy «— XynSforalli=1,... ,n;

[22]  End;

[23] LB « {Arg(&): €€ Xy}

(24]  UB « p{Arg(§): £€ ToU L}

25] B — min({c(Arg(€)) : £ € X} U {oo});
[26] Return (LB, UB, (3);

[27] End.

At each step of the iteration, the following operations take place:

— line [10]: select a clause ¢ from X such that the corresponding cost
¢(Arg(€)) is minimal;
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— line [11]: remove ¢ from X;
— line [12]: select the first proposition py € P with py € Props(§) and

— lines [13]-[15]: compute all resolvents of £ with X,

lines [16] and [17]: add the resolvents either to X' or Xy,

line [18]: add £ to X,

— lines [19]-[21]: remove subsumed clauses from X, X, X1,..., X,.

Finally, LB and 3 are obtained from Y. Furthermore, UB can be derived
from Xy and Y. Note that the procedure is a true anytime algortihm giving
progressively better solutions as time goes on and also giving a response
however little time has elapsed [12,11]. In fact, it satisfies most of the basic
requirements of anytime algorithms [29]:

— measurable quality: the precision of the approximate result is known,
— monotonicity: the precision of the result is growing in time,

— consistency: the quality of the result is correlated with the computation
time and the quality of the inputs,

— the diminishing returns: the improvement of the solution is larger at the
early stages of computation and it diminishes over time,

— anterruptibility: the process can be interrupted at any time and provides
some answer,

— preemptability: the process can be suspended and continued with mini-
mal overhead.

A more detailed discussion of these properties and corresponding proofs of
correctness will appear in one of the author’s forthcoming technical reports.

4.1 Example

In order to illustrate the algorithm introduced in the previous subsection,
consider a communication network with 6 participants (A, B, C, D, E, F)
and 9 connections. The question is whether A is able to communicate with
F or not. This is expressed by h = A — F. It is assumed that connection 1
(between A and B) works properly with probability 0.1, connection 2 with
probability 0.2, etc.

Fig. 1 A simple communication network.
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The original knowledge base X' consists of 9 clauses &3, &5, &6, &5, 10,
5117 5137 §17 and 618' Furthermore, H = {A,"F} = {61,52} and EH =
w(XUH)=(YUH)\ {&1}, since £11 is subsumed by &;. Table 1 shows all
the clauses produced during the process (ordered according to their proba-
bilities).

Table 1 The clauses produced during the process.

> 61 A 1.0 514 DV —as 0.3
& | F 1.0 15 | EV —as V —as 0.24
& | EV FV -ag 0.9 * | €16 | mas V —ag V —ag 0.216
&1 | DBV —ag 0.9 e &7 | mBV C V —as 0.2
o & WDV EV-as (0.8 e 5| "AV BV —aq 0.1
° 56 -CV FV -ar 0.7 §19 BV —aq 0.1
& | ~CV —ar 0.7 &0 | "EVCV —az V—as 0.1
o| & | BV F-ag 0.6 * [ €21 | masz V —as V —ag V —asg 0.072
& | BV —ag 0.6 Ea2 | 7 E V —az V —as V —ar 0.07
o| (0o |"EV BV —as 0.5 * | &23 | Da1 V —ag 0.06
° ﬁ}( -EV AV —ay 0.4 24| CV a1 V —as 0.02
.512 =FEV —as V —ag | 0.3 * 525 —as V —asz V —as V oar V —ag | 0.017
o &3 |"AV DV —as 0.3 * | €26 | ma1 V —maz V —ar 0.014

The initial clauses of X are marked by e and the clauses of H by ». The
minimal quasi-supporting arguments for h = A — F' are finally obtained
from the clauses 16, €21, 23, 25, and €6 (marked by x):

pQS(h, X) = {16, 621, €23, 7€25, ~26 }
= {a3/\a8/\a9, as/NasNag/Nag, a1 N\ag, asNasNasNarNag, al/\ag/\a7}.

Note that every minimal quasi-supporting argument in puQS(h,X) corre-
sponds to a minimal path from node A to node F in the communication
network. If we take A, F, B, D,C, E as elimination sequence (order of the
buckets), then the complete run of the algorithm can be described as in
Table 2 (where ¢(a) =1 — p(8 € Na(«a)) serves as cost function).

Every row desribes a single step. The 2nd column shows the most prob-
able clause in X (the one with the lowest cost) that is selected for the next
step. The 3rd column contains the remaining clauses in 3. The 4th column
indicates the first proposition in the given sequence that appears in the se-
lected clause. This determines the corresponding bucket Y; into which the
selected clauses is added (columns 5 to 10). Cross-marked clauses are sub-
sumed by others and can be dropped. Then, column 11 shows the resolvents
produced at the actual step. Resolvents containing only proposition from A
are added to column 12. Finally, the last column indicates the actual value
of 3.

At step 1, & = A is selected and added to Y. There are no resolvents
and no subsumed clauses. X contains then the single clause & while Xy
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Table 2 The complete run of the algorithm.

A|F|B|D|C|FE
[Step| ) i 21 | 50| Ss|2[ 5|56 R ] 3o 14
1 |&1162,83,85,86,8s, 810,813,817, &18|A| &1 1.00
2 1£2163,85,86,88,610, 613,617,618 |F & 0.90
3 1€3185,86,88,810,813,817, 818 F| X &4 0.90
4 |&41(65,86,E8,610,€13,&17,&18 E &4 0.80
5 &5 (66,88, 810,813,817, E18 D & 0.70
6 |&6|£s, 10,813,817, 818 F| X &r 0.70
7 (&7 €8, &r0, €13, €17, €8 C &7 0.60
8 1&s (610,813,817, 18 F| X &o 0.60
9 (&9 (€10, 813,617, €18 B & 0.50
10 (10/613, €17, 818 B 10 &12 0.30
11 [€12(613, €17, &8 E £12 0.30
12 €13(€17, €18 AlB% 14 0.30
13 [614/617, &18 D 14 &1 0.24
14 |615(617, &18 E E151€16, E21(E16, £21]0.20
15 |&17(€18 B E17 &0 0.10
16 |€18(€20 Al 19 0.10
17 [€19/620 B 19 €a3,&24| E23 10.10
18 |£20[€24 C £20 Eao 0.07
19 |€22/624 E E22| 25 &5 10.02
20 €24 C o4 E26 €26 |—00
1 2 3 4 5 6 7 8 9 10 11 12 13

is still empty. At step 3, for example, {5 = ~E V F' V —ag is selected and
added to Xy that already contains £&; = —F' from step 2. A new resolvent
&4 = - E'V —ag can then be derived from &; and 3. Since &3 is subsumed by
&4, it can be dropped. The new clause &4 is then added to Y. X is still empty.
Later, for example at step 14, £&15 = E V —as V —ag is selected and added
to X that contains two clauses £, = = F V —ag and &2 = ~E V —as V —ag
from previous steps. Two new resolvents {16 = —agz V —ag V —ag and €21 =
—as V —as V —ag V —ag are produced and added to Xy. These are the first
two results. After step 20, X is empty and the algorithm terminates.

Observe that the clauses representing the query H = {A, ~F} = {£1,&2}
are processed first. This influences considerably the further run of the al-
gorithm and guarantees that those arguments which are of particular im-
portance for the user’s actual query are returned first. Such a query-driven
behavior is an important property of the algorithm. It corresponds to the
natural way of how human gathers the relevant information from a knowl-
edge base.
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4.2 Experimental Results

This section discusses the results of testing the algorithm on problems of
more realistic size. The discussion focusses on lower and upper bounds and
compares them to the exact results.

Communication Network: The knowledge base consists of 26 propositions,
39 assumptions and 74 initial clauses. It describes a communication net-
work like the one used in the previous subsection. The exact solution for
a certain query consists of 1,008 minimal arguments (shortest paths). For
a given elimination sequence, the complete procedure generates 211,828 re-
solvents. The corresponding degree of support is 0.284. Figure 2 shows how
the approximated solution monotonically approaches the exact value during
the process.
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0 25000 50000 75000 100000 125000 150000 175000 200000 0 200 400 600 800 1000 1200 1400 1600 1800 2000

Fig. 2 Left, the complete run of the algorithm; right, the first 2,000 resolvents.

Observe that after generating approximately 1,000 resolvents, the algo-
rithm has found the first 8 arguments and returns a numerical lower bound
that corresponds in the first two numbers after the decimal point to the ex-
act solution. The 8 first arguments are found in less than 1 second (instead
of approximately 15 minutes for the 211,828 resolutions of the complete
solution). The upper bound converges a little bit slower. This is a typi-
cal behavior that has been observed for many other examples of different
domains [1].

64-Bits Adder: In the second situation, the knowledge base consists of 449
propositions, 320 assumptions and 895 initial clauses. It describes the dig-
ital network of an incorrect working 64-bits adder. There are 64 minimal
arguments where each argument describes a possible conflict set (group of
components of which at least one is broken). For a certain elimination se-
quence, the exact solution requires the generation of 25’226 resolvents. The
corresponding degree of support is 0.292. Figure 3 shows how the approxi-
mated solution monotonically increases during the process.

The algorithm behaves like in the previous subsection. After generating
ca. 1’500 resolvents (instead of 25’226), the algorithm returns a lower bound
that corresponds in the first three numbers behind the comma to the exact
solution. Again, the upper upper bound converges a little bit slower.
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0 2500 5000 7500 10000 12500 15000 17500 20000 22500 25000

Fig. 3 The complete run of the algorithm.

5 Conclusion

This article introduces a new algorithm for approximated assumption-based
reasoning. The advantages to other existing approximation methods are
twofold: (1) it is an anytime algorithm that monotonically increases the
quality of the result as soon as more computational resources are available;
(2) the algorithm produces not only a lower but also an upper approximation
without significant additional computational costs. This two improvements
are extremely useful and can be considered as an important step towards
the practical applicability of logic-based abduction and argumentaion in
general, and probabilistic argumentation systems in particular.
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