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Abstract

This paper presents a simple method that reduces the problem of detecting conflict-
free assumption-based knowledge bases to the problem of testing satisfiability.
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1 Introduction

Logic-based argumentative and abductive reasoning are closely related tasks of
drawing inferences under uncertainty. In both cases, knowledge is expressed in a
logic-based or constraint-based language. The complete description of the avail-
able knowledge is called knowledge base. A particular subset of variables called
assumptions or assumables is used to describe uncertain or unknown circumstances
such as possible failure states of system components, different ways of interpret-
ing statements or evidence, unknown outcomes of events, situations of unreliable
sensors, witnesses, or information sources, and many more. Because both abduc-
tion and argumentation are based on this simple concept, we use assumption-based
reasoning as a general term that covers both disciplines.1

The goal of argumentation is to derive from the given knowledge base arguments
in favor and counter-arguments against certain hypotheses about the future or
unknown world [15, 12, 14, 3, 4, 1, 17, 18, 7]. Intuitively, every argument provides
a possible proof of the hypothesis, while counter-arguments prove the contrary of
the hypothesis. Abduction is very similar, as its goal is to derive from the given
knowledge base possible explanations for some observations [19, 24, 23, 22, 21]. A
particular application of abduction is the problem of finding diagnoses for systems
with an abnormal behavior [16, 8, 20, 25].

A common feature of argumentation and abduction is that both arguments
and explanations are terms (conjunctions of literals) containing assumptions only.
These terms are usually assumed to be consistent with the given knowledge base.
In order to guarantee consistency, it is important to know the set of inconsistent

1In Poole’s abductive framework [21], assumptions are called hypotheses. As a consequence,
Poole speaks about hypothetical reasoning rather than assumption-based reasoning.



terms that are in conflict with the knowledge base. As a consequence, prior to
computing arguments or explanations, it is usually necessary to compute the set
of all such conflicts. However, the set of conflicts is sometimes empty. In such
cases, in order to avoid unnecessary computations, it would be advantageous to
detect conflict-free assumption-based knowledge bases in advance.

This paper presents a simple method that reduces the problem of detecting
conflict-free assumption-based knowledge bases to the problem of testing satisfia-
bility (SAT). Of course, since SAT is a well-known member of the class of compu-
tationally intractable NP-complete problems [5, 10], it is unlikely to find a SAT
algorithm that has a fast worst-case time behavior. However, there is a wide range
of clever SAT algorithms that can rapidly solve many SAT problems of practical
interest. As we do not further address SAT in this paper, we refer to the literature
and especially to [11] for a comprehensive overview of existing techniques.

2 Argumentative and Abductive Reasoning

Let A and P be two distinct sets of propositions and LA∪P the corresponding
propositional language.2 The propositions in A are the assumptions and ξ ∈ LA∪P

denotes the knowledge base. Often, ξ is given by a conjunctively interpreted
set Σ = {ξ1, . . . , ξr} of sentences ξi ∈ LA∪P or, more specifically, as a set Σ =
{γ1, . . . , γr} of clauses γi ∈ CA∪P , where CA∪P denotes the set of all (proper)
clauses over A ∪ P (including the empty clause ⊥).

A term is a conjunction of non-repeating literals. We use TA to denote the
set of all terms consisting of assumptions only (including the empty term $).
Furthermore, NA = {0, 1}|A| denotes the set of all possible configurations relative
to A. The elements s ∈ NA are called scenarios and represent possible states of
the unknown or future world.3 Note that every term τ ∈ TA has a corresponding
set MA(τ) ⊆ NA of possible scenarios called models of τ for which τ evaluates to
1. Both argumentation and abduction are based on the idea that one particular
scenario ŝ ∈ NA is the true scenario.

Of course, it is assumed that the true scenario is not in conflict with the given
knowledge base. If s ∈ NA is an arbitrary scenario and ξ←s the formula obtained
from ξ by instantiating all the assumptions according to their values in s, then

CA(ξ) = {s ∈ NA : ξ←s |= ⊥} (1)

denotes the set of conflicting scenarios of ξ relative to A. Sometimes, the elements
of CA(ξ) are also called contradictory or inconsistent scenarios. Since the set
CA(ξ) is sometimes intractably large, an appropriate representation is needed.
One possibility is to consider the set

C(ξ) = {τ ∈ TA : MA(τ) ⊆ CA(ξ)} = {τ ∈ TA : τ ∧ ξ |= ⊥} (2)

of conflicting terms whose models are all conflicting scenarios. Note that C(ξ) is
an upward-closed set. This means that τ ∈ C(ξ) implies τ ′ ∈ C(ξ) for all longer

2To simplify matters, we restrict our discussion in this paper to propositional logic.
3Note that in Poole’s abductive framework [21], terms τ ∈ TA are called scenarios.



terms τ ′ ∈ TA with τ ′ ⊇ τ . Furthermore, a term τ ∈ C(ξ) is called minimal with
respect to C(ξ), if C(ξ) contains no shorter term τ ′ ⊂ τ . The corresponding set
of minimal conflicting terms

µC(ξ) = {τ ∈ C(ξ) : ¬∃τ ′∈C(ξ), τ ′⊂ τ} (3)

is obtained from C(ξ) by dropping all non-minimal terms. The elements of µC(ξ)
are also called minimal conflicts of ξ. Note that

CA(ξ) = ∪{MA(τ) : τ ∈ C(ξ)} = ∪{MA(τ) : τ ∈ µC(ξ)}. (4)

Thus, in order to exclude conflicting scenarios, it is sufficient to know the minimal
conflicts. However, deriving µC(ξ) from ξ may be very expensive, even in cases
where µC(ξ) is small or even empty.

3 Computing Conflicts

The problem of computing minimal conflicts is closely related to the problems
of computing prime implicates (or prime implicants). Conflicts are conjunctions
τ ∈ TA for which τ ∧ ξ |= ⊥ holds. This condition can be rewritten as ξ |= ¬τ .
Conflicts are therefore negations of implicates of ξ which are in CA. In other words,
if γ ∈ CA is an implicate of ξ, then ¬γ ∈ TA is a conflict of ξ. Furthermore, if γ ∈ CA
is a prime implicate of ξ, then ¬γ is a minimal conflict. We use PI(ξ) to denote
the set of all prime implicates of ξ. If ¬Ψ is the set of conjunctions obtained from
a set of clauses Ψ by negating the corresponding clauses, then we can write

µC(ξ) = ¬(PI(ξ) ∩ CA). (5)

Since computing prime implicates is known to be NP-complete in general, the
above approach is only feasible when ξ is relatively small. However, when A is
small enough, many prime implicates of ξ are not in CA. Such irrelevant prime
implicates can be avoided by the method described in [15, 12, 13]. It is assumed
that ξ is given as a set Σ ⊆ CA∪P of clauses over A ∪ P . The procedure is based
on two operations

ConsQ(Σ) = Consx1 ◦ · · · ◦ Consxq (Σ), (6)
ElimQ(Σ) = Elimx1 ◦ · · · ◦ Elimxq (Σ), (7)

where Q = {x1, . . . , xq} ⊆ A ∪ P is subset of propositions appearing in Σ. Both
operations repeatedly apply more specific operations Consx(Σ) and Elimx(Σ),
respectively, where x is a proposition in Q. Let Σx denote the set of clauses
of Σ containing x as a positive literal, Σx̄ the set of clauses containing x as a
negative literal, and Σẋ the set of clauses not containing x. Of course, we have
Σ = Σx ∪ Σx̄ ∪ Σẋ. Furthermore, if

ρ(Σx,Σx̄) = {ϑ1∨ϑ2 : x∨ϑ1 ∈ Σx, ¬x∨ϑ2 ∈ Σx̄} (8)



denotes the set of all resolvents of Σ relative to x, then the two basic operations
are defined by

Consx(Σ) = µ(Σ ∪ ρ(Σx,Σx̄)), Elimx(Σ) = µ(Σẋ ∪ ρ(Σx,Σx̄)), (9)

where the µ-operator means dropping non-minimal clauses. Thus, ConsQ(Σ)
computes all the resolvents (consequences) of Σ relative to the propositions in
Q and adds them to Σ. Note that if Q contains all the proposition in Σ, then
ConsQ(Σ) = PI(Σ). In contrast, ElimQ(Σ) eliminates all the propositions in Q
from Σ and returns a new set of clauses whose set of models corresponds to the
projection of the original set of models to (A ∪ P ) \ Q. Elimination is sometimes
called forgetting and is known to be NP-complete [6].

The set of the minimal conflicts can then be computed in two different ways
by

µC(ξ) = ¬ConsA(ElimP (Σ)) = ¬ElimP (ConsA(Σ)). (10)

In most practical applications, computing the consequences relative to the propo-
sitions in A is trivial. In contrast, the elimination of the propositions in P is
usually more difficult and becomes even infeasible as soon as Σ has a certain size.
Note that from a theoretical point of view, the order in which the propositions
in P are eliminated is irrelevant [15], whereas from a practical point of view, it
critically influences the efficiency of the procedure. The elimination process is a
particular instance of Shenoy’s fusion algorithm [26, 27] as well as of Dechter’s
bucket elimination procedure [9].

Today’s state of the art among the methods for computing conflicts, argu-
ments, and abductive explanations is a convenient anytime algorithm that can
be interrupted at any time returning the solution found so far [13]. The quality
of the approximation increases monotonically when more computational resources
are available. The method is based on cost functions [12] and returns lower and
upper bounds.

4 Detecting Non-Conflicting Knowledge Bases

Let ξ be an arbitrary assumption-based knowledge base. Of course, we can use
the procedure of the previous section to find out whether there are conflicts or
not. However, running the complete elimination procedure may possibly be very
expensive, even in cases where µC(ξ) = ∅. In the following, we will describe a
method that simplifies the detection of conflict-free knowledge bases.

Let γ ∈ CA∪P be an arbitrary clause over A∪P . Without loss of generality, it is
always possible to split γ into sub-clauses γA ∈ CA and γP ∈ CP with γ = γA ∨ γP .
As we will see below, only the sub-clauses γP are relevant for detecting conflict-free
knowledge bases. Thus, if Σ ⊆ CA∪P is an arbitrary set of clauses over A∪P , then

ΣP = {γP : γ ∈ Σ} ⊆ CP (11)

denotes a new set of clauses obtained by dropping all assumptions. As an effect of
this, ΣP may contain many clauses that are subsumed by others. A corresponding



minimal set µΣP is obtained from ΣP by removing all subsumed clauses. Of course,
ΣP and µΣP are logically equivalent, but µΣP is often considerably smaller.

Theorem 1 Let ξ ∈ LA∪P be a knowledge base given as a set of clauses Σ ⊆ CA∪P .
If ΣP ⊆ CP is the set of clauses obtained from Σ as defined above, then ΣP .|= ⊥
(or µΣP .|= ⊥) implies C(ξ) = ∅ (and µC(ξ) = ∅).
Proof : Let ξP = ∧ΣP be the conjunction of clauses of ΣP . From γP |= γ for
all γ ∈ Σ follows ξP |= ξ. Now, suppose C(ξ) .= ∅ and τ ∈ C(ξ). This implies
τ ∧ ξ |= ⊥ and thus τ ∧ ξP |= ⊥. Since ξP contains no assumptions, this is only
possible if ξP |= ⊥. Thus, C(ξ) .= ∅ implies ξP |= ⊥, and the other way round,
ξP .|= ⊥ implies C(ξ) = ∅.
!

Note that ΣP |= ⊥ does not necessarily mean that CA(ξ) .= ∅. For example, if
A = {a} and P = {p}, then ξ = (a∨p)∧(¬a∨¬p) is a conflict-free knowledge base
that implies ξP = p∧¬p and thus ξP |= ⊥. The above theorem can thus be used to
detect some (but not all) cases of conflict-free assumption-based knowledge bases.

Example 1 Let A = {a1, . . . , an, b1, . . . , bn} and P = {p1, . . . , pn} be the given
sets of propositions. Furthermore, suppose that ξ is given as a set clauses

Σ =



a1 ∨ p1, b1 ∨ p1,
a2 ∨ ¬p1 ∨ p2, b2 ∨ ¬p1 ∨ p2,
a3 ∨ ¬p2 ∨ p3, b3 ∨ ¬p2 ∨ p3

...
...

an ∨ ¬pn−1 ∨ pn, bn ∨ ¬pn−1 ∨ pn


.

Obviously, ξ is a conflict-free knowledge base. By running the elimination proce-
dure of the previous section, we observe a worst-case scenario with an exponentially
increasing number of clauses during the process. Before eliminating the last propo-
sition, we always get a total number of 2n clauses for which no further resolutions
are possible (independently of the actual elimination ordering). Of course, this is
not feasible if n exceeds a certain limit. In contrast, by applying Theorem 1, we
get

ΣP = {p1, ¬p1∨ p2, ¬p2∨ p3, . . . , ¬pn−1∨ pn}
for which ΣP .|= ⊥ and thus CA(ξ) = ∅ is easily proved in linear time.

Even if SAT is NP-complete in general, this example demonstrates how the method
of Theorem 1 sometimes tremendously reduces the complexity of detecting conflict-
free knowledge bases from O(2n) to O(n). This is typical in many practical exam-
ples from the author’s domain of interest [2].

5 Conclusion

Even if the set of minimal conflicts of an assumption-based knowledge base is
small or empty, effectively computing the minimal conflicts is not feasible in the



worst case. However, we have shown how conflict-free knowledge bases, which are
common in many practical applications, can sometimes be detected more easily by
testing the satisfiability of a corresponding simplified knowledge base. In certain
cases, this reduces tremendously the necessary time of computation, even if SAT
is also NP-complete in the worst case.
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