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Abstract

This paper proposes a new approach for com-
puting probabilities of events in Bayesian net-
works. The idea is to replace the outward
phase of the propagation algorithm by a sec-
ond (partial) inward propagation phase. The
benefit of this idea is that the attention can
be focussed on optimizing the inward phase.1

1 Introduction

Several architectures have been developed for comput-
ing marginal distributions of variables in Bayesian net-
works. The following three architectures are the most
popular ones:

• the HUGIN architecture [2],

• the Lauritzen-Spiegelhalter architecture (LS-
architecture for short) [3],

• the Shenoy-Shafer architecture (SS-architecture
for short) [7].

All these techniques are based on a message-passing
scheme related to certain graphical structures (join
or junction trees), where the two main operations of
multiplication and marginalization (summation)
of potentials are always performed locally on relatively
small families of variables. A common feature of the
three architectures is that they use a two-phase com-
putation, consisting of a so-called inward propaga-
tion, in which information is collected, and an out-
ward propagation phase, in which information is
distributed. At the end of the outward phase, the
marginal distributions of certain families of variables

1Research supported by grant No. 21-53500.98 of the
Swiss National Foundation for Research.

are available. This permits (by summation) to com-
pute the probabilities of events related to such a family
of variables.

The main difference between these architectures is the
way in which the outward phase is performed. The
HUGIN and the LS-architecture need a further opera-
tion of division to prepare or to perform the outward
phase. These are relatively costly operations, which
are avoided in the SS-architecture. It has been shown
that the SS-architecture is at least as efficient as the
HUGIN architecture considered so far to be the most
efficient one (see [5]).

This paper proposes an alternative approach for com-
puting probabilities of events. The new feature is
that outward propagation is replaced by a second par-
tial inward propagation. In this new approach,
the question of selecting an appropriate architecture
is therefore only of minor importance. Furthermore,
eliminating the outward phase allows an optimization
of the inward phase, not possible otherwise.

The underlying idea of the method presented in this
paper has first been developed for the framework of
probabilistic argumentation systems [1]. The
same technique has then been applied to the closely
related domain of belief function networks [4]. Clearly,
since Bayesian networks can be considered as special
cases of belief function networks, it is not surprising,
that the method can also be adapted to Bayesian net-
works. Possibly, it is an approach which can be formu-
lated in the general theory of valuation networks [7],
although this has still to be verified.

The basic theorem on which the method is based is
formulated in Section 2. In Section 3, the theoretical
result is used to design a two-phase inward procedure.
Finally, the optimization of the inward propagation is
discussed in Section 4.



2 Probability of Events and
Normalization Constants

Consider a set of variables V = {X1, . . . , Xn} where
every variable Xi has a corresponding finite frame
Θi. Furthermore, if I is a subset of indices in N =
{1, . . . , n}, then XI denotes a vector of variables Xi

with i ∈ I. The cartesian product ΘI =
∏

i∈I Θi

represents the set of all such vectors relative to I.
A potential on ΘI (or a potential on I for short)
is a mapping ψ : ΘI → IR+. It corresponds to an
|I|-dimensional table which is written as ψ(XI). I is
called the domain of ψ(XI). In the following, a poten-
tial on I is either a probability distribution over ΘI , a
conditional probability distribution over ΘJ given ΘK

(where J ∪ K = I and J ∩ K = ∅), or an evidence
XI ∈ EI , where EI is a subset of ΘI . In this lat-
ter case, the potential is a table with ψ(XI) = 1 if
XI ∈ EI and ψ(XI) = 0 otherwise.

Let p(XN ) be a probability distribution over all n vari-
ables and suppose that there exists a corresponding
factorization

p(XN ) =
∏
I∈H

ψ(XI), (2.1)

where H is a family of domains I ⊆ N (a hypergraph).
Furthermore, suppose that a number of evidences, rep-
resented by potentials ψE(XI) with I ∈ H∗ ⊆ H, are
added. These potentials describe the observations that
XI ∈ EI . The conditional distribution of the n vari-
ables given these evidences (abbreviated by E) is then
given by

p(XN |E) =
1
c
·

∏
I∈H

ψ(XI) ·
∏

I∈H∗
ψE(XI), (2.2)

where

c =
∑

XN∈ΘN

[
∏
I∈H

ψ(XI) ·
∏

I∈H∗
ψE(XI)] (2.3)

is the normalization constant of the factorization.
Finally, suppose that H ⊆ ΘN represents an event
(also called a hypothesis), then

p(XN ∈ H|E) =
∑

XN∈H

p(XN |E) (2.4)

is the conditional probability of the event H given the
evidence E. Note that H is often given as a set HI ⊆
ΘI . In such a case, H can simply be considered as the
cylindrical extension of HI to ΘN .

The expression in (2.4) represents the classical way of
computing conditional probabilities of events. How-
ever, the following theorem shows, that there is an
interesting alternative.

Theorem 1 Suppose that ψH(XN ) represents the po-
tential obtained by considering the event H as an ad-
ditional evidence. If

c′ =
∑

XN∈ΘN

[ψH(XN ) ·
∏
I∈H

ψ(XI) ·
∏

I∈H∗
ψE(XI)] (2.5)

denotes the new factorization constant, then

p(XN ∈ H|E) =
c′

c
. (2.6)

Proof. The proof of this theorem is based on the fact
that ψH(XN ) can be seen as a filter for the sum in
(2.5). It selects all the values of XN which are in
H. The second normalization factor can therefore be
written as

c′ =
∑

XN∈H

[
∏
I∈H

ψ(XI) ·
∏

I∈H∗
ψE(XI)].

Finally, the equivalence between (2.4) and (2.6) can be
demonstrated as follows:

c′

c
=

1
c
·

∑
XN∈H

[
∏
I∈H

ψ(XI) ·
∏

I∈H∗
ψE(XI)]

=
∑

XN∈H

[
1
c
·

∏
I∈H

ψ(XI) ·
∏

I∈H∗
ψE(XI)]

=
∑

XN∈H

p(XN |E) = p(XN ∈ H|E).

2

This theorem shows that the probability of an event
is determined by the normalization constants of two
slightly different factorizations. This will exploited in
the next section for an efficient computation of this
probability.

3 Computing Normalization
Constants

As shown in the previous section, the problem of com-
puting probabilities of events can be reduced to the
problem of computing two related normalization con-
stants c and c′. The first normalization constant c
remains the same for all possible events. In contrast,
the second normalization constant c′ depends on H
and must therefore be re-computed for every event of
interest.

This section shows how normalization constants can be
computed efficiently. The general idea is the same as
in the architectures mentioned at the beginning. The
point is that a factorization on a hypergraph (as re-
quired in (2.2), for example) can be transformed into
an equivalent factorization on a join tree [7]. The com-
putation can then be arranged as a message-passing
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scheme between the nodes of the join tree. A message
between two nodes I and J is a potential on I ∩ J
that contains the information required by the receiv-
ing node. In this way, the information is propagated
through the entire join tree. The benefit of this is that
the potentials are always multiplied locally on rela-
tively small domains.

The propagation algorithm of all three architectures
includes two phases. In a first phase (called the in-
ward phase), messages are sent from the leaves of the
join tree towards an arbitrarily chosen root. If R de-
notes the domain of the root, then, after the inward
phase, it is possible to derive probabilities of events
HR ⊆ ΘR. During the second phase (called the out-
ward phase), messages are sent from the root to the
leaves of the joint tree. At the end, it is possible to
compute probabilities of events relative to all the do-
mains appearing in the join tree. The figures 3.1 and
3.2 illustrate the inward and outward phases of the
propagation algorithm in a join tree.

Figure 3.1: Inward phase.

Figure 3.2: Outward phase.

At the beginning of the propagation process, a cor-
responding potential ψ(XI) is stored for every node
I of the network. As soon as all incoming messages
M1(XI∩I1) to Mk(XI∩Ik

) are received at the node I,
a new potential

ψ̃(XI) = ψ(XI) ·
∏

i=1,...,k

Mi(XI∩Ii) (3.7)

can be computed and stored. This situation of a node
with k + 1 neighbors is depicted in Figure 3.3.

Figure 3.3: Receiving and sending messages.

If L = I−J denotes the set of variables contained in I
but not in its neighbor J , then the message M0(XI∩J)
to be sent from I to J is determined by

M0(XI∩J) =
∑

XL∈ΘL

ψ̃(XI). (3.8)

Note that at the beginning, only the leaves of the join
tree are able to send their messages. In a second step,
all the neighbors of the leaves can send their messages,
and so on. Finally, the potential ψ̃(XR) is obtained at
the root. It determines the first normalization con-
stant by

c =
∑

XR∈ΘR

ψ̃(XR). (3.9)

Thus, the first normalization constant c is already
known at the end of the inward phase. This value
remains the same for all further computations.

Let HI be an event relative to a node I appearing
in the join tree, and suppose that ψH(XI) is the cor-
responding potential on I representing the event HI .
This new potential can then be introduced at the cor-
responding node I. The product ψH(XI) · ψ̃(XI) de-
termines a new potential ψ̃′(XI) for the node I. By
re-computing the messages along the unique path from
I towards the root R, a new potential ψ̃′(XR) is ob-
tained at the root, from which the second normaliza-
tion constant can be derived:

c′ =
∑

XR∈ΘR

ψ̃′(XR). (3.10)

Finally, the probability of the event HI is obtained by
(2.6). Therefore, it is possible to compute probabili-
ties of events in join trees without the outward phase.
However, re-computing the messages along the unique
path towards the root is necessary for every event of
interest. Two such partial inward phases are shown in
Figure 3.4 and Figure 3.5 for two events HI1 and HI2 .

Sometimes, the event of interest concerns a domain I
which does not correspond to a node of the join tree.
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Figure 3.4: Partial inward phase for an event HI1 .

Figure 3.5: Partial inward phase for an event HI2 .

However, if I is a subset of one or several nodes of the
join tree, then it is possible to implant the correspond-
ing potential ψH(XI) on any of these nodes. Clearly,
it is important to select the node with the smallest
distance to the root (if possible, on the root itself of
course). This guarantees that the number of messages
to be re-computed is minimal. If the domain I is not
a subset of at least one node the join tree, then it is
necessary to re-compute the join tree such that I is
included.

4 Optimizations

As the method porposed in this paper uses only inward
but not outward propagation, it is important to orga-
nize the inward phase as efficient as possible. Several
aspects of the procedure sketched in the previous sec-
tion can be further optimized. First of all, consider the
combination of the incoming messages during the first
inward phase (see Figure 3.3). The result is a product
of potentials as described by (3.7). Clearly, because
multiplication of potentials is commutative and asso-
ciative, there are many different ways to compute this
product.

A strategy for finding a good sequence of multiplica-
tions is based on the fact that multiplying potentials is
less expensive for small domains. Observe that the k
messages received at node I are potentials on different
domains I ∩ I1 to I ∩ Ik. Therefore, it is advantageous
to start with a pair of messages Mi and Mj , such that

the union of their domains I ∩ (Ii ∪ Ij) is as small
as possible. The same strategy is then applied for se-
lecting a pair of messages in the second step, and so
on. Note that each step of the procedure, resulting
potentials from previous steps may be selected.

For example, consider a node I with four incoming
messages M1 to M4. The product of the four messages
can then be computed in 15 different ways. Two of
them are depicted in Figure 4.6 and Figure 4.7. If
L1 = {1, 2}, L2 = {1}, L3 = {2, 3, 4}, Li = Ii ∩ I and
L4 = {3, 4} are the domains of the incoming messages,
then

[M1(XL1) ·M2(XL2)] · [M3(XL3) ·M4(XL4)]

represents the optimal way of computing the corre-
sponding product (it includes three multiplications on
the domains {1, 2}, {2, 3, 4}, and {1, 2, 3, 4}, respec-
tively). It can easily be verified that the optimal solu-
tion is obtained from the strategy described above. It
corresponds to Figure 4.6.

Figure 4.6: One possibility of computing the product
of incoming messages.

Figure 4.7: Another possibility of computing the prod-
uct of incoming messages.

A second important problem is the optimization of
the second (partial) inward phase. As described in
Section 3, the partial inward phase consists in re-
computing the messages along the unique path be-
tween a particular node and the root of the join tree.

A trivial solution for this is to re-compute entirely the
product of the incoming messages at each node on the
path. Clearly, this presupposes that all incoming mes-
sages have been stored during the first inward phase.
More formally, let M1(XI∩I1) to Mk(XI∩Ik

) be the
messages received and stored at node I during the
first inward phase. If M ′j(XI∩Ij ), 1 ≤ j ≤ k, is the
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new message received during the partial inward phase,
replacing the old message Mj(XI∩Ij ), then the new
potential obtained for I can be computed as follows:

ψ̃′(XI) = M ′j(XI∩Ij
) · ψ(XI) ·

∏
i=1,...,k

i6=j

Mi(XI∩Ii
).(4.11)

The problem with this approach is that the number k
of multiplications required at node I remains the same
for the first and the second inward phase. Depending
on the sequence of multiplications selected during the
first inward phase, certain computations are repeated
unnecessarily during the second inward phase.

A better solution is possible, if not only the incoming
messages are stored during the first inward phase, but
also the potential ψ̃(XI). The new potential ψ̃′(XI)
can then be computed with constantly two operations:
one division on I ∩ Ij and one multiplication on I:

ψ̃′(XI) = M ′j(XI∩Ij
) · ψ̃(XI)

Mj(XI∩Ij
)

(4.12)

=
M ′j(XI∩Ij

)
Mj(XI∩Ij

)
· ψ̃(XI). (4.13)

Note that the division-by-zero problem is automati-
cally handled, since every 0-value in Mj(XI∩Ij

) is also
a 0-value in M ′j(XI∩Ij ) and in ψ̃(XI). This solution
performs better than the trivial approach as soon as
k ≥ 3. In contrast, the trivial approach is preferred for
k = 2, because multiplication is computationally less
expensive than division, and also for k = 1, because
only one multiplication is required.

Another approach uses the concept of binary join trees
[6]. A binary join tree is a join tree such that no node
has more than three neighbors. Therefore, if I is an
arbitrary node in a binary join tree, then k = 2 is
the maximal number of messages received at node I.
A binary join tree can be constructed during the first
inward phase by inserting initially empty nodes. For
example, consider the case where I receives four in-
coming messages M1 to M4, and suppose that their
product is computed as depicted in Figure 4.7. A cor-
responding binary join tree can then be constructed
according to Figure 4.8.

Let L12 = L1 ∪ L2 be the domain of a newly in-
serted empty node. If M1(XL1) and M2(XL2) are
the corresponding incoming messages, then ψ̃(XL12) =
M1(XL1) ·M2(XL2) is the potential to be computed
during the first inward phase. Note that no initial
potential ψ(XL12) is needed. During the second in-
ward phase, the new potential to be computed is ei-
ther ψ̃′(XL12) = M ′1(XL1) ·M2(XL2) or ψ̃′(XL12) =
M1(XL1) ·M ′2(XL2), depending on whether M1 or M2

has changed.

Figure 4.8: Constructing a binary join tree.

The strength of this approach is that during the first
and the second inward phase only one multiplication
is required at each node of the join tree. However, be-
cause new nodes are inserted during the first inward
phase, the size of the join tree has increased. There-
fore, the average length of the path to be re-computed
during the second inward phase has increased as well.

5 Conclusion

The approach to compute the probability of cer-
tain events on a Bayesian network replaces the usual
method, which consists of computing the marginal of
all variables in an outward phase, by a second inward
phase. In the first method, the outward propagation,
depending on the architecture used, contains a lot of
multiplications and even divisions of potentials. But
once the outward propagation is terminated, the com-
putation of the probability of an event reduces to sum-
ming up. In contrast, in the method presented here,
the second inward phase, contains multiplications of
potentials along the path to the root.

In both cases the first inward phase constitutes a nec-
essary preparation. In the method proposed here, only
this necessary phase is executed. The other computa-
tions needed to process queries are executed only on
demand. In the classical method, by the outward prop-
agation one precomputes a lot data, in expectation of
query demands. It all depends on how many queries
are finally to be processed to decide which one of the
two methods are more efficient.
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