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Abstract – Combining testimonial reports from independent and
partially reliable sources is an important problem of uncertain
reasoning. This paper proposes a general model of partially re-
liable sources which includes several previously known results as
special cases. The paper reproduces these results, gives a number
of new insights, and thereby contributes to a better understanding
of this important AI application.1
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1 INTRODUCTION

An important application of uncertain reasoning is the prob-
lem of combining reports or data from partially reliable wit-
nesses, experts, sensors, or measurement instruments. In le-
gal cases, for example, testimonies from different witnesses
must be taken into account. Due to the relative unreliability
of witnesses, testimonies do typically not fully confirm each
other. Very often, testimonies are even totally conflicting.
Judges or jurors must then resolve such conflicts and and
pass their sentence accordingly. Similarly, if several reports
from sensors or data obtained from different measurement
instruments are given, it is typical to have conflicts or in-
consistencies. This is again due to the relative unreliability
of sensors or measurement instruments.

The common feature of situations like the ones men-
tioned above is that partly or fullyconflicting information
is obtained frompartially reliable sources. The question of
how to combine such conflicting information is a very gen-
eral problem of uncertain reasoning. We will refer to it as
theproblem of partially reliable sources.

There are numerous ways to attack the problem of par-
tially reliable sources. In order to simplify matters, it is
usually assumed that

• there are only two alternative hypotheseshyp and
¬hyp (e.g. suspectX is guilty vs. suspectX is
innocent),

• the sources areidentical in the sense that they are
characterized by the same parameters,

1Research supported by (1) Alexander von Humboldt Founda-
tion, (2) German Federal Ministry of Education and Research, (3)
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• the sources are conditionalindependentgiven the hy-
pothesis (the hypothesis is the only common parameter
that determines the outcomes of their reports).

These assumptions are somehow idealistic, but one can
imagine practical situations in which they are approxi-
mately correct. We will accept these restrictions through-
out this paper and postpone more general models to future
publications. Because only two alternative hypotheseshyp
and¬hyp are considered, we can distinguish betweenpos-
itive reportsandnegative reports. In general, we consider
n positive andm negative reports.N = n + m is the total
number of reports.

The first way to deal with partially reliable sources is to
assume that there is a certain chancep = p(repi|hyp) that
sourcei yields a positive reportrepi in case ofhyp. On the
other hand, there is certain chanceq = p(repi|¬hyp) that
the source yields a positive reportrepi in case of¬hyp. q
represents the ratio offalse positivesand p̄ = 1 − p the
ratio of false negatives. These values are well documented
for many medical tests.

If N independent information sources of this type pro-
vide reports, we get a simple Bayesian network [1, 2] in
which root nodeHYP precedesN report nodesREP1 to
REPN . The possible values ofHYP arehyp and¬hyp.
Similarly, the possible values ofREPi arerepi and¬repi.
Let h = p(hyp) andh̄ = 1 − h denote the prior probabil-
ities of hyp and¬hyp, respectively. If the firstn reports
are all positive and the remainingm = N − n reports are
negative, then we get the following posterior probability for
hyp:

p∗(hyp) = p(hyp|rep1, . . . , repn,¬repn+1, . . . ,¬repN )

=
h

h + h̄
(

q
p

)n( q̄
p̄

)m . (1)

For a detailed discussion and interpretation of this formula
we refer to [3]. In Subsection 3.3 we will reproduce the
same result as a special case from a more general model.

Another approach is to model partially reliable sources
on the basis ofreliability variables RELi with reli and
¬reli as possible values [3]. It is then assumed that the
report of a reliable source is positive whenever the hy-
pothesis is true and negative whenever the hypothesis is



false. More formally, we havep(repi|hyp, reli) = 1 and
p(repi|¬hyp, reli) = 0. On the other hand, if sourcei
is unreliable, then the outcome ofREPi only depends on
a randomization parameterai no matter what the state of
HYP is. In other words, we havep(repi|hyp,¬reli) =
p(repi|¬hyp,¬reli) = ai. This leads to a Bayesian net-
work in which H andRELi are the parents ofREPi for
all 1 ≤ i ≤ N . Consider againn positive andm neg-
ative reports. If we assume the same prior probability
p(reli) = ρ and the same randomization parameterai = a
for all 1 ≤ i ≤ N , we get the following posterior probabil-
ity for hyp:

p∗(hyp) = p(hyp|rep1, . . . , repn,¬repn+1, . . . ,¬repN )

=
h

h + h̄
(

aρ̄
1−āρ̄

)n(1−aρ̄
āρ̄

)m . (2)

Again, we refer to [3] for a detailed discussion of this result
and its relationship to (1). We will also reproduce the this
formula in Subsection 3.4 as a special case of the general
model.

A third possible model of partially reliable sources re-
sults from looking at sourcei as somebody who is either
telling the truth or purposely lying due to some lack of ve-
racity. Letρ andρ̄ = 1− ρ be the corresponding probabil-
ities. Furthermore, suppose that allN information sources
provide positive reports. This means that they are all either
telling the truth with probabilityρN or lying with probabil-
ity ρ̄N . In the first case,hyp must be true, whereas in the
second casehyp must be false. This leads to

p∗(hyp) = p(hyp|rep1, . . . , repN ) =
ρN

ρN + ρ̄N
. (3)

This formula goes back to Laplace (see Chapt. XI of [4])
and is related to theCondorcet Jury Theoremdiscussed in
social choice theory [5]. It is remarkable that it does not
depend on a prior distribution overHYP .2 Boole gives a
similar formula that includes a prior distribution overHYP
(see Chapt. XXI of [6]). He considers the isomorphic prob-
lem of n independent jurors, rendering an unanimous ver-
dict, being correct. In Subsection 3.2 we will reproduce this
formula for the case ofn positive andm negative reports.

The goal of this paper is to define a general model of
partially reliable sources from which results like the ones
mentioned above drop out as special cases. We choose
Dempster-Shafer theory of evidence(DS-theory) as the un-
derlying mathematical theory of uncertainty [7, 8]. By
looking at DS-theory from the perspective of thetheory of
hints [9], that is by interpreting masses as probabilities of
interpretations, we will get a very clear picture of how the
general model relates to more specific models such as the
ones introduced above. Furthermore, Dempster’s rule of

2This is due to the particularity of this model, in which, for
a given set of reports, the true state of the variableHYP is un-
ambiguously determined by the corresponding values of the vari-
ablesREPi. In other words, the incoming set of reports extends
the range of the prior distribution fromP(REL1, . . . , RELn) to
P(HYP, REL1, . . . , RELn) and allows then to compute poste-
rior probabilities forhyp.

combination turns out to be the key mechanism to solve the
problem of partially reliable sources. We will also see that
prior knowledge aboutHYP , if available, is an important
parameter. But interesting results are also obtained for the
case where no prior knowledge is available. In fact, prior
knowledge will be considered as a continuous quantity with
“no prior knowledge” andp(hyp) = h as special cases.

2 THE GENERAL MODEL
From an abstract point of view, we can say that every in-
formation sourcei delivers some informationIi about the
set of variablesd(Ii) = {HYP,REPi} calleddomainof
Ii. The only common variable isHYP , the one we are
interested in. This reflects our assumption of independent
sources. As a consequence, before combining the various
pieces of informationIi, it is possible to focus them to the
common domain{HYP}. In other words, every informa-
tion sourcei delivers some informationHi = I↓{HYP}

i

aboutHYP . Finally, if H0 represents some prior knowl-
edge aboutHYP , the problem is to compute the combined
information

H = H0 ⊗H1 ⊗ · · · ⊗ HN , (4)

and to useH in order to draw conclusions aboutHYP .
Now let every informationHi be represented by amass

function mi in the sense of DS-theory [7, 8]. Bym =
m0 ⊗ · · · ⊗ mN we denote the combined mass function
obtained as a result of applying Dempster’s rule of combi-
nation⊗. BecauseHYP is a binary variable, there are four
possible subsets∅, {hyp}, {¬hyp}, and{hyp,¬hyp} to be
considered. Without loss of generality, we assume that

mi(∅) = 0,

mi({hyp}) = x̄i = 1− xi,

mi({¬hyp}) = ȳi = 1− yi,

mi({hyp,¬hyp}) = zi = 1− x̄i − ȳi = xi + yi − 1,

are the individual masses of these subsets. Note that cases
of mi(∅) 6= 0 are avoided by normalization. At this point,
we do not try to interpret the parametersxi, yi, andzi. We
will see in Subsection 2.1 and 2.2 that such an interpretation
depends crucially on the choice of the concrete model. The
idea here to generate general results from using DS-theory
as the underlying mathematical mechanism. The interpre-
tation of the results will then become clear when concrete
models are considered.

Finally, with respect to the combined mass functionm
representing the aggregated information from all sources,
we are interested indegrees of support

dsp({hyp}) =
m({hyp})
1−m(∅)

(5)

anddegrees of possibilitydps({hyp}) = 1− dsp(¬hyp).3

Furthermore, we interpretdps({hyp}) − dsp({hyp}) as a
quantitative measure of ignorance [11].

3In accordance with [10, 12, 9], we prefer to speak about de-
gree of support and degree of possibility ofH instead of belief
Bel(H) and plausibilityPl(H), respectively.



Theorem 1 If m0 to mN are mass functions overHYP as
defined above, then degree of support and degree of pos-
sibility with respect to the combined mass functionm are
determined by

dsp({hyp}) =

N∏
i=0

yi −
N∏

i=0

zi

N∏
i=0

xi +
N∏

i=0

yi −
N∏

i=0

zi

, (6)

and

dps({hyp}) =

N∏
i=0

yi

N∏
i=0

xi +
N∏

i=0

yi −
N∏

i=0

zi

, (7)

respectively.

Proof: We can use the fact that Dempster’s rule of combi-
nation corresponds to multiplication of correspondingcom-
monality functions qi defined byqi(H) =

∑
{mi(A) :

A ⊇ H} [7]. In our concrete case, we haveqi(∅) = 1,
qi({hyp}) = x̄i + zi = yi, qi({¬hyp}) = ȳi + zi =
xi, and qi({hyp,¬hyp}) = zi. As a consequence, we
get q(∅) = 1, q({hyp}) =

∏N
i=0 yi, q({¬hyp}) =∏N

i=0 xi, andq({hyp,¬hyp}) =
∏N

i=0 zi. This leads to
m(∅) = 1 −

∏N
i=0 xi −

∏N
i=0 yi +

∏N
i=0 zi, m({hyp}) =∏N

i=0 yi −
∏N

i=0 zi, m({¬hyp}) =
∏N

i=0 xi −
∏N

i=0 zi,
and m({hyp,¬hyp}) =

∏N
i=0 zi. Finally, (6) re-

sults from applying the normalization constant 1
1−m(∅) to

m({hyp}). Similarly, (7) is obtained fromm({¬hyp) and
dps({hyp}) = 1− dps({¬hyp}).
2

Now let there ben identical positive andm = N − n
identicalnegative reports. Suppose that the positive reports
m1 to mn are determined by corresponding parametersx1,
y1, andz1. Similarly, letx2, y2, andz2 be the parameters
of the negative reportsmn+1 to mN . Finally, if x, y, and
z are the parameters of the prior knowledgem0, we can
transform the results of Theorem 1 into

dsp({hyp}) =
y yn

1 ym
2 − z zn

1 zm
2

xxn
1xm

2 + y yn
1 ym

2 − z zn
1 zm

2

= 1− xxn
1xm

2

xxn
1xm

2 + y yn
1 ym

2 − z zn
1 zm

2

, (8)

dps({hyp}) =
y yn

1 ym
2

xxn
1xm

2 + y yn
1 ym

2 − z zn
1 zm

2

. (9)

These two formulas can be regarded as the key to a solution
of the problem of partially reliable sources. At this point,
we do not further comment these results by interpreting the
parameters involved. But we will introduce concrete mod-
els of partially reliable sources in the following subsection
and illustrate corresponding applications of the above for-
mulas in Section 3.

Let’s have a closer look at some special cases. First,
consider the case where a prior distributionp(hyp) = h
is given. This means thatx = ȳ = h̄ = 1−h andz = 0 are

the parameters of the prior knowledgem0. Note thatz = 0
impliesdsp({hyp}) = dps({hyp}). The expressions in (8)
and (9) can then be transformed into

dsp({hyp}) = dps({hyp}) =
h

h + h̄
(
x1
y1

)n(
x2
y2

)m . (10)

Furthermore, consider the cases where the prior knowledge
is completely prejudiced byh = 0 or h = 1. Then the
above formula simplifies todsp({hyp}) = dps({hyp}) =
0 anddsp({hyp}) = dps({hyp}) = 1, respectively. Such
a definite prejudice is therefore not compensable even ifn−
m or m − n tends to infinity. Other interesting cases arise
from x1 = y1 or x2 = y2. This means that either the
positive or the negative reports are valueless. Note how the
corresponding expressions drop out of the denominator of
(10). If all reports are valueless, that is if simultaneously
x1 = y1 andx2 = y2, thendsp({hyp}) = dps({hyp}) =
h, as one would expect.

Second, consider the case ofz = 1. This is a situation
where no prior knowledge is available. It impliesx = 1 and
y = 1. As a consequence, we get

dsp({hyp}) = 1− xn
1xm

2

xn
1xm

2 + yn
1 ym

2 − zn
1 zm

2

, (11)

dps({hyp}) =
yn
1 ym

2

xn
1xm

2 + yn
1 ym

2 − zn
1 zm

2

. (12)

Note that the same result is obtained by omitting the prior
knowledgem0 from the beginning.

In general, we have0 < z < 1. We will discuss in
Subsection 2.3 how to interpret this general situation. Prior
knowledge will then turn out to be a continuous quantity in
which z determines its strength and with “no prior knowl-
edge” andp(hyp) = h as opposite extreme cases.

2.1 MODELING PARTIALLY RELIABLE
SOURCES

So far, we have discussed the general case in which prior
knowledge, positive reports, and negative reports are all de-
termined by corresponding parameters. The question now
is how to derive these parameters from concrete models of
partially reliable sources such as the ones introduced in Sec-
tion 1. Before doing so, we will first identify a number
of various models and discuss their relationship. We use
an assumption-based propositional language to describe the
models [10, 12]. Figure 1 gives an overview.

(T) Truth Teller: In this simple model we assume that
there is a certain chancep(rel) = ρ that the informa-
tion source tells the truth and the report is correct. If
this is all we know, we can express our knowledge by

rel → (hyp ↔ rep).

Note that nothing is said about the behavior of the in-
formation source in case of¬rel.

(L) Liar: This model is symmetric to the first one. We
assume that there is a certain chancep(¬rel) = ρ̄ that



Fig. 1: Various models of partially reliable sources and their relationships.

the information source lies and the report is incorrect.
This is expressed by

¬rel → (hyp ↔ ¬rep),

but nothing is said about the behavior of the informa-
tion source in case ofrel.

(TL) Consider the combination of the models (T) and (L).
This leads to a model in which the behavior of the in-
formation source is fully specified:

rel → (hyp ↔ rep),
¬rel → (hyp ↔ ¬rep).

Note that this corresponds to the third introductory
model discussed in Section 1. It will lead to a formula
equivalent to (3).

(I) Indicator: This is another model in which the outcome
of the report is fully specified. It depends primarily on
HYP and secondarily on randomization parametersp
andq with corresponding probabilities:

hyp → (p ↔ rep),
¬hyp → (q ↔ rep).

This model is equivalent to the first introductory model
discussed in Section 1. It will confirm the result shown
in (1).

(TI) Consider the combination of the models (T) and (I).
This is model in which the outcome of the report de-
pends primarily onREL, secondarily onHYP , and
finally on randomization parametersp andq:

rel → (hyp ↔ rep),
¬rel ∧ hyp → (p ↔ rep),
¬rel ∧ ¬hyp → (q ↔ rep).

(LI) Consider the combination of the models (L) and (I).
With respect toREL, it is symmetric to model (TI):

¬rel → (hyp ↔ ¬rep),
rel ∧ hyp → (p ↔ rep),
rel ∧ ¬hyp → (q ↔ rep).

(R) Randomizer: This model describes a valueless in-
formation source producing random reports indepen-
dently ofHYP . Thus, the outcome ofREP only de-
pends uniquely on a randomization parametersa:

a ↔ rep.

Note that (R) is a special case of (I) forp = q = a.

(TR) Consider the combination of the models (T) and (R).
The outcome of the report depends then primarily on
REL and secondarily on the randomization parameter
a:

rel → (hyp ↔ rep),
¬rel → (a ↔ rep).

This model corresponds to the second introductory
model discussed in Section 1 and it will confirm the
result shown in (2).

(LR) Consider the combination of the models (L) and (R).
With respect toREL, it is symmetric to model (TR):

¬rel → (hyp ↔ ¬rep),
rel → (a ↔ rep).

Some of the above models are special cases of other models.
For example,¬rel makes (I) a special case of (TI) and (R) a
special case of (TR). Symmetrically,rel makes (I) a special
case of (LI) and (R) a special case of (LT). Furthermore,
p ↔ q ↔ a makes (TR), (R), (LR) special cases of (TI),
(I), and (LI), respectively. Finally, (TL) is a special case of
(TI), (I), and (LI) for p ↔ ¬q ↔ rel and of (TI) and (LI)
for ¬p ∧ q andp ∧ ¬q, respectively. Figure 1 illustrates the
relationship between the various models. Dashed arrows
indicate possible special cases. Note that (T), (TI), (L), and
(LI) are the only models that are not special cases of others.

2.2 COMPUTING THE PARAMETERS

Now let’s direct our attention to the determination of the
parametersx1, y1, z1 for positive reports andx2, y2, z2 for



negative reports. Note that the assumption-based descrip-
tions of the various models lead to correspondinghints in
the sense of [9]. In all cases, theframe of discernmentis
simply the Cartesian product

Θ = HYP ×REP

= {(hyp, rel), (hyp,¬rel), (¬hyp, rel), (¬hyp,¬rel)}.

The set of interpretations depends on the assumptions in-
volved in the model. In the following, we will focus the
discussion on the (TR) model. At the end, all other results
will be provided by a theorem. The (TR) model includes
two assumptionsrel anda. The Cartesian product

Ω = {(rel, a), (rel,¬a), (¬rel, a), (¬rel,¬a)}

forms thus the set of possible interpretations with
p(rel, a) = aρ, p(rel,¬a) = āρ, p(¬rel, a) = aρ̄, and
p(¬rel,¬a) = āρ̄. The corresponding consequences forΘ
are

Γ(rel, a) = Γ(rel,¬a) = {(hyp, rep), (¬hyp,¬rep)},
Γ(¬rel, a) = {(hyp, rep), (¬hyp, rep)},

Γ(¬rel,¬a) = {(hyp,¬rep), (¬hyp,¬rep)}.

This defines a mass functionmTR overΘ. The only non-
zero masses are

mTR({(hyp, rep), (¬hyp,¬rep)}) = ρ,

mTR({(hyp, rep), (¬hyp, rep)}) = aρ̄,

mTR({(hyp,¬rep), (¬hyp,¬rep)}) = āρ̄.

Now suppose that the information source provides a posi-
tive report. The above mass function has then to be condi-
tioned onrep. The result is a new mass functionm+

TR over
Θ with

m+
TR({(hyp, rep)}) = ρ,

m+
TR({(hyp, rep), (¬hyp, rep)}) = aρ̄,

m+
TR(∅) = āρ̄.

After normalization and by projectingm+
TR to {HYP}, we

get the first three parameters for the (TR) model:

x1 =
aρ̄

1− āρ̄
, y1 = 1, z1 =

aρ̄

1− āρ̄
.

Similarly, if the information source provides a negative re-
port, we derive frommTR a new mass functionm−

TR over
Θ with

m−
TR({(¬hyp,¬rep)}) = ρ,

m−
TR(∅) = aρ̄,

m−
TR({(hyp,¬rep), (¬hyp,¬rep)}) = āρ̄.

After normalization and by projectingm−
TR to {HYP}, we

get the remaining parameters for the (TR) model:

x2 = 1, y2 =
āρ̄

1− aρ̄
, z2 =

āρ̄

1− aρ̄
.

A similar procedure is possible for all other models.
For more information about the transformation from an
assumption-based propositional language to hints and from
hints to mass functions we refer to the corresponding liter-
ature [12].

Theorem 2 The results shown in the following table are
the parameters for the models introduced in the previous
subsection.

Positive Report Negative Report

Model x1 y1 z1 x2 y2 z2

(T) ρ̄ 1 ρ̄ 1 ρ̄ ρ̄

(L) 1 ρ ρ ρ 1 ρ̄

(TL) ρ̄ ρ 0 ρ ρ̄ 0

(R) 1 1 1 1 1 1

(TR) aρ̄
1−āρ̄ 1 aρ̄

1−āρ̄ 1 āρ̄
1−aρ̄

āρ̄
1−aρ̄

(LR) 1 aρ
1−āρ

aρ
1−āρ

āρ
1−aρ 1 āρ

1−aρ

(I) q
1−p̄q̄

p
1−p̄q̄

pq
1−p̄q̄

q̄
1−pq

p̄
1−pq

p̄q̄
1−pq

(TI) qρ̄
1−p̄q̄ρ̄

1−p̄ρ̄
1−p̄q̄ρ̄

pqρ̄
1−p̄q̄ρ̄

1−qρ̄
1−pqρ̄

p̄ρ̄
1−pqρ̄

p̄q̄ρ̄
1−pqρ̄

(LI) 1−q̄ρ̄
1−p̄q̄ρ

pρ
1−p̄q̄ρ

pqρ
1−p̄q̄ρ

q̄ρ
1−pqρ

1−pρ̄
1−pqρ

p̄q̄ρ
1−pqρ

For the proof of this theorem we refer to one of the authors’
forthcoming publications.

In Section 3, we will discuss the most interesting models
by implanting the corresponding parameters into (8) and
(9).

2.3 MODELING PRIOR KNOWLEDGE

Prior knowledge, if available, is an important factor to be
considered. It is usually the product of previous reports
from partially reliable sources that are not further specified.
Or it may simply reflect a personal opinion, feeling, or prej-
udice overHYP . We will not further take the origin of the
prior knowledge into account. This means thatHYP is the
only variable affected. As a consequence, we can represent
prior knowledge as a mass function overHYP specified by
parameterx, y, andz as explained before.

We have shown in (8) and (9) how the influence of prior
knowledge overHYP is determined by three parameters
x, y, andz. And we have already discussed two special
cases ofz = 0 (a prior probabilityp(hyp) = h is given)
andz = 1 (no prior knowledge available). In order to get a
proper interpretation of these parameters, an interpretation
that is applicable to the general case0 ≤ z ≤ 1, consider
the following model (P):

(P) Let there be a prior probabilityh for hyp in which one
is more or less confident. The strength of the confi-
dence is expressed byp(con) = γ. We can then look
at hyp as an event which depends primarily oncon
and secondarily on a randomization parametera with
p(a) = h:

con → (a ↔ hyp).

Note that nothing is said abouthyp in case of¬con.



This model corresponds to a situation in which the holder
of the prior knowledge is not totally sure about the opinion
or feeling he has abouthyp. This leads to parameters

x = 1− γh, y = 1− γh̄, z = 1− γ, (13)

that can be implanted into (8) and (9). Note thatγ = 0
implies x = y = z = 1. This is a situation where no
prior knowledge is available. As a consequence, (8) and (9)
simplify to (11) and (12). On the other hand, ifγ = 1, we
havex = h̄, y = h andz = 0. This is a situation where
a prior probabilityp(hyp) = h is available. It allows to
transform both (8) and (9) to (10).

A pleasant property of the above model is the possibility
of varying the strength of the prior knowledge continuously
between0 and1. This seems to reflect a natural property of
real prior knowledge.

3 CASE STUDIES

The purpose of this section is to study certain models of par-
tially reliable sources more deeply. We consider the models
(T), (TL), (I), and (TR) to be the most interesting ones. Fur-
thermore, model (P) will be used for the given prior knowl-
edge. By (PT), (PTL), (PI), and (PTR) we denote the cor-
responding combined models. The corresponding solutions
for degree of support and degree of possibility are obtained
by substituting the parameters in (8) and (9) by the respec-
tive values shown in Theorem 2 and (13). But we do not
further discuss the general case because it does not allow
significant simplifications.

Our discussion will thus be restricted to the two extreme
casesγ = 0 andγ = 1. The corresponding results can be
derived from (10), (11), and (12). We will useδ = n −m
to denote the gap between positive and negative reports and
N = n + m for the total number of reports. In many prac-
tical applications one would expect the results to depend on
bothδ andN . For example,10 positive and0 negative re-
ports is obviously a different situation than1010 positive
and1000 negative reports.

3.1 Model (PT)

Consider the (T) model in which the outcome ofREP only
depends onREL. Forγ = 0 (no prior knowledge), we can
transform (11) and (12) into

dsp(hyp) = 1− 1
1 + ρ̄m−n − ρ̄m

, (14)

and

dps(hyp) =
1

1 + ρ̄n−m − ρ̄n
. (15)

This seems to be a legitimate result, because forρ > 0 both
dsp(hyp) and dps(hyp) tend toward1 for n → ∞ and
toward0 for m → ∞. Note that this is true for anyρ > 0.
Furthermore, the results depend on bothδ andN . If δ is
fixed,ρ > 0, andN →∞, then

dsp(hyp) = dps(hyp) =
1

1 + ρ̄ δ
. (16)

Now look at the caseγ = 1 where a prior probabilityh is
given. This allows to derive

dsp(hyp) = dps(hyp) =
h

h + h̄ρ̄n−m
(17)

from (11). The result tends again toward1 and0 for n →∞
andm →∞, respectively. Note that (17) is only a function
of h, ρ, andδ, but not ofN .

3.2 Model (PTL)

Consider the (TL) model in which it is distinguished be-
tween truth telling and lying. As a consequencez1 = z2 =
0, we getdsp(hyp) = dps(hyp) independently ofγ. If
prior knowledge is not available, that isγ = 0, it follows
from (11) and (12) that

dsp(hyp) = dps(hyp) =
1

1 +
(

ρ̄
ρ

)n−m . (18)

For m = 0, this result includes Laplace’s formula (3) as
a special case [4]. Note thatρ = 1

2 implies dsp(hyp) =
dps(hyp) = 1

2 . Otherwise, if there are infinitely many pos-
itive reports,n →∞, we get

dsp(hyp) = dps(hyp) =

{
1, if ρ > 1

2 ,

0, if ρ < 1
2 .

(19)

On the other hand, if there are infinitely many negative re-
ports,m →∞, we get

dsp(hyp) = dps(hyp) =

{
0, if ρ > 1

2 ,

1, if ρ < 1
2 .

(20)

Note that (19) and (20) is essentially theCondorcet Jury
Theoremdiscussed in social choice theory [5]. The problem
with (18), (19), and (20) is that the results only depend on
ρ andδ, but not onN .

Now consider case ofγ = 1 with a given prior probabil-
ity p(hyp) = h. This allows to transform (10) into

dsp(hyp) = dps(hyp) =
h

h + h̄
(

ρ̄
ρ

)n−m . (21)

This result is similar to the one given in (18). It clearly
demonstrates the impact of the prior probabilityh. The
formula corresponds to the one given by Boole [6]. The
parameters on which (21) depends areh, ρ, andδ, but not
N .

3.3 Model (PI)

This is the model that corresponds to the first introductory
model in Section 1. If there is no prior knowledge, that is if
γ = 0, we can transform (11) and (12) into

dsp(hyp) = 1− 1
1 +

(
p
q

)n( p̄
q̄

)m − pnp̄m
(22)

and

dps(hyp) =
1

1 +
(

q
p

)n( q̄
p̄

)m − qnq̄m
. (23)



Suppose that bothp andq are strictly between0 and1. First,
consider the special case ofp = q. This allows to write (22)
as

dsp(hyp) = 1− 1
2− pnp̄m

= 1− dps(hyp) . (24)

This result tends toward12 for both n → ∞ or m → ∞.
Such an information source is valueless. Second, letp be
different fromq. Thenn →∞ implies

dsp(hyp) = dps(hyp) =

{
1, if p > q ,

0, if p < q .
(25)

Similarly, m →∞ implies

dsp(hyp) = dps(hyp) =

{
0, if p > q ,

1, if p < q .
(26)

Thus, if the (PI) model is used to describe medical tests, for
example, parameterp is expected to exceedq.

Finally, consider the case ofγ = 1 andp(hyp) = h.
By implanting the corresponding parameters into (10), we
obtain

dsp(hyp) = dps(hyp) =
h

h + h̄
(

q
p

)n( q̄
p̄

)m . (27)

This result corresponds to formula (1) obtained in Section 1
with the aid of Bayesian networks [3]. We getdsp(hyp) =
dps(hyp) = h for p = q. If p is different fromq and
0 < h < 1, the limits forn →∞ andm →∞ are equal to
(25) and (26), respectively.

3.4 Model (PTR)

The last model we analyze here is the one that corresponds
to the second introductory example in Section 1. We sup-
pose0 < ρ < 1 and0 < a < 1 throughout the discussion
(ρ = 0 leads to the (R) model andρ = 1 produces conflicts
whenever bothn ≥ 1 andm ≥ 1).

We start again with the caseγ = 0 of no prior knowledge.
This allows to write (11) and (12) as

dsp(hyp) = 1− 1
1 +

(
āρ̄

1−aρ̄

)m[(
1−āρ̄

aρ̄

)n − 1
] (28)

and

dps(hyp) =
1

1 +
(

aρ̄
1−āρ̄

)n[(
1−aρ̄

āρ̄

)m − 1
] , (29)

respectively. Furthermore, we obtaindsp(hyp) =
dps(hyp) = 1 for n → ∞ anddsp(hyp) = dps(hyp) = 0
for m →∞. Finally, if δ is fix andN →∞, then the result
depends ona:

dsp(hyp) = dps(hyp) =


1, if a > 1

2 ,
1

1+
(

1−ρ
1+ρ

)n−m , if a = 1
2 ,

0, if a < 1
2 . (30)

To conclude this section, look at the case ofγ = 1 and
p(hyp) = h. We can then derive

dsp(hyp) = dps(hyp) =
h

h + h̄
(

aρ̄
1−āρ̄

)n(1−aρ̄
āρ̄

)m (31)

from (10). This formula corresponds to the one obtained in
Section 1 with the aid of Bayesian networks. Provided that
0 < h < 1, bothdsp(hyp) anddps(hyp) tend toward1 for
n → ∞ and toward0 for m → ∞. For fixedδ, it follows
from N →∞ that

dsp(hyp) = dps(hyp) =


1, if a > 1

2 ,
h

h+h̄
(

1−ρ
1+ρ

)n−m , if a = 1
2 ,

0, if a < 1
2 . (32)

Note that this result only depends onρ for a = 1
2 .

4 CONCLUSION

This paper approaches the problem of independent and
partially reliable information sources from a very general
perspective with Dempster-Shafer’s theory of evidence as
the underlying mathematical mechanism. The result is a
generic model with a number of possible instantiations. The
paper illuminates the relationship between the various in-
stantiations and analyses corresponding conclusions. It also
discusses the role of prior knowledge and proposes a model
in which the influence of a given prior probability is con-
trolled by a continuous confidence parameterγ.

There are a number of open questions. One of them con-
cerns the problem of choosing the “right” model. We do not
exclude the possibility of arguing in favor or against certain
models, but we can’t and we don’t want to give a definite
answer here. In our view, the choice of the model crucially
depends on the circumstances of the concrete problem and
the type of the available information. In this sense, we think
that all models are legitimate.

Another open question is the treatment of dependencies.
Relaxing the assumption of independent sources would cer-
tainly make the analysis more complicated, but it would
also become more realistic. We postpone this important
topic to future publications.
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