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1 INTRODUCTION

Ten years ago, de Kleer introduced assumption-based truth maintenance systems (ATMS) as a powerful
tool for different applications in the domain of uncertain reasoning (de Kleer, 1986). A traditional ATMS is
based on propositional logic, but it is limited to Horn clauses and to simple queries. An ATMS requires that
there is a subset of propositions declared as assumptions. Assumptions are needed to express uncertainty. The
fundamental ATMS problem is to identify combinations of assumptions (labels) such that a given query holds.
The weak point of the traditional ATMS concept is the restriction to Horn clauses. In many cases, also non-Horn
clauses are needed to express the knowledge. The advantage of ATMS lies in its efficient computations.

Subsequently, Reiter and de Kleer proposed clause management systems (CMS) as an extension of the origi-
nal ATMS framework (Reiter & de Kleer, 1987). CMS do not distinguish between propositions and assumptions
and they are not restricted to Horn clauses. The idea of CMS has been worked out by many other authors, for
example in (Siegel, 1987), (Laskey & Lehner, 1989), (Provan, 1990), or (Inoue, 1991). Later, Kohlas proposed
the concepts of assumption-based systems (ABS) and probabilistic ABS (Kohlas & Monney, 1993; Kohlas
& Monney, 1995). ABS are obtained from CMS by introducing de Kleer’s original idea of assumptions. The
main problem in ABS is to compute minimal quasi-supports. If probabilities are assigned to the assumptions,
then the concept of ABS leads to probabilistic ABS, which provides a link between numerical and symbolic
uncertainty models. The problem in probabilistic ABS is to determine numerical degrees of support. Such
degrees correspond to the notion of belief in Dempster-Shafer’s theory of evidence (Dempster, 1967; Shafer,
1976).

This paper proposes algebraic assumption-based systems which are obtained from common ABS by allow-
ing algebraic clauses. An algebraic clause is a disjunction of a common propositional clause with algebraic
predicates like equations and inequalities. In this paper, only the case of simple algebraic clauses is considered.
This improves the expressive and deductive power of ABS significantly. The paper shows how algebraic ABS
can be transformed into common ABS by eliminating all numerical variables.

2 ASSUMPTION-BASED SYSTEMS

Propositional logic with uncertain assumptions provides a concise language for describing uncertain information.
Let P = {p1, . . . , pq} and A = {a1, . . . , ar} be two disjoint sets of propositions. The elements of A are called
assumptions. They are used to express uncertainty, e.g. possible interpretations, unknown risks, uncertain
events, or unpredictable circumstances. N = P ∪ A is the entire set of symbols considered. The corresponding
sets of negated propositions are denoted by ∼P , ∼A, and ∼N . P± = P ∪∼P , A± = A∪∼A and N± = N ∪∼N
represent the sets of literals on P , A, and N respectively. Furthermore, LN denotes the set of all well-formed
propositional formulae with symbols from N .

A clause d is a disjunction `1∨· · ·∨`n of literals `i ∈ N±. Often, a clause is also considered as the set {`1, . . . , `n}
of its literals. DN denotes the set of all clauses containing only symbols from N . A set Σ = {d1, . . . , ds} ⊆ DN of
clauses is called knowledge base. It represents the available information. Note that a more general framework
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in which Σ consists of arbitrary propositional formulae can always be transformed into an equivalent form
consisting of clauses only. The conjunction σ = d1 ∧ · · · ∧ ds is a logical representation of Σ. If Σ is empty, then
σ = >. A triple A = (P,A,Σ), where P and A are disjoint sets of propositional symbols and Σ ⊆ DN is a set
of clauses, is called assumption-based system (ABS).

Given an assumption-based system A = (P,A,Σ), one may be interested in certain hypotheses h (queries).
Such hypotheses can be expressed as logical formulae in LN . What can be derived from Σ about the possible
truth of h? If some assumptions are considered to be true and some to be false, then h can possibly be deduced
from Σ. Such combinations (conjunctions) of true and false assumptions (literals) can be regarded as arguments
in favor of h.

In view of these remarks consider conjunctions c = `1 ∧ · · · ∧ `n. If the literals in c only consist of assumptions
(elements of A), then c is called argument. CA denotes the set of the arguments in which an assumption
appears at most once. The main ABS problem consists in finding arguments c ∈ CA, such that c ∧ σ |= h,
where σ is the conjunction of the clauses contained in Σ, and h ∈ LN represents a hypothesis. Often, we write
c,Σ |= h instead of c ∧ σ |= h. Such arguments c allow to deduce h from Σ. They are called quasi-supports
for h relative to Σ. The set of all quasi-supports

QS(h,Σ) =
{
c ∈ CA : c,Σ |= h

}
⊆ CA (2.1)

is called quasi-support set for h relative to Σ. Often, it is more useful to have only non-contradictory
arguments. A quasi-support c is called support for h relative to Σ if c,Σ 6|= ⊥. The set of all supports

SP (h,Σ) =
{
c ∈ CA : c,Σ |= h and c,Σ 6|= ⊥

}
= QS(h,Σ) −QS(⊥,Σ) (2.2)

is called support set for h relative to Σ.

Note that in a subset C ⊆ CA some conjunctions may be absorbed by others and can therefore be dropped. A
conjunction c1 absorbs c2 if c2 |= c1 or in terms of sets if c1 ⊆ c2. C is called minimal if no conjunction can be
dropped in this way. µC denotes the set obtained from an arbitrary C by dropping all absorbed conjunctions.
Note that C and µC are logically equivalent. The elements of µQS(h,Σ) are called minimal quasi-supports
for h relative to Σ. µQS(h,Σ) can be seen as an appropriate representation of QS(h,Σ). Therefore, the ABS
problem is solved if all minimal quasi-supports are found for a given hypothesis.

There are different techniques to solve the ABS problem. Most of them are based on resolution. An overview
of the existing methods is given in (Kohlas & Haenni, 1996). The author recommends the method based on
variable elimination (Kohlas & Moral, 1995; Haenni & Lehmann, 1997). The method for algebraic ABS
presented in Section 3 also uses the idea of variable elimination.

3 ALGEBRAIC ASSUMPTION-BASED SYSTEMS

This section introduces the concept of algebraic assumption-based systems. Let V = {v1, . . . , vs} be a set of
variables of domain IR. TV denotes the set of all possible algebraic terms on V , e.g. −x + 3y, sin(z2) + 3, etc.
Π = {=, 6=,<,≤,≥,>} is the set of predicate symbols considered. Two terms t1, t2 ∈ TV and one predicate
symbol π ∈ Π can be used to build algebraic predicates of the form t1πt2, e.g. −x + 3y ≤ sin(z2) + 3, etc. RV

denotes the set of all possible algebraic predicates with variables from V .

If d ∈ DN is a clause, then a disjunction k = d ∨ R with R ∈ RV is called algebraic clause. Note that
only simple algebraic clauses with at most one predicate are considered here. If M = N ∪ V = P ∪ A ∪ V is
the set of all available symbols, then we use DM to denote the set of all simple algebraic clauses on M . A set
Σ = {k1, . . . , ks} ⊆ DM of algebraic clauses is now considered as knowledge base. A quadruple A = (P,A, V,Σ),
where P and A are disjoint sets of propositional symbols, V is a set of variables of domain IR, and Σ ⊆ DM is
a set of algebraic clauses, is called algebraic assumption-based system (algebraic ABS).

Given an algebraic ABS A = (P,A, V,Σ), one may again be interested in certain hypotheses h ∈ LN , or more
generally, hypotheses h ∈ LM . In this paper, only the case of h ∈ LN is considered. The problem is still to find
the quasi-support set QS(h,Σ) for h. The method we propose consists of two steps: (1) eliminate all variables
vi ∈ V from Σ; (2) apply one of the existing methods for common ABS. In the following we show how variables
can be eliminated from an algebraic ABS.



Let Σ = {k1, . . . , ks} be a set of algebraic clauses and x ∈ V the variable to be eliminated. If R = t1πt2 is an
algebraic predicate containing the variable x, then we assume that x can be isolated on the left side of R, i.e.
that t1πt2 can be transformed into an equivalent predicate xπ′t′. For example, from −x + 3y ≤ sin(z2) + 3 we
obtain x ≥ 3y − sin(z2) − 3. Isolating a variable can be seen as a mapping Ix : RV −→ RV , e.g. Ix(−x + 3y ≤
sin(z2) + 3) = x ≥ 3y − sin(z2)− 3. In order to eliminate x from Σ let’s decompose Σ into two disjoint sets Σx

and Σ∗:

Σx = {k = d ∨R ∈ Σ : R contains x}, (3.1)

Σ∗ = Σ − Σx. (3.2)

The important set for the elimination of x will be Σx. If k = d∨R is an algebraic clause in Σx with d ∈ DN and
R ∈ RV , then it can be transformed into k′ = d∨Ix(R). Let k′1 = d1 ∨Ix(R1) and k′2 = d2 ∨ Ix(R2) be two such
clauses derived from Σx with Ix(R1) = xπ′

1t
′
1 and Ix(R2) = xπ′

2t
′
2. For different combinations of predicates π′

1

and π′
2 it is possible to define a mapping ρ : DM ×DM −→ DM called algebraic resolution. The result of this

mapping is called resolvent of k1 and k2. Note that the resolvent does not contain the variable x. Algebraic
resolution is possible for the following cases (symmetric cases are not indicated explicitely):

clause 1 clause 2 resolvent

k′1 = xπ′
1t

′
1 ∨ d1 k′2 = xπ′

2t
′
2 ∨ d2 ρ(k1, k2) = t′1π

′t′2 ∨ d1 ∨ d2

x = t′1 ∨ d1 x = t′2 ∨ d2 t′1 = t′2 ∨ d1 ∨ d2

x = t′1 ∨ d1 x 6= t′2 ∨ d2 t′1 6= t′2 ∨ d1 ∨ d2

x = t′1 ∨ d1 x > t′2 ∨ d2 t′1 > t′2 ∨ d1 ∨ d2

x = t′1 ∨ d1 x ≥ t′2 ∨ d2 t′1 ≥ t′2 ∨ d1 ∨ d2

x = t′1 ∨ d1 x < t′2 ∨ d2 t′1 < t′2 ∨ d1 ∨ d2

x = t′1 ∨ d1 x ≤ t′2 ∨ d2 t′1 ≤ t′2 ∨ d1 ∨ d2

x < t′1 ∨ d1 x > t′2 ∨ d2 t′1 > t′2 ∨ d1 ∨ d2

x < t′1 ∨ d1 x ≥ t′2 ∨ d2 t′1 > t′2 ∨ d1 ∨ d2

x ≤ t′1 ∨ d1 x > t′2 ∨ d2 t′1 > t′2 ∨ d1 ∨ d2

x ≤ t′1 ∨ d1 x ≥ t′2 ∨ d2 t′1 ≥ t′2 ∨ d1 ∨ d2

Algebraic resolution can be used to eliminate x from Σ. The new set after eliminating x is

Σ↓M−{x} = µ(Σ∗ ∪ {ρ(k1, k2) : k1, k2 ∈ Σx}). (3.3)

By eliminating subsequently all variables v ∈ V from Σ we can transform an algebraic ABS A = (P,A, V,Σ)
into a common ABS A′ = (P,A,Σ↓N) without loss of information on the propositions in N . Queries can then
be treated by one of the existing methods for common ABS.

4 EXAMPLE

Consider the faulty arithmetical network of Figure 4.1. Instead of the normal outputs f = 12 and g = 12 the
values f = 10 and g = 12 are observed. The problems of finding an explanation of the system’s behavior and of
localizing the faulty component can be solved using an algebraic ABS. If A = {okM1 , okM2 , okM3 , okA1 , okA2}
contains the assumptions that the corresponding components work properly, P = {ok} the proposition that the
whole systems works properly, and V = {a, b, c, d, e, f, g} the numerical values of the system, then the network
can be described by the following expressions which can easily be transformed into algebraic clauses:

1) okM1
→ a · c = x 2) okM2

→ b · d = y 3) okM3
→ c · e = z

4) okA1
→ x + y = f 5) okA2

→ y + z = g 6) ok ↔ okM1
∧ · · · ∧ okA2

The knowledge base is completed by adding the observed values a = 3, b = 2, c = 2, d = 3, e = 3, f = 10 and
g = 12. An explanation of the system’s behavior is then obtained by computing SP (∼ok,Σ) (i.e. ”give me the



(minimal) arguments for the hypothesis that the system is not working properly”). Using the method presented
in the previous section we obtain

µSP (∼ok,Σ) = {∼okA1 ,∼okM1 ,∼okA2 ∧ ∼okM2 ,∼okM2 ∧ ∼okM3}, (4.1)

which is obviously the correct set of minimal explanations of the faulty system.

f = 10  [12]

g = 12  [12]

M1

M2

M3

A1

A2

a = 3

b = 2

c = 2

d = 3

e = 3

x

y

z

Figure 4.1: Faulty arithmetical network.
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