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Abstract. The language of propositional logic is often in-
sufficient for efficiently representing the knowledge about a
certain problem. In this paper we present an extension of clas-
sical propositional logic to finite set constraints. The idea is
that a proposition x can also be considered as Boolean vari-
able z € {0,1}. The literals  and ~x are then represented
by Boolean set constraints x € {1} and = € {0} respectively.
More generally, arbitrary finite variables = with values in ©,
and finite set constraints z € X, X C O, can be considered.
This improves the expressiveness of propositional logic signif-
icantly. This paper shows how fundamental deduction tech-
niques for propositional logic such as resolution and variable
elimination can be adapted for this more general situation.

1 Introduction

Knowledge and information is often encoded in the language
of propositional logic. If 3 is a set of propositional formulae
describing the knowledge about a certain problem, then ques-
tions about the problem can be answered by deduction and
theorem proving techniques for propositional logic. Although
propositional logic is capable to describe a certain class of
problems, it is often insufficient for efficiently representing
the given knowledge.

One problem is that propositional variables are restricted to
the truth values true and false. In contrast, real life is not only
black or white, good or bad, poor or rich, etc. There are often
a number of gradations. For example, a colored pencil can be
red, green, blue, yellow, ...; the weather can be sunny, rainy,
cloudy, ...; etc. Therefore, it would be more convenient to
have an extension of propositional logic to discrete variables,
each of them taking exactly one value from a given set of
possible values. For that purpose we introduce the notion of
finite set constraints (FSC) [3].

The idea is that a proposition z can also be considered
as Boolean variable x € {0,1}. The literals z and ~z are
then represented by Boolean set constraints z € {1} and z €
{0} respectively. More generally, arbitrary finite variables z
with values in ©, are considered. A finite set constraint = €
X, X C O, represents then the restriction of the possible
values of x to X. Finite set constraints can be used to build
compound formulae using the common connectives ~, A, V,
—, ete. Like in propositional logic, an entailment relation =
can be defined for such formulae. In such a way, FSC logic
is defined as a generalization of classical propositional logic.
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The language of finite set constraints often allows a shorter
and more structured description of the problem. This addi-
tional structure can be exploited when methods of proposi-
tional logic are generalized to FSC logic. In this paper we show
how the techniques of resolution and variable elimination
can be generalized to FSC logic. These two techniques are of
particular importance in the domain of assumption-based rea-
soning, which is the authors’ main topic [8, 11, 12, 13]. The
techniques presented in this paper are implemented in ABEL,
a general language for assumption-based modeling and rea-
soning under uncertainty [1, 2]2. Note that method of elimi-
nating sequentially variables is also a possible way for testing
the satisfiability of FSC formulae.

The resolution principle presented in this paper has al-
ready been investigated for signed formulae in the domain
of many-valued logics (MVL) [9, 15, 17, 16]. The idea be-
hind the MVL approach is that the set of possible truth values
is extended from {0, 1} (classical propositional logic) to an ar-
bitrary set N. Depending on properties of the set N (finite,
infinite, unordered, partially ordered, totally ordered, etc.),
various classes of many-valued logics can be defined [10]. The
case of a finite and unordered set N leads to the concept of
signed logic, for which the resolution principle corresponds
to FSC resolution as presented in this paper. The main dif-
ference between signed logic and FSC logic is that for signed
logic the same number of possible values is assumed for all
variables. From this point of view, FSC logic is more general,
since different sets of values are possible for different variables.
The main contribution of this paper, that is the algorithm of
efficiently eliminating variables from a set of FSC formulae,
can be applied for signed logic as well.

Section 2 introduces the main concepts of FSC logic. Sec-
tion 3 describes how the deduction techniques of resolution
and variable elimination can be generalized for FSC Logic.
These techniques are illustrated by an example in Section 4.
Appendix A contains the proofs of the theorems.

2 FSC Logic

In propositional logic atoms can be either true or false. Al-
though this is sufficient to describe a certain class of prob-
lems, sometimes it is not very convenient. For that purpose
an extension of propositional logic called FSC logic is in-
troduced. FSC logic is based on a finite set S of variables
like x,y, ..., z1,T2,... called the alphabet. A variable x € S
takes exactly one value out of a given set of values ©,. O, is
called frame of z. A finite set constraint (FSC) z € X is

2 The software is available on the web and can be downloaded from
http://www2-iiuf.unifr.ch/tcs/ABEL.



denoted by X (x) where X is a subset of ©,. X (x) is a predi-
cate which is true if and only if the true value of the variable
z is in X. Finite set constraints together with the symbols L
and T can then be used to build compound FSC formulae.
For that purpose we use the connectives ~, A, V, —, and «:

(1) FSCs, L and T are FSC formulae.
(2) If f is a FSC formula, then ~f is a FSC formula.

(3) If f and g are FSC formulae, then (f A g), (f V g),
(f — g), and (f < g) are FSC formulae.

(4) All FSC formulae are generated by applying the above
rules.

Note that in some cases unnecessary parentheses can be omit-
ted. Given the alphabet S, the symbol Ls denotes the set of
FSC formulae over S. Lg is also called FSC language over
S.

The basic properties of FSCs are given by the axioms of
Set Theory [7]:

D) = 1, (1)

@x(ac) = T, (2)

~X(z) = (0. —X)(2), (3)
Xi(z) vV Xa(z) = (X1UX2)(2), (4)
Xi(z) A Xo(z) = (X1NXa)(z). (5)

These axioms allow to simplify FSC formulae. For example
(3) can be used to eliminate negations. We call a FSC X (z)
proper whenever X # @ and X # ©,. A disjunction of
proper FSCs X1 (z1)V---VX4(xq) where every variable occurs
at most once is called a FSC clause. Similarly, a conjunction
of proper FSCs Xi(x1) A --- A Xy(zq) where every variable
occurs at most once is called a FSC conjunction. Arbitrary
disjunctions or conjunctions of FSCs can be transformed into
corresponding FSC clauses or FSC conjunctions by (1)-(5).
Note that neither FSC clauses nor FSC conjunctions contain
negations. They can always be eliminated according to axiom
(3). Also, every formula f € Lg can be transformed into a
conjunctive normal form (CNF) consisting of FSC clauses
or a disjunctive normal form (DNF) consisting of FSC
conjunctions.

The domain d(f) of a FSC formula f is the set of variables
which occur in f. If a CNF or DNF is represented as a set
¥ ={ci1,...,cn} of FSC clauses or FSC conjunctions, then
the domain of X is given by

d(z) = | J d(o). (6)

ceX

The assignment of a value v € ©, to every variable = of a
formula is called an interpretation of the formula. Under
an interpretation i, the truth value of a FSC X (z) is 1 (true)
whenever v € X and 0 (false) otherwise. Then, given the truth
values of the FSCs contained in a formula, the truth value of
the formula itself can be determined in the same way as in
propositional logic. An alphabet S with n different variables
determines a set Ng = O, X --- X O, of different interpreta-
tions. N(f) C Ng then denotes the set of all interpretations
for which a formula f is true. If FF = {f1,..., fn} is a set of
FSC formulae, then N(F) C Ng denotes the set of all inter-
pretations for which all formulae f; € F' are true.

Resolution and Variable Elimination

A FSC formula f entails a FSC formula g (denoted by
f E g) if and only if g is true under all interpretations for
which f is true, i.e. if N(f) C N(g). Similarly, a set of FSC
formulae F entails another set G (denoted by F = G), if and
only if N(F) C N(G).

Two FSC formulae f and g are equivalent (denoted by
f = g) if and only if the truth values of f and g are the same
under all possible interpretations of the common alphabet of
f and g, i.e. N(f) = N(g). Note that equivalent FSC for-
mulae represent exactly the same information or knowledge.
Similarly, two sets of FCS formulae F' and G are equivalent
(denoted by F' = G), if and only if N(F') = N(G).

A FSC clause or a FSC conjunction ¢ can be considered as
the set {X1(z1),...,Xq(zq)} of its FSCs. Given a FSC vari-
able z we write X (z) € c in order to select the corresponding
FSC of the variable z.

We say that a FSC clause d; absorbs another FSC clause
d2 whenever N(d;) C N(dz). Similarly, we say that a FSC
conjunction c¢; absorbs another FSC conjunction c2 when-
ever N(c1) 2 N(cz2). Absorption of FSC clauses and FSC
conjunctions can be tested as follows: given that di and do
are both FSC clauses then d; absorbs d» if and only if for
every Xi(z) € di there is a Xa2(x) € d2 such that X1 C Xo;
similarly, given that c¢; and c2 are FSC conjunctions, then
c1 absorbs ¢ if and only if for every Xi(z) € c1 there is a
Xa(x) € c2 such that X1 D Xo.

The result of removing all absorbed FSC clauses or FSC
conjunctions from a CNF or DNF f is denoted by u(f). If
the CNF or DNF is given by a set ¥ of FSC clauses or FSC
conjunctions, then it is denoted as p(X).

3 Resolution and Variable Elimination

Given a set ¥ = {d1,ds,...,d,} or FSC clauses the problem
is to find another set ¥ of clauses in which all occurrences of
a given variable z have been eliminated. Therefore, we have
d(¥X’) C d(X) — {z}. For every formula f € Lo, Q C d(X'),
Y’ has to satisfy

(C1) SEY,
C2) SEf = YT

These two conditions are equivalent to
SEf = YE/

Therefore, all formulae f, d(f) C d(X’), which can be proved
in ¥’ can also be proved in X. Additionally, if f can not be
deduced from ¥’, then it can not be deduced in .

Given a set X of propositional or FSC clauses and a domain
D’ C d(X), the result of eliminating all occurrences of propo-
sitional variables in d(X) — D’ from ¥ is denoted by niP 1
is called a marginal of ¥ with respect to D’, and the opera-
tion of computing 37 "is called marginalization. Note that

for every f € Lqg.

computing Zl@ corresponds to testing the satisfiability of
DN

When several variables are eliminated one after another,
then different elimination sequences may produce different
marginals. Of course, these marginals must all be (logically)
equivalent. Therefore, for every domain D", d(X) D D" D D',
the following condition must hold:

(C3) =2’ = (st2")
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Now we will show how the variable elimination method for
propositional logic (also known as Davis-Putnam Proce-
dure [4, 5, 14]) can be generalized to FSC logic. At least two
different approaches to compute X’ are possible:

(i) The set X is transformed into an equivalent set of
clauses where every variable x has been replaced by
some new propositional symbols as explained in [3].
Then the classical variable elimination method for
propositional logic can be applied.

(ii) Resolution can be generalized to FSC logic. A new
variable elimination method for FSC logic can then
be defined.

In this paper only the second approach is discussed, that is we
show how resolution can be generalized to FSC logic. The idea
is the same as in [6] where resolution is defined for a general
logic. Note that the same principle has already been applied
for signed formulae in the domain of multi-valued logics [9,
15, 17, 16, 10].

Definition 1 Let di = X1(z) V91 and d2 = Xo(x) V Y2 be
two FSC clauses. FSC resolution over x is defined by

px(dl,dg) = (XlﬁXQ)(.T)\/’Lgl\/’LgQ. (7)

The result p,(di,dz) is called resolvent of d; and ds over x.
The FSC (X1NX2)(z) above is called residue. FSC resolution
is illustrated in Figure 1.

o [ ]
o [ ]

| (X1N X2)(x) I 01 I i
Figure 1. Resolution of two FSC clauses.

It is easy to see that FSC resolution over a fixed variable x
is commutative, associative and idempotent, i.e.

p(d1,ds) = px(da,dr), (8)
pz(pa(di, dz2), dz) = pu(di, pa(da,ds)), 9)
pe(di,dy) = di. (10)

Theorem 1 For every pair (di,d2) of FSC clauses we have
di A ds |: pw(dl,dz). (11)

If X; and X5 in (7) are disjoint, then the residue will be
contradictory because of (X1 N X3) = @ and @(z) = L. In
this case the variable z does not appear in p;(di,d2) any
more.

If d1 does not contain the variable x then for every clause
d2 the resolvent py(di,ds2) is absorbed by di. More generally,

Resolution and Variable Elimination

for two FSC clauses di = Xi(z) V91 and do = Xa(z) V Y2
with X1 C X5, we have

dl |: px(dl,dz).

Similarly, ps(d1,dz2) is absorbed by d2 whenever X> C X;.

Let X be the set of FSC clauses from which all occurrences
of the variable x have to be eliminated. Without loss of gener-
ality the elements of 3 can always be renamed and arranged
in such a way that the FSC clauses containing x appear first
in X. Therefore, ¥ = {di,.. .,dn} can be de-
composed into

.,dm,,dm,+1, ..

Z_;,_ = {dl,...,dm}:{diEZ:.TEd(di)},
N = {dm_»,_l,...,dn}:{di ey Zl‘é d(dz)}
= Y-y,

Every d; € X4 can be written as X;(z) V ¢; with ¥; being
a FSC clause. To eliminate = from X the FSC resolution
defined in (7) can be used. When resolving two FSC clauses,
often the residue is not empty and therefore the resolvent still
contains the variable x. Then it may be possible to eliminate
x performing additional resolutions.

Definition 2 Let ¥4 = {d1,...,dm} with d; = X;(z) V ¥;.
FSC resolution py for a set Y C Xy of FSC clauses relative
to a variable x is defined by

pe(T) = (ﬂ Xi> (z) v (\/ 191-> . (12)

d; €Y d;eY

Figure 2 illustrates FSC resolution for a given set of FSC
clauses. Note that p,(T) resolves all d € T in one step.
Clearly, p,(T) can be calculated incrementally by performing
several resolutions p,, each of them only resolving two FSC
clauses. Because p, is associative and commutative there are
different ways to get to the same final result.

o [ ]
oo [ ]
| Xn(x) I I |

| cinnxg@ oo v [0 ]9 ]
Figure 2. Resolution of a set of FSC clauses.

Theorem 2 For every set T C ¥4 we have

)\ di 5 (). (13)

d; €Y
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Depending on T, the variable x may still be contained in
pz(T). Of particular interest are those sets T for which p(T)
does not contain z any more.

Definition 3 Given the set X4+, Ry (X4) is defined to be the
set of resolvents of subsets Y of X4 which do not contain x
any more:

Ra(S4) = {pa(1) : T CSyz g d(pa(1))}. (14)
The new set X' is obtained by
Y = u{R:(Z4+) U} (15)

Theorem 3 The above variable elimination method for FSC
logic satisfies conditions (C1), (C2), and (C3) at the top of
Section 3.

A primitive algorithm for computing Ry (X+) would calculate
pz(T) for every subset T of ¥, and then remove all FSC
clauses still containing the variable x. A more efficient algo-
rithm is obtained when p,(Y) is calculated by reusing pre-
vious intermediate results. Consider for example the tree in
Figure 3: It consists of 8 nodes. Each node contains a subset
of ¥4 = {d1,d2,ds} and a list of FSC clauses. The list of FSC
clauses is used for the construction of the subtree rooted at
the corresponding node. For every node of the tree, FSC res-
olution is performed for the corresponding subset by reusing
the resolution performed on the predecessor node. As an ex-
ample, pz({d1,d2,ds}) is calculated as ps(p=({d1,d2}),d3).

{ }(d1d2 d3)

— I

{d1}(dz2 ds) {d2}(da) {ds}()
{di,d2}(ds)  {di,ds}() {d2,ds}()

l

{dl 7d27d3}()

Figure 3. Subsets of ¥4 = {di,d2,d3} ordered in a tree.

For Y C X4 and d; € T, p.(T) is calculated as pz(po(T —
{d¢}),dr). Therefore, a recursive formula to compute R, (X4 )
is given by

Rx(z-‘r) = {rac = px(ﬁx(T_dé)vdZ) :
de € Z+,T (- {dl,...,dg},
d €T,z ¢ drs))
U Ra(Se—{di)) (16)

This improvement is not yet very practical because in general
there are too many subsets Y. Another issue is that R.(24)

Example

could contain many unnecessary FSC clauses which are ab-
sorbed by others. Such FSC clauses should be prevented from
being produced because later they have to be removed in any
case.

A further improvement is therefore obtained if instead of
R.(34) alogically equivalent set R, (24 ) is computed. For an
ordering of the FSC clauses of X there is a tree as shown in
Figure 3. It contains the subsets of >4 as nodes. Starting from
the empty subset the tree is run through from left to right
and pz(Y) is still calculated as pa(p(Y —de),dr) according
to (16). But now not all nodes are visited. There are three
special cases which can improve the efficiency of the algorithm
considerably:

(1) = ¢ d(p=(T)),
(2) X(z) € p(T—d;) and X,(z) € d¢ such that X C X,
or X D Xy,

In the first case = has been eliminated. Therefore, p.(T) can
be adjoined to R, (Z+). In the second case the resolvent is
absorbed by either pg (T —d¢) or d¢. Therefore, it is not neces-
sary to calculate it. For each of the three cases and for every
® DT, p-(P) has not to be calculated.

Whenever one of the above tree special cases occurs, it is
not necessary to run through the subtree rooted at the corre-
sponding node. Such a subtree can be pruned.

4 Example

The two approaches of eliminating all occurrences of a given
variable from a set of FSC clauses are illustrated by an ex-
ample. Suppose the following set ¥ = {d1, d2,ds, d4,ds,ds} of
FSC clauses is given:

di = (z€{as})V(z€{c1,c3}),

= (ve{aa))Viye (b)),

ds = (.T S {al,ag}) \Y (y S {bl,bg}) \Y (Z S {CQ7 C3}),
de = (v €{azas,a4}) V (y € {bs}),

ds = (y S {bl,bg}) \Y (Z S {Cl7 C3}),

ds = (y € {b2,bs}).

We have d(X) = {x,y, z}. Let the frame of these variables be
@x = {al,ag,ag, a4}, @y = {bl,bg,bg}, and @z = {61762763},
respectively. The problem is to compute ¥’ = pivz} by elim-
inating the variable z. First, the set ¥ is decomposed into
ZJ,- = {d17d27d37d4} and Z* = {ds,da}. Initially, R;(E.;,.) =
(. There are a number of FSC resolutions to be performed.

o po({d1,d2}) = pa(di,d2) = (y € {b1}) V (2 € {c1,¢3})
= R,(34) = {(y € {b1}) V (2 € {e1,es})}5

o p.({d1,ds}) = pa(di,d3) = (y € {b1,b3}) V (z €
{61762763}) = T;

e p.({d1,ds}) = pu(di1,ds) not necessary because of
{as} C {a2,a3,a4};

® po({d2,ds}) = pa(de,ds) = (z € {ar}) V (y €
{blvb3}) Vi(z € {62703})§

L4 p}({dg,ds,d;;}) = px(px(dg,dg),dz;) = (y € {b17b3})v
(z € {C2763})
= R;(54+) = {(y € {}) V(2 € {er,e3}),(y €
{br,b3}) V (2 € {c2,c3}) };
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o pu({ds,da}) = pu(ds,da) = (x € {asz}) V (y €
{bl,bg}) V(z € {62763}).

Note that it was not necessary to calculate p, for some subsets
of ¥4. For example the following resolvents have not been
computed:

e p.({d1,dz2,ds}) because the variable z was already
eliminated in pg({d1,d2}),

o p.({d1,ds,ds}) because py({d1,ds}) is equal to T,

o po({d1,ds}) because {as} C {a2,as,as}.

Finally, we get

Ry(34) = {(ye{b})V(ze{e,cs}),
(y € {blvb3}) \ (Z € {62763})}7
S = {(y€{b,ba}) V(2 € {c1,es}), (y € {ba,bs})}.

The final result p{ R, (X+4+)UX.} consists of three FSC clauses

(1) (ye{br}) V(2 € {c1,c3}),
(2) (e {blvb3}) Vi(z € {62763}),
(3) (y € {b2,b3}).

5 Summary

The paper presents a direct way for eliminating variables in
FSC logic by resolution. This technique is more natural and
more efficient than the alternative way of first transforming
the FSC formulae into propositional formulae and then to use
the variable elimination method for propositional logic.

The use of FSC logic improves the expressiveness of propo-
sitional logic significantly. Problems consisting of variables
with (non-binary) finite domains can then be modeled and
solved more easily. The technique presented in this paper has
been successfully implemented in ABEL and it works well for
a number of examples in different domains. Future work will
focus on approximation strategies for problems which are not
feasible.

A Proofs
A.1 Proof of Theorem 1

Let dz = Xz(ac) \/191', px(dl,dg) = (X1 ﬁXQ)(.T) \/191 \/192. Ev-
ery interpretation satisfying 91 or 2 also satisfies ps(di,d2).
Every interpretation satisfying neither ¢; nor 92 has to sat-
isfy both X;(z) and Xz(x) in order to make d; A dy true.
Therefore, (X1 N X2)(x) is satisfied, hence also py(d1,d2).
qed.

A.2 Proof of Theorem 2

The proof is analogous to the previous one. Let T =
{d1,...,dn}, di = X;(x) V ;. Every interpretation satisfy-
ing one of the ¥; also satisfies p,(T). Every other interpreta-
tion has to satisfy all X;(z) in order to make /\dieT d; true.
Therefore, ({X; : d; € T}(z) is satisfied, hence also p,(T).
qed.

Proofs

A.3 Proof of Theorem 3

There are three conditions to prove:

1) Sy,
(2) for every h € Ly such that ¥ |= h we have ¥’ |= h,

" , LD"”
(3) o = (=2

Ad (1): ¥ = p{R,(X4+) UX,} is equivalent to pu{Rs(Z4)U
Y. }. We know that
(i) £ =,

(ii) ¥ E R.(X4) because for every v € R,(X4) there is a
T C ¥ such that

> EANd E

d; €Y

pz(T) =17.

(i) together with (ii) implies ¥ |= X'

Ad (2): If ©4 = @ then ¥’ = ¥ and the condition is trivially
fulfilled. Otherwise let I = {1,...,m} be the index set of 3.
For J C I let’s define

X; = ﬂX

ieJ
{(J:JCI,X;+0},
{(J:JCI,X,=0}

St =
S, =

R} (34) is logically equivalent to R.(X1). ¥4+ and R, (Z4)
can be written as

Iy = /\ (Xi(z) vV 95)

i€l

R.(Y)) = /\ (\/19)

Jes, \ieJ

Given X4 # O then the condition is equivalent to the follow-
ing statement:

For every h € Lgxy with ¥, X, ~h = L we have
R.(X4), X, ~h E L.

Then it is sufficient to prove the following statement:

For every h™ € Lgxn with ¥1,h" = L we have
R (34),h* E L.

Two cases can be distinguished:
(i) Interpretations which do not satisfy h*;

(ii) Interpretations which satisfy h*.

R. Haenni & N. Lehmann



In the first case, the implication is trivially fulfilled. For the
interpretations of the second case, ¥ must be false. There-
fore, for every J € ST,

XJ(JC)/\( /\ 19]-> is false.

JEI-J

For every j € I — J, J € ST, the variable x does not occur in
¥; and X j(z) can always be satisfied. Therefore,

\ ( A m) is false.
Jes+ \jeI-J

This disjunction of conjunctions can be transformed into an
equivalent conjunction of disjunctions. Then, for some set .S,

A (\/ 191-> is false.

Jes \ieJ

It is sufficient to show that S C S,: Let Sy, € S. It is either
S¢ € St or Sg € S.. 5S¢ € St is not possible because in this
case, due to the construction of S, Sy would contain at least
one element of I — Sy. Therefore, it is S, € S, .

Ad (8): The variable elimination method satisfies conditions
(1) and (2) which are proved above. For all h € Lp. the
following two statements are therefore valid:

SEh = s e,
SEL = PP enh

From these two statements it follows for all h € Lp that
S e h = (BPHIPT eh

This allows to conclude that

lD”

ZlD// _ (ElDl)

qed.
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