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1. Introduction

The idea of combining classical logic with probability theory leads to
a more general theory of probabilistic arqgumentation systems (Anrig
et al., 1999; Haenni, 1998; Kohlas and Monney, 1995). This theory is an
alternative approach for non-monotonic reasoning under uncertainty.
It allows to judge open questions (hypotheses) about the unknown or
future world in the light of the given knowledge. From a qualitative
point of view, the problem is to derive arguments in favor and against
the hypothesis of interest. An argument can be seen as a set of possible
assumptions that allows to deduce a hypothesis from a given knowledge
base. Finally, a quantitative judgment of the situation is obtained by
computing probabilities that the arguments are valid. The credibility
of a hypothesis can then be measured by the total probability that it is
supported or refuted by arguments. The resulting degree of support and
degree of possibility correspond to (normalized) belief and plausibility,
respectively, in the Dempster-Shafer theory of evidence (Kohlas and
Monney, 1995; Shafer, 1976; Smets, 1998; Wilson, 1999). A quantitative
judgment is often more useful and can help to decide whether a hypoth-
esis can be accepted, rejected, or whether the available knowledge does
not permit to decide.

Note that the concept of argumentation systems has many different
meanings. We refer to (Chesnevar et al., 1998) for an overview. In this
paper the notion of probabilistic argumentation systems is defined in
Section 3.

In the past, some discussion about the appropriateness of probability
and logic for common sense reasoning took place. In our view, there
is not a competition between probability and logic. Both are needed
for formalizing reasoning. This is no new view. Already George Boole
used both logic and probability in his “Laws of Thought”. Our own
combination of logic and probability extends this classical synthesis
of the two domains. We use deduction or consequence finding to find
arguments, in addition probability theory is used to measure the likeli-
hood of arguments. This is similar in spirit to the approach of Neufeld
and Poole (Neufeld and Poole, 1988) where probability theory is used to
compare different possible theories. But our use of probability manifests
the difference between assumption—based reasoning, as we understand
it, and hypothetical reasoning and theory formation, as advocated for
example by Poole (Poole, 1988a). As a consequence, probability theory
leads in our framework in a very natural way to belief and plausibil-
ity functions in the sense of Dempster—Shafer theory. In this respect,
probabilistic argumentation systems take up the work of (Laskey and
Lehner, 1989; Provan, 1990; Pearl, 1988) and develop it further.
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A fundamental property of the theory of probabilistic argumentation
system is that additional knowledge may cause the judgment of the
situation to change non—-monotonically. Clearly, the property of non-
monotonicity is required in any mathematical formalism for reasoning
under uncertainty. It reflects a natural property of how a human’s
conviction or belief can change when new information is added. It may
reinforce belief, but can also shed doubt on some previous belief. The
theory of probabilistic argumentation systems shows that this kind of
non—monotonicity can be achieved without leaving the field of classical
logic. We illustrate this in this paper with respect to abduction and
model-based diagnostics. In both cases the problem consist in finding
explanations of the observed system behavior. The observations are
compared with the expected system behavior and deviations from the
expected behavior lead to assume possible abnormalities to explain the
situation. The available knowledge about the underlying system is in
general only partial. One of the goals of this paper is to study how
the partiality of the knowledge of the system influences the results of
inference or diagnosis.

For this purpose the notion of complete models is introduced. Such
models are potential descriptions of the real system which generates
the observations. Or, from an alternative point of view, they are models
which allow a simulation of the process which generated the observa-
tion. In particular, there is a well defined state of the system, which
induces observations. However, this state will be unknown and it is
the purpose of the inference to find it out. It is assumed that the
partial model used for inference is compatible with the complete model,
which generated the observation. But the complete model is unknown
in general; there will in fact be many complete models compatible with
the partial model. It becomes then possible to judge the quality of
the inference process with respect to the real state. This is similar to
the theory of statistical inference, where properties of estimators and
hypothesis tests like unbiasedness, variance, power of the test, etc. can
be derived. This allows then to compare different estimators, tests, etc.
and possibly to find optimal estimators and tests.

This study of the quality of the inference is almost completely miss-
ing for reasoning under uncertainty. This paper proposes a modest first
step in this direction. In Section 2, the concepts of complete and partial
models are introduced and the inference problem is posed. Possible
explanations or diagnoses (Reiter, 1987; Darwiche, 1998; Darwiche,
2000) are defined and characterized in Section 3. It is shown that these
explanations are at least complete in the sense that they contain the
true state. In the same section, probabilistic argumentation systems
are briefly introduced and it is shown how they relate to the inference
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problem treated in this paper. The notion of possible explanations is
then compared in Section 4 to the popular notion of abductive ex-
planation as defined for example in (Kean, 1993; Poole, 1988a). It is
shown that in general these latter notions are in a specific sense both
incomplete and not sound for characterizing possible explanations. Fi-
nally, Section 5 explains the added value of obtaining both qualitative
and quantitative supports for statements (hypotheses) about possible
diagnoses with probabilistic argumentation systems. First of all, it is
shown that the possible explanations constitute the sample space for
the posterior probabilities, given the observations. So, for example in
diagnostics, the posterior probability that specified components are
faulty can be obtained. Maximum likelihood states are introduced and
it is shown that they have a desirable property. This last section lies
the base on which properties of state estimators (like the maximum
likelihood state) and decision procedures can be studied. But this is a
program which yet has to be executed.

2. Complete and Partial Models

When a diagnosis has to be made in a concrete situation, then it will be
based on some knowledge about the system under consideration and on
some observations regarding this system. Both the assumed knowledge
as well as the observations will in general be incomplete. However,
we assume that the elements used for the diagnosis will at least be
consistent with the possibly unknown real system. Furthermore, we
hope that the conclusion drawn from the partial knowledge and the
incomplete observations will not be biased. But are these hopes really
justified?

In order to examine this question, we introduce first the notion of
a complete model, which is a potential description of real the system
that generates the data used for the diagnosis. Then we define the
notion of a partial model relative to a complete model. It represents an
incomplete knowledge, which, however, is consistent with the under-
lying complete model. Inference or diagnosis will in general be based
on partial models. We shall see that there are several complete models
consistent with a given partial model. In practice, it will be unknown
which one of the possible complete models corresponds to reality. But
we may ask whether and to what extend a partial model yields rea-
sonable results with respect to every consistent complete model. That
is, we ask whether inference from partial models exhibits some kind of
robustness.

ComplModels.tex; 28/06/2001; 18:34; p.4



5

Let’s illustrate this by a very simple example. Figure 1 shows a single
digital inverter. A complete model may state that (in propositional
language)

ok « (in < —out).

This means that, if the inverter functions correctly (ok), then the
output negates the input, whereas, if it does not function correctly,
then the output equals the input. Why this can be considered to be a
complete model will become clear below. A consistent partial model of
this complete model would be

ok — (in <> —out).

It tells us that the inverter negates the input if it functions properly.
But it does not describe the system if the inverter is broken. The model
now is only partial, but it is consistent with the original model, since
it does not contradict it. A more precise definition of a partial model
relative to a complete model is given below. As mentioned above, there
are other complete models consistent with the partial model. For ex-
ample, a model with a failure mode, in which out is always true, would
be another one. Furthermore, a complete model with several possible
failure states would be possible.

For the sake of simplicity, we limit the discussion, to propositional
logic. Complete as well as partial models will therefore be described by
propositional formulas. We consider two sets of propositional symbols
A=Aay,...,an,} and P ={py,...,pm}. The a; are thought to indicate
the states of the components, like the proposition ok in the example
above. Typically, a; means that the component ¢ is properly function-
ing, —a; that component 7 is broken. We shall assume that a probability
7; is associated with each component, describing its “reliability”. The
propositions in P are the other symbols needed to formulate a system.
Like in and out in the example above, some elements of the set P are
thought to describe the “input” to the system and other elements of P
describe the “output”.

L aup denotes the set of all well-formed propositional formulas over
L sup, where as usual, A denotes conjunction, V disjunction, — negation,
— implication and ¢ equivalence. A literal ¢ is a proposition or the
negation of a proposition. A term is a conjunction of literals containing
no repeated atoms. 7o denotes the set of all terms formed by literals
of a set () of propositions. T denotes the “empty” conjunction. Often,
we need terms which are of the form €1 A ly A ... ALy, where £; = g or
li=-qfori=1,...,k, g€ @Qand k=|Q|,ie. termsin 7g of maximal
length |@Q]. We call such terms configurations and denote their set by
Co.
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A complete model is now a system, composed of components 7 =
1,2,...,m whose state is described by proposition a;. The state of the
system is described by a configuration ¢4 A by A ... AL, € C4. Each
l; defines the state a; or —a; of the corresponding component. The
behavior of the system is described by some formula & € £ 4,p, which
should describe how “output” is related to “input”.

Informally, the notion of a complete model is based on the following
idea. If a system state is selected (for example by random sampling),
then, for a given “input”, the “output” should be uniquely determined
by £. That is, it should be possible to simulate the system behavior with
a complete model. That is what the term “complete” refers to. A com-
plete model should explain how observations (“inputs” and “outputs”),
depending on the system state, are generated and related.

In order to define complete models more formally, we need to express
the fact that the input can be chosen independently of the system state
and the system description. The notion needed is defined as follows.

DEFINITION 1. Let & € Laup. A subset Q C P of propositions is
called logically independent of &, if for any state s € C 4 for which sAE is
satisfiable, we have that £ AsA~ is satisfiable for every configuration v €
Cq. The logically independent set () is called maximal, if no superset
of Q is logically independent of €.

Clearly, there may be several logically independent sets of &, even
maximal ones.

Fxample 1. Consider the inverter of Figure 1. If the behavior of the
inverter is modeled by £ = ok <> (in <> out), then the maximal logically
independent sets are Q1 = {in} and @, = {out}. However, Q3 =
{in, out} is not logically independent of .

Figure 1. Inverter

From now on, if we speak of a logically independent set (), we always
assume that () is maximal. Now, we are in a position to define the
concept of a complete model.

DEFINITION 2. A tuple (é, A, P/11,Q, R) is a complete model, if

1. €€ Laup;
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2. 11 is a set of stochastically independent probabilities 7; assigned to
the propositions a;;

3. Q C P is logically independent of é;
4. R C P is disjoint of Q;

5. for any system state 5 € C4 such that s /\é is satisfiable, and
for all configurations ¥ € Cgq, there is a unique T € Cr such that

SANENFY =T
The triple (3,%,7) appearing in point (5) above is called a sample.

Here, 4 describes the “input” and 7 the “output”. Point (5) of this
definition requires then that for any admissible system state and any
“input” 4 there is a uniquely determined “output” 7. This property
allows to simulate the system behavior. Any simulation starts with a
state § € L4 (possibly obtained by random sampling using the prob-
abilities in II) and an “input” 4 € Cq. It produces then an “output”
7 € Cr. That is why such a triple (8,4, 7) is called a sample.

Fxample 2. Assume a digital circuit containing three inverters with
defined failure mode cabled in series as Figure 2 shows. Assume that

in

ok, x {b Y {b out

Figure 2. Three Not Gates

a faulty component passes only the received signal. The knowledge is
then represented as & = (oky & (in & —z)) A (oky & (z & —y)) A
(oks < (y & —out)). @ = {in} is a logically independent set of é.
Fix R = {out}. Clearly, for any state $ and input configuration 4, the
system description determines uniquely the output 7. For example, § =
ok Nokg Noks and 4 = in imply 7 = —out, whereas § = -0k Aoky A oks
and ¥ = in imply 7 = out.

A complete model is a theoretical concept that models the back-
ground mechanism, which generates what we observe. Using Dupré’s
(Dupré, 2000) terminology a complete model would be a fully predictive
model. We assume that there is always a complete model that represents
the real world. But we do not assume that the “real” complete model
is known!

In fact, the actual knowledge about the real world is in general not
complete. This means, that for purposes of inference, we may not know
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the complete model that generated the available data. We have only
partial information, which however is in a consistent way related to the
complete model describing the real world.

DEFINITION 3. Let (§,%,7) be a sample of a complete model (é, A,
P, 10, Q, R). A triple (€,7,7) such that £ € Laup, £ E & 5 = 7
and 7 |= 7 is called an instance of an inference problem relative to the
complete model (é, A, P11, Q, R) and the sample (8,4, 7). Furthermore,
(&, A, P11 is called a partial model relative to the complete model
(€, A, P,T1,Q, R).

So, in a partial model, we know the set of components A and the
corresponding probabilities II. The partial model is consistent with its
underlying complete model, since é E &. But in general it is coarser.
Also the complete “input” 4 and “output” 7 are not necessarily known,
only the partial “observations” w = yAT. The problem is to reconstruct
the the actual state $ that generated w from the partial model & and the
partial observation w. So, the complete model representing the “reality”
behind the given data & and w is not known. We only claim that the
inference problem is generated from such a complete model in the sense
of Definition 3 above. This is illustrated in Figure 3. Note, once more,
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Figure 8. Inference Problem

that there can be many complete models and samples generating the
same inference problem. The question is what can be found out about
the state §. We claim that this is, put into a propositional language,
the problem of model-based diagnostics.
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FEzample 3. Consider the same digital circuit as in Example 2, but
with an undefined failure mode. Therefore, the only thing we know is
the correct behavior of the components: £ = (ok; — (in & —z)) A
(oky — (z < —)) A (oks — (y < —out)). Obviously, £ |= &, where &
is the system description of the complete model in Example 2. Thus,
£ forms a partial model relative to the complete model formed by é If
we observe in A out, then we have an instance of an inference problem
(&,in,out). The problem then is to find the state that generated this
situation.

Note that in this example many different behavior under failure
of the inverters can be imagined. This leads then really to different
complete models. It indicates also, on an intuitive level, that it may be
better to work with a good partial model than with the wrong complete
model, which does not correspond to reality.

3. Possible Explanations

Consider an instance of an inference problem (&,v,7) as defined in
Section 2, Definition 3. The problem consists in finding the state s that
generated the available observation w = v A 7. In general, even if £ is
a complete system description, there will be no unique solution to the
inference problem. That is, £, v and 7 will not allow to reconstruct
$ unambiguously. The notion of possible explanation delimits possible
candidates for 3.

DEFINITION 4. Let (§,v,7T) be an instance of an inference problem.
A state s € C4 is a possible explanation of w = v A 7 with respect to
& ifand only if ENs AW E L.

The idea behind this definition is simple to explain. If a state does
not contradict what we observe, it should be accepted as a possible
state that generated the observation. The relation { A s Aw £ L is
logically equivalent to & A s [ —w.

FEzample 4. Consider the inverter of Example 1. Assume the system
description is given by & = ok ¢ (in < -out), take @ = {in} as
maximal logically independent set of £, and R = {out}. Assume the
observation w = —inAout. The s = ok is the only possible explanation.
But suppose only the system description £ = ok — (in < —out) is
given. Then both ok and —ok are possible explanations.

The justification of the definition of possible explanations is given
in the next theorem.
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THEOREM 1. Let (&,v,7) be an instance of an inference problem rel-
ative to a complete model (é, A, P11, Q, R) and generated by the sample
(8,%,7). Then § is a possible explanation of v A T with respect to €.

Proof. Assume, there exists a state § € C4 and a configuration ¥ €
Cg such that s and 4 generate 7, that is .§/\§:/\”y = 7. §/\§/\’y/\7“'
is furthermore satisfiable. Since & E& 4 Evand 7 | 7, we conclude
that § A& Ay AT is satisfiable, hence, SAEAw £ L (with w =y A T).
So § is a possible explanation.

Therefore, by considering possible explanations, at least, we do not
exclude the actual, unknown state that generated the observation. And
this is true for any possible complete model that has possibly generated
the instance of an inference problem. We say that the set of possible
explanations is complete.

An other important requirement is that possible explanations do not
contradict the partial system description &. This is excluded by Defini-
tion 4. However, the possible explanations may be inconsistent with an
(unknown) complete model, which generated the instance of an infer-
ence problem. Therefore we say that the set of possible explanations is
weakly sound. Weakly sound means that the possible explanations do
not contradict the partial system description. Under what conditions
possible explanations are sound with respect to a complete model will
be worked out below.

At this point we want to link the inference problem to assumption—
based reasoning (Haenni et al., 2000). We may consider the propositions
of the set A as assumptions and € € L 4,p an assumption—based knowl-
edge. A formula h € £ 4yp may be considered as a hypothesis. We then
want to know under what assumptions A can be deduced from &, or
under what assumptions h can not be rejected based on the knowledge
&. This kind of assumption—based reasoning is discussed in detail in
(Haenni et al., 2000). There, states s € C4 are called scenarios. Here
we will continue to call them states.

DEFINITION 5. Let &€ € Laup and Il denote a set of probabilities ;
for all a; € A, then (&, A, P,11) is called a probabilistic argumentation
system.

It is clear that a partial model as defined above can be considered
as a probabilistic argumentation system. And this is not only a formal
correspondence. There are important links between these two notions
as will be explained below. The next definition distinguishes different
kind of states.

DEFINITION 6. A state s € C4 is called a
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1. inconsistent state relative to &, if sAE is not satisfiable (we express
this also as sANE = L);

2. consistent state relative to &, if if s N & is satisfiable;
3. quasi—supporting state for h relative to &, if sANE = h;

4. supporting state for h relative to &, if s is consistent relative to &

and if sSNE = h;
5. possible state for h relative to &, if s A& [~ —h.

Inconsistent states are to be considered as excluded by the knowl-
edge £. Only consistent states remain possible in the light of £. Sup-
porting states for h allow to deduce h from & and possible states for A
do not allow to deduce —h, that is, do not allow to exclude h. Quasi—
supporting states have a only technical and computational significance.
We introduce corresponding sets

I4(§)={s€Ca:sNEE L},

Cal§) ={s€Ca:snE L},
QSa(h,&)={s€Ca:sNEE R},
SPs(h,&) ={s€Cs:sNEE=hFNC4(E),
PSy(h,§) ={s€Ca:sNEE—h}.

The sets of inconsistent and consistent states can also be expressed
using quasi-supporting sets: 14(£) = QSa(L,€) and Cx(§) = Ca —
QS4a(L,€). Furthermore, note that SP4(h,&) C PS4(h,&) C Ca(&).

The set of possible explanations of an inference problem (£, v, 7) may
now be written as PS4 (w, ) with w = y A 7. Note that SP4(w,§) = 0.
Furthermore, observe that if the observation w is added to the knowl-
edge £ to obtain an enlarged knowledge & A w, then C4(§ A w) =
PS4(w,&). These sets of possible explanations may be very large and
can in most cases not be listed explicitly. The important question
of how to represent these large sets and of how to compute these
representations is addressed in (Haenni et al., 2000).

4. Abductive Explanations
In model-based diagnostics abductive explanations (or concepts de-
rived from them) are often proposed as reasonable diagnoses. The usual

definition of an abductive explanation (Poole, 1988a; Kean, 1993) is
different from a possible explanation. A term « € 74 of assumptions is
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called an abductive explanation for an observation w = v — 7, if the
following two conditions are satisfied:

(B1) na E w,
(F2) €na £ L.

Here, the observation is logically represented by a material impli-
cation w = v — 7 and not by a conjunction. Note that there are no
abductive explanations for w = y A 7. See (Poole, 1988b; Poole, 1989)
for a detailed discussion.

FEzample 5. Consider the inverter of Example 1. Assume the inverter
passes the received signal if it fails. Then, a possible complete sys-
tem description is & = ok — (in < —out) A fail — (in < out) A
(ok xor fail), where xor denotes the exclusive or. If the observation is
m — out, then oy = -0k, ag = fail, and az = —ok A fail are the only
three abductive explanations.

In order to discuss abductive explanations e more generally, consider
the states S4(a) := {s € C4 : s | a}, that is all states for which «
is true. The following theorem establishes the link between S4(a) and
probabilistic argumentation systems.

THEOREM 2. Let (&, P, A, 1) be a probabilistic argumentation sys-
tem, w =7 —= 71,7 € Tg and 7 € Tr, an observation, a € C4 a term
satisfying conditions (E1) and (E2) with respect to &, and Sa(«) the
set of corresponding states or scenarios, then
(1) SA(Q) - QSA(M7£)7
(2) Sa(e)NSPa(w, &) #0,
Proof. Let w =+ — 7 and a € C4 a term satisfying (E1) and (E2),
then
(1) We know that £ Ao = w, because of (E1). By definition s = o
for all s € Sg(e). From £ A a = w and s = «a it follows that

&As |=w for all states s € S4(a). Any states s € Sy satisfying
&N s = w is by definition a quasi-supporting state of w. Thus

s €QS4(w, &) forall s € Sy(a) and so S4(a) CQS4(w,).

(2) Condition (E2) for a guarantees that there exists a state § €
Sa(a) such that A5 = L. We know by point (1) of Theorem 2
that EAS E w. EANSE wand EAS £ L imply that §is a
supporting state of w. Thus S4(a) N SP4(w,&) # 0.

The following example illustrates this theorem.
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FExample 6. Consider the inverter of Figure 1. Assume that the in-
verter is described in the same way as in Example 5. The states are
s1 = ok A fail, ss = ok AN—fail, s3 = -0k A fail and sy = -0k A= fail.
Because the inverter can not be at the same time in ok mode and
fail mode, the states s; and s are inconsistent states. Then, from
the results of Example 5 it follows that S4(a1) = {s3,s4}, Sa(az) =
{517§3}7 Salas) = {ss}, QSalin = out,&) = {s1, 53,54}, SPa(in -
OUt7€) = {83}' ObViOUSl}@ SA(QB) C SA(al) C QSA(Zn — OUt7€)7
Sa(az) C Sa(az) € QSa(in — out,§), and Sa(ar) N SPs(in —
out, &) = Sa(ag) N SPa(in — out,&) = Sa(as) N SPy(in — out,€) =

{s3}.

Another important relationship between abductive explanation and
probabilistic argumentation system can be obtained by considering the
set A(w, &) of all terms o € T4 satisfying condition (E1) and (E2). If
we consider now the states S4(A(w,§)) = H{S4(a) : a € A(w, &)} we
can deduce the following corollary.

COROLLARY 1. Let (§, P, A, 11) be a probabilistic argumentation sys-
tem, w =7 = 1, v € Tg and 7 € Tr, an observation, A(w,§) the set
of all terms a € C4 satisfying conditions (E1) and (E2) with respect to
& and w, and S4(A(w,&) the corresponding states, then

SPA(W,f) - SA(A(W75)) - QSA(wag)' (1)

Proof. To prove SP4(w,&) C S4(A(w,&)) consider a possible state

§ € SP4(w,§). From this it follows immediately that { A § = w and

&N L. Hence §is a (maximal) term satisfying conditions (E1) and
(E2),s0 5§ € S4(A(w,9)).

The inclusion S4(A(w,&)) C QS4(w,&) follows from point (1) of

Theorem 2, because S4(a) C @Sa(w,&) for any @ € A(w,§) and thus

Sa(Aw,€)) € QSa(w,8).

Thus, states supporting w relative to & are covered by abductive
explanations. But there may be states, which belong to abductive
explanations, but are not consistent relative to £. General abductive
explanations « are therefore not even weakly sound, in the sense that
Sa(a) N 14(€) is not necessarily empty, as Example 6 shows.

In view of this conclusion, the requirement (E2) of abductive expla-
nations, that is that an explanation need only be consistent with the
available knowledge &, is not strong enough. One could think to aug-
ment the definition of abductive explanations to guarantee soundness.
Change condition (E2) into

End B L, Vd:id Ea (2)

ComplModels.tex; 28/06/2001; 18:34; p.13



14

This extension would resolve the problem of soundness of abductive
explanations.

However, completeness should also be granted; we want to be sure
not to miss the true state § among the candidates. We show below that
abductive explanations are in general not complete, except in special
cases, namely when the inference is based on the complete model.

LEMMA 1. Let (é, 4,7) be an instance of an inference problem rela-
tive to a complete model (é, A, P/11,Q, R) and generated by the sample
(8,%,7), then
§ € SPy(5 — T1,8). (3)
Proof. We know that § € SP4(% — f,é), because £ A EY—Tis
equivalent to € A3 A% |= 7 and § is a consistent state. From 7 = 7 we
conclude that é/\ $A% [ 7, and the proof is complete.

Thus, in the special case where the complete model and the com-
plete “input” 4 is known, we can be sure that abductive explanations
contain 8. We prove later, that this is the only case where abductive
explanations assure completeness (see Theorem 3 and Theorem 4).

In the remainder of this section we are going to compare possible
explanations with abductive explanations. To do so we have to state
what an observation is. The following lemma shows that computing
possible explanations for an observation w = v — 7 in the framework
of probabilistic argumentation systems does not make much sense, since
in this case the set of possible explanations corresponds to all consistent
states relative to the partial model &.

LEMMA 2. Let (§,v,7) be an instance of an inference problem rela-
tive to a complete model (é, A, P11, Q, R) and generated by the sample
(8,%,7), then

PSa(y = 1,8) = Cal§). (4)

Proof. Let § € C'4(§) be any consistent state. We claim EASA (v —
7) £ L. This is logically equivalent to ((ASA—=y)V(EASAT) £ L
Because each literal of =y belongs to 79 and @ C P is a logically
independent set of £ we have £ A § A =y = L. Together with £ E ¢
we get EASA -y £ L, and thus (EASA—y)V (EASAT) [E L. So
ENSA(y— 1) £ L holds and § € PS4(y — 71,§). Since PS4(y —
7,§) C C4(&), we conclude PS4(y — 7,&) = C4(§).

Thus, if we speak of an observation v and 7, we use y A 7 when we

compute possible explanations and v — 7 when we compute abductive
explanations.
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We know that abductive explanations for an observation v — 7
cover at least supporting states and at most quasi—supporting states
(see Corollary 1). By definition, the supporting states are the consistent
ones, because the quasi—supporting states can contain contradictory
states. So the candidates for § are the supporting states, if we compute
abductive explanations for v — 7. We can show that the possible
explanations for v A 7 contain all consistent abductive explanations
fory — 7.

LEMMA 3. Let (§,v,7) be an inference problem relative to a complete
model (&, A, P, 11,Q, R) and generated by the sample (8,%,7), then

SPA(7_>T7€)QPSA(7/\T7€) (5)

Proof. Let s be any state in SP4(y — 7,§). The following two

conditions hold: { As £ L and € A s =y — 7. We have the following
chain of conclusions:

ENsEy—T,
ENsE-yVT,
ENsAyYET,
ENSAYATIE L.

The last conclusion is valid since £ A s is satisfiable and @ logically
independent of £. This is the definition of PS4(y A 7,€). Therefore we
conclude SP4(y — 7,&) C PS4(y AT, E).

Moreover, we can state that abductive explanations for v — 7
exclude in general candidates for §. That is, abductive explanations
are not complete. This is a very important result, which sheds serious
doubts on the use of abductive explanations alone. Using only those
diagnoses may mean to miss the true one. This is implied by the
following theorem.

THEOREM 3. Let (&,v,7) be an instance of an inference problem rel-
ative to a complete model (£, A, P,11,Q, R) and generated by the sample
(8,%,7), then

SAA(y 5w, )N (PSa(y AT, &) — SPa(y = 1,8))=0. (6)

Proof. Assume there exists an abductive explanation « and a state

5 € S4(a) such that § € (PSa(y A T,§) — SP4s(y — 7,€)). By point

(1) of Theorem 2 § € S4(a) implies that £ A§ = v — 7, and this is
equivalent to EASA Yy = T.

On the other hand suppose § € (PS4 (yAT,£)—SPa(y — 7,§)). This

means that {ASAYAT £ L since § € PS4 (yAT,§). But § ¢ SP4(y —
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7,&) means that £ A§ = v — 7 since £ A § is satisfiable. This relation is
equivalent to £ A § A~ £ 7. This contradicts EASA vy | 7. Thus, there
is no state 5§ € S4(a) such that § € (PS4(yAT,&) — SPs(y — 7,9)).

The true state may be in the difference set PS4(yAT,&) —SPa(y —
7,&§). Therefore, the true state may not be covered by an abductive
explanation. This is illustrated by the following example.

Example 7. Assume a simple digital circuit as Figure 4 shows.

iny
_—
D —

ingy
Figure 4. Simple Circuit

Let £ = (ok1 — (ing Aing > z)) A (0ky < (z <> —out)) be the
system description of a partial model, ¥ = —iny; A —ing, and 7 = —out.
There are four states s; = oky A 0ky, sy = oky A —okgy, s3 = —oki A oksg,
and s4 = —0k1 A —okg. The states sq, s3, and s4 are possible states for
—iny A—ing A—out. There is only one abductive explanation, namely s3,
for =ing A —ing — —out. Clearly, S4({s2}) = {s2}. s2 is the supporting
state for =iny A —ing — —out. Thus, SP4(—iny A —ing — —out,§) C
PS4 (—ing A—ingA—out, ) and S4({s2})N(PS4(—ing A—ingA—out, &) —
SP4(—ing A —ing — —out,£)) = 0 hold.

We see that abductive explanations are in general not complete.
If only a partial system description is given there is a chance that
abductive explanations exclude the true state § which generated what
we observe. Nevertheless, Lemma 1 states that in the special case where
the complete model and the configuration 4 is known abductive expla-
nations contain $. Not only that in this case abductive explanations are
complete, but the consistent abductive explanations for an observation
4 — 7 are exactly the possible explanations for the observation ¥ A 7
as the following theorem assures.

THEOREM 4. Let (é, 4,7) be an instance of an inference problem rel-
ative to a complete model (é, A, P11, Q, R) and generated by the sample
(8,%,7), then
SPA(y = 7,8) = PSA(F A T,§). (7)
Proof. From Lemma 3 we know that SP4(§ — T, é) C PS4(YAT, é)
So we need only to prove the converse inclusion.
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Let s € PS4(¥ A T,é) which means that sAEAYAT K~ L. Thus
s /\é £ L. Let 7 be the output of the complete model associated with
state s and input 4, sAEA Y E 7.

We claim that 7 |= 7. For, if we assume that 7 [~ 7, then 7 AT |= L,
since 7 is a maximal term in Cgr. But then s A 5 ANy E T 1mphes
SAEANYAT E L contrary to the assumption that s € PS4 ('y AT, 5)

So 7 = 7, hence s/\f/\'y = 7 which is equivalent to 5/\5= Eq—r.
This, together with s A & = L, shows that s € SP4 (¥ — T,f)

To summarize, we can say that the notion of an abductive expla-
nation is based on the idea, that an explanation, together with the
knowledge base &, should imply the observed fact w = v — 7. We
think that this is too much asked. This condition makes only sense, if
one can be sure to know the complete model of the given problem. On
the other hand, it is usually required that an explanation is consistent
with the available knowledge €. That, in our view, is not enough. We
have seen, that this condition allows for inconsistencies.

So abductive explanations are in general neither complete nor sound,
even if the observation is represented by an implication. That is why ab-
duction in this sense is not fully appropriate for model-based diagnos-
tics. In contrast, the notion of possible explanations in the framework of
probabilistic argumentation systems fits perfectly all the requirements.
And in particular it is exactly what is needed to introduce probabilities
into the model. This will be discussed in the next section.

5. Probabilistic Diagnoses

The set of possible explanations of an instance of an inference problem
may by very large. So, although we know that the “true” state s is an
element of this set, this may not be of much value. In this section, we
show how the probability structure imposed on top of an argumenta-
tion system helps to get more information about $. In fact, we may
formulate different hypotheses about the unknown state, like that a
given assumption holds or more complicated statements. And we may
then compute the probabilities of such statements.

We must first define the probability space underlying the inference
problems. The sample space is the set of all states C4. If Il is a set of
probabilities m; for each proposition a; in A, then a state s = 1 A ly A

..N L, of C4 obtains the probability

P(s) = Mpza, i - Mgy =g (1 — 72). (8)
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Here we assume that components fail independently from each other.
This is not really an essential assumption for what follows. We may
alternatively assume any probability distribution p(s) over C4. A subset
S C C4 obtains then the probability

P(S) = p(s). (9)
sES

This defines a probability space on the set of states. Note that this space
is independent of the actual complete model we may want to consider
(as long as the set A of components is fixed). If (é,A,P,H,Q,R) is
a complete model, ¥ € Cg a fixed “input”, then we note, that the
probability structure defined above induces a probability distribution
on the “outputs” 7 € Cpr. In fact, for é and ¥ fixed, we have a mapping
from C4 into Cr defined by s — #(s) such that s A€ A% |= 7(s). Hence
7(s) is a random variable on this probability space.

Let now (&,v,7) be an inference problem relative to a complete
model (é, A, P11,Q, R) and a sample (8,4, 7). This is new data which
restricts the possible states to a subset PS4 (w, &) = C4(§Aw) CCy. In
terms of probability theory, this means that we should revise our prior
probability defined by II to conditional probabilities

’ p(s)
P(9) = plelCa(€ ) = B
Thus, C4(£ Aw) is the new sample space and the conditional probabil-
ities p'(s) define a posterior probability space on C4(§ A w). We shall
use the convention that p'(s) =0, if s € C4({ Aw). We note again that
this posterior probability depends only on the inference problem, but
not on the underlying complete model. This is a lucky fact, since we
may not know the actual complete model which generated the data.

Hypotheses about the unknown state § which generated the in-
ference problem may now be stated as subsets of the sample space
Ca(€ N w). For example, the hypotheses that a fixed component i is
working properly, that is that a; holds, is represented by the set

{s=bin.. by €ECalENw):l;=a;}.

The hypothesis that a fixed state s € C4(£ A w) is the true state is
simply defined by the single point set {s}. Hence, posterior probabilities
of hypotheses H C C4(§ A w) can be computed as

PH) =Y (). (11)

seH

fors € C4(EAw).  (10)

Although this looks simple enough, we must emphasize that difficult
computational problems may be associated with these posterior prob-
abilities. This is due to the fact that sets like C4({ A w) and H may
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be very large. Already to compute conditional probabilities we must
compute p(C4(§ Aw)). These computational problems are addressed in
(Kohlas et al., 1998) and will not be discussed here. We give simply an
example to illustrate these probability computations in a very simple
case.

FEzample 8. Consider Example 3, where the partial system descrip-
tion is given by & = (ok; — (in <> —z)) A (0ky — (2 <> —y)) A (0ks —
(y <» —out)). Furthermore, assume that the (prior) probabilities are
p(ok1) = 0.97, p(oks) = 0.93, and p(oks) = 0.95. We have the following
eight states:

S = Okl A Okg A Okg, 84 = _|0]€1 A Okg A Okg,
81 = Okl A 0]62 A _|0]€3, S5 = _|0]€1 A 0]62 A _|0]€3,
89 = Okl A _|0]€2 A Okg, Sg = _|0k1 A _|0]€2 A 0]€37

s3 = okq A —okg N\ —oks, s7 = —oky A\ —oky N\ —oks.

The (prior) probability of the state sq for example is p(sg) = 0.97 -
0.93-0.95 = 0.857. If we observe in A out, the state s is the one that is
getting impossible, as we have seen. Conditioning on C'4(§AinAout) =
S4 —{so}, we obtain p(C4({ Ain A out) =1 — p(sg) = 0.143. So, the
posterior probability for s; for example becomes (0.97 x 0.93 x (1 —
0.95))/0.143 = 0.315.

These probabilities add value to the inference. They help to evaluate
decision procedures to select diagnoses. For example, if & € T4 is an
abductive explanation for an observation w = v A 7, then p'(S4(a)) is
the probability, that it hits the true state. p(Sa(A(w,£))) is the proba-
bility that we hit the true state with some abductive explanation. Since
abductive explanations are not necessarily complete, this probability
will in general be strictly smaller than one.

In the literature of model-based diagnostics several particular classes
of diagnoses have been singled—out. We are now going to characterize
probabilistically an important class introduced by Reiter (Reiter, 1987).
If s is a possible explanation, we define s_ to be the set of negative
assumptions in s. Furthermore, if s and s’ are two states, we write
s < s, if s_ C s’_. Reiter considers explanations which are minimal
relative to this partial order in PS4 (w,§). Especially in diagnostics, this
makes much sense. It singles explanations out, for which the number
of assumed faulty components (negative assumptions) is minimal.

LEMMA 4. If for all assumptions a € A we have that p(a) > p(—a) =
1 —p(a), then for s,s' € C4(& Aw) we have that s’ < s implies p(s') <
p(s)-
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Proof. Assume without loss of generality that s = —a; A ... A —a; A
Qg1 A oo e Ny 8 = mag Ao A mag A aggy Ao A gy, and [ < k.
S0 p(s) = K+ TT'—y (1 = plas)) - TTeigs p(a) and p(") = &' - T1E, (1 -
pla;)) - [Tz plas), where k' = p(C4(§ Aw)). We have to prove that
p(s’) < p(s). We do this by direct calculation:

k m
p(s") =& - [T =pla)) - [T plas)
=1 i=k+1
l k m
= - TT0=p@) - T @ =pla)) - I »la)
i=1 i={+1 i=k+1
l k m
<K -TIO =p(@)) - T »la)- T »pla:)
i=1 i=l+1 i=k+1
! m
=k -TJ(1 - p(a) - JT pla:) = p(s).
=1 i={+1

The inequality holds, because 1 — p(a;) < p(a;) fori=1+1,... k.

The assumption that p(a) > p(—a) is in diagnostics very reason-
able, since the probability that a component functions correctly should
(hopefully) be greater than the probability of a fault. From this lemma
follows that Reiter explanations s have maximum probability among
all possible states in their upsets st = ts' € C4(E Aw) : ' > s}.

Of particular interest are mazimum likelihood states. A state §is a
maximum likelihood state, if

PICAENYAT)) ;C[gr(lgfvggslcﬁ(f AYAT)) = iéﬂ%ﬂgs)m)

Note that there may be several maximum likelihood state. It follows
immediately, that any maximum likelihood state is a Reiter explanation
(but not the inverse). So, in order to search for the maximum likelihood
states we need only to look through the Reiter states. Also it should
be noted that the conditioning probability p(C4(§ Ay A 7)) needs not
to be computed in order to find the maximum likelihood state. This
is very important, because the computation of this probability can be

difficult.
FEzxample 9. Consider Example 8. The maximum likelihood state is

s9, with p(s2) = 0.451. Indeed, sy = oki A —0kqy A oks is a Reiter
explanation. It has a minimal number of faulty components.
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6. Conclusion

In this paper we examine probabilistic argumentation systems as a
way to combine logic and probability. Whereas in classical probability
theory the logic part is limited to describe Boolean operations on events
or Boolean connections of hypotheses, in argumentation systems logic
plays a more important part. It is used to determine contradicting
states and to delimit thus the remaining possible states. It is needed
furthermore to find arguments in favor and against hypotheses. Prob-
ability on the other hand allows to compute the reliabilities of these
arguments and to determine degrees of support and plausibilities of
hypotheses. The classical probability measure on the space of assump-
tions is thereby extended to belief and plausibility functions (or in a
more measure theoretic terminology to inner and outer measures) on
the larger space of hypotheses.

The concept of probabilistic argumentation systems combines clas-
sical monotone logic and probability theory into a non-monotone in-
ference formalism. This allows to consider various problems of common
sense reasoning. In this paper we examined in particular abduction.
Our approach allows to criticize the usual concept of abductive expla-
nation. Furthermore, it adds value through the numerical evaluation of
hypotheses by probabilities. Default logic and circumscription can be
analyzed from the point of view of probabilistic argumentation systems
in a similar way.

The notion of a complete model allows the study of the quality of
inference and decision procedures. It could be studied by how far a
state estimator (like the maximum likelihood state) can deviate from
the true state, how likely faulty decisions (like replacing the wrong
components) are, etc. This should allow to compare different inference
and decision procedures and possibly to find optimal ones. May be the
design of optimal experiments (for example which inputs to select) to
get optimal inferences could also envisaged. These issues are yet to be
studied.
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